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Bo»ena Pi¡tekOn asymptoti
 
y
li
 
ontra
tionsAbstra
t. We introdu
e asymptoti
 
y
li
 
ontra
tions as a generalizationof 
y
li
 
ontra
tions. The new type of mappings is 
onsidered under there
ently introdu
ed property UC for pairs of subsets of metri
 spa
es. Weshow that there may be more than one best proximity point.1. Introdu
tionLet ϕn: [0,∞) → [0,∞) be a sequen
e of fun
tions uniformly 
onvergent toa 
ontinuous fun
tion ϕ: [0,∞) → [0,∞) for whi
h ϕ(r) < r for r > 0. In 2003Kirk [6℄ pointed out the following generalization of the well-known Bana
h's Con-tra
tion Prin
iple and the Boyd�Wong �xed point theorem:Theorem 1.1 ([6℄, Theorem 2.1)Suppose (M,d) is a 
omplete metri
 spa
e and suppose T :M → M is an asymptoti

ontra
tion, i.e.,

d(T n(x), T n(y)) ≤ ϕn(d(x, y)), x, y ∈ Mfor whi
h the mappings ϕn are also 
ontinuous. Assume also that some orbit of
T is bounded. Then T has a unique �xed point z ∈ M , and moreover the Pi
ardsequen
e (T n(x))∞n=1 
onverges to z for ea
h x ∈ M .Almost simultaneously a similar problem was 
onsidered by Ja
hymski andJó¹wik in [5℄. More pre
isely, they proved that if T is a uniformly 
ontinuousmapping, the assumptions on ϕn may be weakened, i.e., fun
tions ϕn need notbe 
ontinuous and it su�
es to assume the limit fun
tion ϕ to be upper semi
on-tinuous and su
h that limr→∞(r − ϕ(r)) = ∞. Moreover, it is not ne
essary tosuppose the boundedness of some orbit (T n(x)).More re
ently, these results were generalized by Suzuki. In [8℄ Suzuki intro-du
ed the so-
alled asymptoti
 
ontra
tions of Meir�Keeler type. Spe
i�
ally,Theorem 4 in [8℄ gives us the following 
orollary devoted to the Kirk's 
ontra
-tions:AMS (2000) Subje
t Classi�
ation: 47H09.Volumes I-VII appeared as Annales A
ademiae Paedagogi
ae Cra
oviensis Studia Mathemati
a.



[80℄ Bo»ena Pi¡tekTheorem 1.2Let (X, d) be a 
omplete metri
 spa
e and let T be a 
ontinuous, asymptoti

ontra
tion on X. Then there exists a unique �xed point z ∈ X. Moreover,
limn→∞ T nx = z for all x ∈ X.At the same time, the Bana
h's Contra
tion Prin
iple was generalized for the
ase of so-
alled 
y
li
 
ontra
tions.Definition 1.3Let A and B be nonempty subsets of a metri
 spa
eX and suppose that a mapping
T :A ∪ B → A ∪ B is su
h that T (A) ⊂ B, T (B) ⊂ A and there exists k ∈ (0, 1)for whi
h

d(T (x), T (y)) ≤ (1 − k)d(x, y) + kd(A,B) for all x ∈ A, y ∈ B.Then T is 
alled a 
y
li
 
ontra
tion.In [9℄ it has been shown that there exists a unique best proximity point for thesekinds of mappings, i.e., a point z ∈ A for whi
h d(z, T (z)) = d(A,B), under theassumption that the pair (A,B) satis�es property UC. The pre
ise de�nition maybe found in Se
tion 2. Moreover, the sequen
e of Pi
ard iterations (T 2n(x)) hasbeen proved to be 
onvergent to z for all x ∈ A. Later on, further developmentswere 
onsidered on this topi
 by weakening assumptions on T (see [1℄ and [9℄) oron sets A and B (see [2℄ and [4℄). Our main goal in this work is to give an answerwhether for asymptoti
 
y
li
 
ontra
tions of Kirk's type, mappings introdu
edbelow for the �rst time, there is at least one best proximity point z ∈ A su
h that
T 2n(x) → z for all x ∈ A. We will suppose that the pair (A,B) satis�es the sameproperty UC as in [9℄.2. PreliminariesLet us begin with some notations. Let A and B be two subsets of a metri
spa
e (X, d). By d(a,B) and d(A,B) we denote:

d(a,B) = inf{d(a, b)| b ∈ B};

d(A,B) = inf{d(a,B)| a ∈ A}.Now we pro
eed to some de�nitions whi
h we will need in the sequel. The �rstone gives us a pre
ise de�nition of an asymptoti
 
y
li
 
ontra
tion.Definition 2.1Let A and B be nonempty subsets of a metri
 spa
eX and suppose that a mapping
T :A∪B → A∪B is su
h that T (A) ⊂ B, T (B) ⊂ A. Moreover, assume that thereexists a sequen
e (ϕn)

