FOLIA 84

Annales Universitatis Paedagogicae Cracoviensis
Studia Mathematica IX (2010)

Yufeng Wang, Yanjin Wang
On schwarz-type boundary-value problems of
polyanalytic equation on a triangle

Abstract. We will consider the Schwarz-type boundary-value problems (BVPs)
of the polyanalytic equation on an isosceles orthogonal triangle. In contrast
to [20], the expression of its unique solution is explicitly obtained by the
different decomposition of polyanalytic functions.

1. Introduction

Various kinds of BVPs of partial differential equations (PDEs) have been solved
by the Riemann-Hilbert technique [13], and BVPs of complex PDEs have been
widely discussed by complex analytic methods, see for example [2-12, 14-19, 21].
The Schwarz-type BVP is one of a basic problem, which is closely connected with
other type BVPs.

In [21], we have considered the Schwarz-type BVP of the nonhomogeneous
Cauchy-Riemann equation on an isosceles orthogonal triangle with three vertices
0,1,4. Such an triangle domain is denoted as A. The following result is obtained
by the technique of plane parqueting used in [7].

THEOREM 1.1 ([21])
The Schwarz-type BVP of the nonhomogeneous Cauchy-Riemann equation

{810()— f(2), zeA, feLy(AC), p>2, (L1)
[Rew] ™ (t) = p(t), t € 0A, p e C(0A;C) ’

15 solvable and its solution can be represented as

w(z) = Sa[pl(2) + Au[f](2) + i Imw(«), z €A, (1.2)
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where o € A is a fized constant and

Sl = %5 PO [gmnlc. ) — L2l 2 0n ]

) 2

"iA " - e (1.3)
ANE) == [1(©)Galc.2) ~ TIGa(C. )} de
A
with
Ga(C,2) = Z[Qm,n(guz) _gm,n(C7a)] (1.4)
and mv"
1 1
gmn(C, 2) = C—2—2m—2ni (+iz—(@m+1)—(@n+D)
1 1

T im0 Tt —@mt2) 2’

where the double series is uniformly convergent along the rectangles with center at
the origin.

The following result is obtained by Heinrich Begehr and Tatyana Vaitekhovich

18]

THEOREM 1.2 (THEOREM 2 IN [8])
The Schwarz problem

agw:fln D+, feLp(ID)+7(C)7 p>27
Rew = v on oD, v € C(ODT;R), v(1) =y(-1) =0,
1 v

—/Imw(ei“")dw:c, ceR
T
0

is uniquely solvable by

W= [ a0(EE-E5)2

211
[¢|=1,Im (>0
1
1 1 z
— t ( — )dt
+ T 7( ) t—z 1— 2zt

(1.5)

—1

_%/{f@[ciz— 1—Zzg} _@[g;_ 1_225}}‘156“7
D+
+ ic, zeDT,

where DT is the upper half unit disc.
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The solutions (1.2) and (1.5) consist of three parts: the linear integral, the area
integral and the free term. For example, in (1.2), S,[p](z) is the linear integral,
Aalf](2) is the area integral and iIm w(«) is the free term. For the solution (1.5),
the free term ic is determined by the function value on the half unit circumference.
However, for the solution (1.2), the free term is determined by the function value
at one point o € A.

In [10], the Schwarz-type BVP of polyanlytic equation has been solved by the
iteration. Basing on Theorem 1.1, we will investigate the Schwarz-type BVP of
polyanalytic equation on the triangle domain A. Because of the distinction of free
terms, the Schwarz-type BVPs of the polyanalytic equation in the triangle A are
different from the corresponding BVPs in [20].

The properties of polyanalytic functions have been exposed in [1]. The decom-
position of polyanalytic functions or polyharmonic functions plays very important
role in solving BVPs of higher order PDEs, see for example [2, 11, 16-18]. In this
article, we will make use of the special decomposition of polyanalytic functions to
solve the Schwarz-type BVP of the polyanalytic equation in the triangle A, and
the unique solution is explicitly obtained.

In what follows, « is always a fixed complex constant and o € A, and the
Cauchy-Riemann operator is

0 0 .0
85:%:%(%+’a_y)'

2. Boundary behavior of the poly-Schwarz operator

Similarly to [20], we introduce the poly-Schwarz operator S, , on the triangle
A as follows

Sa,n[pOaplu B 7p’ﬂ—1](2)

-1, 1k _
=> ( kll) %/(C—2+C—Z)Rpk(C)[Ga(Caz)+G@(<7Z)]d<= (2.1)
k=0 '

OA

z €A,

where G, and G5 are defined by (1.4), and kernel densities po, p1,...,pn-1 €
C(0A;R). Obviously S0 = Sa, where S, is the Schwarz-type operator defined
in (1.3).