∞

n=1 of fun
tions de�ned on [d(A,B),∞) and satisfying thefollowing properties:(i) (ϕn) tends uniformly to an upper semi
ontinuous fun
tion ϕ: [d(A,B),∞) →
[d(A,B),∞);(ii) ϕ(r) < r for ea
h r > d(A,B);



On asymptoti
 
y
li
 
ontra
tions [81℄(iii) d(T n(x), T n(y)) ≤ ϕn(d(x, y)) for all x ∈ A, y ∈ B and n ∈ N.Then T is 
alled an asymptoti
 
y
li
 
ontra
tion.Next we de�ne the property UC.Definition 2.2Let (X, d) be a metri
 spa
e and let A and B be nonempty subsets of X . A pair
(A,B) is said to satisfy the property UC, if for ea
h pair ((xn)

∞

n=1, (x
′

n)
∞

n=1) ofsequen
es of points ofA and a sequen
e (yn)∞n=1 of B su
h that d(xn, yn) → d(A,B)and d(x′

n, yn) → d(A,B), the 
onvergen
e d(xn, x
′

n) → 0 holds.A natural question here is to �nd 
onditions under whi
h a pair of subsets ofa Bana
h or a metri
 spa
e satis�es the property UC. In the 
ase of a Bana
hspa
e X and assuming that A is 
onvex, it was proved in [9℄ that any su
h pair
(A,B) has the property UC if X is, in addition, uniformly 
onvex. If moreover
A is supposed to be relatively 
ompa
t, it su�
es that X is uniformly 
onvex inea
h dire
tion. Now let us 
onsider geodesi
 metri
 spa
es. In this 
ase (A,B)satis�es the property UC if A is 
onvex and X is a uniformly 
onvex metri
 spa
ewith monotone modulus of 
onvexity (see [2℄). For pre
ise de�nitions the readermay 
he
k [3℄.3. Main resultsNow we are able to pro
eed to the main result of the paper. More pre
isely,we will present an existen
e result of the best proximity point for an asymptoti

y
li
 
ontra
tion T :A∪B → A∪B. We will also provide some examples showingthe signi�
an
e of the assumptions in our result are needed.Theorem 3.1Let A and B be nonempty subsets of a metri
 spa
e X su
h that A is 
ompleteand the pair (A,B) satis�es the property UC. Moreover, suppose that T :A∪B →
A ∪B is an asymptoti
 
y
li
 
ontra
tion that is 
ontinuous. Then there is a bestproximity point z ∈ A and T 2n(x) → z for all x ∈ A.Proof. Let us �x x ∈ A and y ∈ B. We want to show that

d(T n(x), T n(y)) → d(A,B). (3.1)First let us noti
e that the sequen
e (d(T n(x), T n(y))) is bounded. Indeed, theuniformly 
onvergen
e of (ϕn) and properties of T imply that
d(T n(x), T n(y)) ≤ ϕn(d(x, y)) ≤ ϕ(d(x, y)) + 1for almost all n ∈ N.Now let (kn) be an in
reasing subsequen
e of natural numbers 
hosen in su
ha way that
lim
n→∞

d(T kn(x), T kn(y)) = r > ϕ(r) ≥ d(A,B).



[82℄ Bo»ena Pi¡tekSin
e (ϕn) tends uniformly to the upper semi
ontinuous fun
tion ϕ, one may�nd N1 ∈ N for whi
h
ϕ(d(TN1(x), TN1(y))) <

2ϕ(r) + r

3and N2 ∈ N su
h that for n > N2 we obtain
d(T n+N1(x), T n+N1(y)) ≤ ϕn(d(T

N1(x), TN1(y))) <
ϕ(r) + 2r

3
,whi
h leads to

lim
n→∞

d(T kn(x), T kn(y)) ≤
ϕ(r) + 2r

3
,a 
ontradi
tion.On a

ount of (3.1) and properties of sets A and B, we have

d(T 2n(x), T 2n+2(x)) → 0. (3.2)Now let ε > 0 and suppose that there are sequen
es (kn) and (mn) for whi
h
d(T 2kn(x), T 2mn+1(x)) ≥ d(A,B) + ε. (3.3)A

ording to (3.1)�(3.2) we may assume that mn is 
hosen in su
h a way that

d(T 2kn(x), T 2p+1(x)) < d(A,B) + ε, p ∈ {kn, . . . ,mn − 1}. (3.4)Therefore
lim
n→∞

d(T 2kn(x), T 2mn+1(x)) = d(A,B) + ε (3.5)and moreover,
lim
n→∞

(mn − kn) → ∞. (3.6)Indeed, the boundedness of su
h a numeri
al sequen
e together with (3.1) 
ontra-di
ts (3.5).In next step we will show that (3.3) leads to a 
ontradi
tion. This part of theproof was inspired by the one given by Suzuki in [8, Theorem 3℄. From (i)�(ii) itfollows that there is δ > 0 su
h that
ϕ(r) <

ϕ(d(A,B) + ε) + d(A,B) + ε

2
< d(A,B) + εfor ea
h r ∈ (d(A,B) + ε− δ, d(A,B) + ε), whi
h guarantees that

ϕ(r) < max
{ϕ(d(A,B) + ε) + d(A,B) + ε

2
, d(A,B) + ε− δ

}

=: Mfor r < d(A,B) + ε. On a

ount of (i) one 
an �nd N ∈ N su
h that
ϕ2N (r) <

M + d(A,B) + ε

2
for r < d(A,B) + ε.



On asymptoti
 
y
li
 
ontra
tions [83℄Combining this with (3.4)�(3.6) and (iii) we get
d(T 2kn(x), T 2mn+1(x))

≤ d(T 2kn+2N (x), T 2mn+1(x)) +
N−1
∑

k=0

d(T 2kn+2k(x), T 2kn+2k+2(x))

≤ ϕ2N (d(T 2kn(x), T 2mn−2N+1(x))) +

N−1
∑

k=0

d(T 2kn+2k(x), T 2kn+2k+2(x))

<
M + d(A,B) + ε

2
+

N−1
∑

k=0

d(T 2kn+2k(x), T 2kn+2k+2(x))

< d(A,B) + εfor n large enough, whi
h 
ontradi
ts (3.3).Thus Lemma 2 in [9℄ implies the fa
t that (T 2n(x)) is a Cau
hy sequen
e andsin
e A is 
omplete, T 2n(x) → z. Moreover, sin
e T is 
ontinuous we get that z isa best proximity point, i.e., d(z, T (z)) = d(A,B).To �nish the proof we have to get d(T 2n(x1), T
2n(x2)) → 0 for all x1, x2 ∈ A,but this follows dire
tly from (3.1) and property UC of the pair of sets (A,B).Remark 3.21. If we 
ompare the above result with the ones given by Suzuki in [8, Theo-rem 3℄, it is worth to noti
e that it does not su�
e to assume that there isat least one 
ontinuous mapping T 2n+1, n ∈ N. To see it the reader may
onsider Example 3.3.2. In 
ontrast to the 
ase of asymptoti
 
ontra
tions (see [5, Theorem 2℄,[6, Theorem 2.1℄ and [8, Theorem 3℄) or 
y
li
 
ontra
tions (
ompare with[9, Theorem 2℄), the best proximity point z obtained in our main theoremdoes not have to be unique (see Example 3.4). Moreover, z is not ne
essarya �xed point of T 2.As it has been mentioned before we are going to show examples supportingto the ne
essity of assumptions in Theorem 3.1. The �rst one shows that the
ontinuity of T 
annot be weakened by the 
ontinuity of some iteration T 2n+1.Example 3.3Let us de�ne a sequen
e (zn) ⊂ R as

z0 = 0, z1 = 2, z2 = −1, z3 = 1, z2n+2 = −
1

32n−1
, z2n+3 = 1 +

1

32n
, n ∈ N.Then de�ning a mapping T and sets A and B by T (zn−1) = zn, n ∈ N and

A = {z0, z2, z4, . . .} and B = {z1, z3, z5, . . .},we obtain that T :A∪B → A∪B is an asymptoti
 
y
li
 
ontra
tion su
h that T 3is a 
ontinuous mapping. Indeed, sin
e d(A,B) = 1 one may take ϕ(a) = a+2

3
. Itis su�
ient to 
onsider pairs with one element equal to z0 or z3. In any other 
aseit is easy to 
he
k that d(T n+2(u), T n+2(v)) ≤ ϕ(d(u, v)), u ∈ A, v ∈ B, n ∈ N.



[84℄ Bo»ena Pi¡tek1. If u = z0 and v = z2n−1, n 6= 2, then
d(Tm+3(u), Tm+3(v)) = 1 +

1

3m
+

1

3m+2n−1
≤ ϕ(d(u, v)) +

1

3m
, m ∈ N.2. Taking v = z3 and u = z2n, we obtain

d(Tm(u), Tm(v)) ≤ 1 +
1

3m
+

1

3m+2n−3
≤ ϕ(d(u, v)) +

1

3m−1
, m ∈ N.3. In the same time u = z0 and v = z3, imply

d(Tm+3(u), Tm+3(v)) = 1 +
1

3m
+

1

3m+3
≤ ϕ(d(u, v)) +

2

3m
, m ∈ N.Hen
e ϕm = ϕ+ 2

3m−3 for all m > 3.Moreover, the pair (A,B) satis�es property UC and T 2n(z2m−2) tends to z0 if
n → ∞, but z0 is not a best proximity point.Example 3.4Let us slightly modify the above example. More pre
isely, let us 
onsider a se-quen
e (zn) ⊂ R

2 and two points z′ and z′′ de�ned by
z0 = (0,−1), z1 = (1,−1), z2n =

(

−
1

32n−1
, 0
)

, z2n+1 =
(

1 +
1

32n
, 0
)

, n ∈ N;

z′ = (0, 0), z′′ = (1, 0).Taking T (zn−1) = zn, T (z′) = z′′, T (z′′) = z′,
A = {z′, z0, z2, . . .} and B = {z′′, z1, z3, . . .},we obtain that T :A ∪ B → A ∪ B is a 
ontinuous asymptoti
 
y
li
 
ontra
tionwith two best proximity points z0 and z′. Indeed, let us take ϕ(r) = d(A,B) = 1for ea
h r ≥ d(A,B). Then �xing u ∈ A and v ∈ B we get

d(T n(u), T n(v)) ≤ d(T n(z0), T
n(z1)) ≤ 1 +

1

3n−1
+

1

3n
= ϕ(d(u, v)) +

4

3nfor all n ∈ N. It su�
es to de�ne a sequen
e (ϕn) as ϕn(r) = ϕ(r) + 32−n for all
r ≥ d(A,B) and n ∈ N.The last example is devoted to properties of the pair of sets (A,B). It isworth to noti
e that it is still an open question whether the property UC may beweakened. In 
ase of 
y
li
 
ontra
tions it was shown in [2, 4℄ that the property UCmay be taken out by the property WUC and under some additional assumptions onthe metri
 spa
e by the property HW. Under the assumptions 
onsidered in [7℄ thereader may �nd examples proving the existen
e of 
y
li
 Meir�Keeler 
ontra
tionswithout best proximity points. For pre
ise de�nitions the reader may 
he
k [2, 4, 7℄.
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ontra
tions [85℄Example 3.5Let us 
onsider the set of natural numbers N and the fun
tion d:N× N → [0,∞)de�ned by
d(i, j) = d(j, i) =











0, i = j,

3−

j−i−1
∑

k=1

1

2k
, i < j.It is 
lear that (N, d) is a 
omplete metri
 spa
e. Indeed, the fa
t that

2 < d(i, k) < 4 = 2 + 2 < d(i, j) + d(j, k), i, j, k ∈ {1, 2, . . .}, i 6= j 6= ktrivially proves the triangle inequality.Let A be the set of all odd numbers and B the set of all even numbers, and
onsider the mapping T : (N, d) → (N, d) given by T (i) = i+ 1. Then T is a 
y
li

ontra
tion on A∪B so this is also an asymptoti
 
y
li
 
ontra
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