THEOREM 2.1
If P05 Py Pn—1 € O(aAvR)7 then

o Sa)n[po,afiln, - ,pnfl] (2’) _ 07 zc A, (2.2)
z

where the operator Sq ., is defined by (2.1).
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Proof. By (2.1), one has

n—1 C1\k k _
-y kl!) % > (E) €+ (=2 =2 pr(QGalC, 2) + Gal(, 2)] dS
k=0 G =0
n—1 _1\k k
=3 G (1) g [ € D016 ) + Gl 0
N - oA
n—1 _1\k k
-y klg) > (];) (=2 =2)" " Saolord(z), ze€A (2.3)
k=0 =0
with
pre(€) = (C+ ) pr(€)- (2.4)
Hence
8nSa,n[p sy Plye ey Pn— 1 771_1 k k n b
Oaz" - kz:% k! ;( )[agn z=2)" E}Sa,O[Pk,z](Z)
= 0.

This completes the proof.

THEOREM 2.2
If PO P15 Pn—1 € 0(8A7R)’ then

8£San b) sy Mn— +
{Re[ *[”Ogge P 1]}} (1) = pe(t), t€IA, £=0,1,....,n—1, (2.5)

where the operator Sq , is defined by (2.1).
Proof. When ¢ =0,
8£Sa,n[p07 Ply--- apnfl] (Z) _ 8OSa,n[pO; P1,--- 7pn71] (Z)
oz* oz°
= Sa,n[pOu Ply--- 7p’ﬂ—1](2)'

By Theorem 3.3 in [21] and (2.3), one has

n—1l, \k k
(RelSi oo ona 110 = X573 ()00 ot

= Po t), t € 0A,

where pg ¢ is defined by (2.4). When ¢ =1,2,...,n — 1, one easily gets
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aésa,n[p()u Ply--- 7pn—1] (2)

oz
n—1 1\k—t —
- ((kl_) i [ €2 T2 mOIGa (€2 + GalC AN (27)
k=t T 6a
nfl k ¢ k—2¢
= o - < > -2 S0 0lprgl(2),  zeA
k=¢

Similarly to the proof of the previous part, (2.5) is valid for £ =1,2,...,n— 1.

REMARK 2.3
By (2.3) and (2.7), if po, p1,- .., pn—1 € C(OA;R), then

8£Sa,n[p07§_15 ey Pt (@)
z

n—l k—p k—2L
Z 71 - ( ) — )" IS 0lpkl(@), €=0,1,2,...,n—1

=L

are real numbers since S, o[pr,¢](a) € R according to [21].

3. Pompeiu-type operator on the triangle

In this section, the following area integral operator is introduced as in [20]
Aol f1(2)
= oD / (¢ =2+ C=2) T MF(QOGa(C2) = F(OG(C 2)] de dn,  (3.1)

A
zeEA L=1,2,...

with f € L,(A;C), p > 2, where G, is defined by (1.4). The operator A, ¢ is
called the Pompeiu-type operator here. When ¢ =1, (3.1) is just

Aarlfl(z) = Aalfl(z),  z€A, (3.2)

where A, is defined in (1.3). We assume that A, o[f](z) = f(2), 2 € A in the
following. By Theorem 4.1 in |21], Ay 1[f] € C(0A;C) and

S Aaalfl() = AuolfI2), z€ A 53

THEOREM 3.1
If f € Ly(A;C), p> 2, then

0

= Aadlfl(z) = Aaimilfi(),  zEA =123, (3.4)
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and
S Aanlfl)= 1), zeA, (55

where Ay ¢ is the Pompeiu-type operator defined by (3.1).
Proof. When ¢ =1, (3.4) is just (3.3). When ¢ > 1, one has

DTt e
Ao = T 2 () A e en 6o

O =C+0%f©), k=0,1,....0—1. (3.7)

DA (DL ek
L T AT
= Aualfl(e)

since %Aml[fk](z) = 0. Using (3.4) repeatedly, we easily gets (3.5).

THEOREM 3.2
If f € L,(A;C), p > 2, then {ReAn [f]}T(t) =0, t € OA for £ = 1,2,3,...,
where Aq ¢ is defined by (3.1).

Proof. This theorem directly follows from

-1l
S () A R (el e A

! k
k=0

Re {Aa([f1(2)} =

and
{Re Aaa[ful} () =0,  tedA,

where fj, is defined by (3.7).

REMARK 3.3 B
Since G (¢, ) = G4 (¢, @) =0, one has

Aaplfil@) =0,  £=1,2,3,....
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4. Schwarz-type BVPs of polyanalytic equation on the triangle

Similarly to [20], by an appropriate decomposition of polyanalytic functions,
the following lemma is obtained.

LEMMA 4.1
The homogeneous Schwarz-type BVP of the homogeneous polyanalytic equation
0Zw(z) =0, z €A,
ko N1+ (4.1)
[Re(95w)] " (t) = 0, tedA, k=0,1,...,n—1
15 solvable and its solution can be represented as
n—1
(z—a+z—-a).
w(z) = Z A iC (4.2)
k=0

with ¢y = Im(0%w)(a) €R for k=10,1,2,...,n— 1.

Proof. The homogeneous polyanalytic equation (07w)(z) =0, z € A implies
that w is a polyanalytic function. Hence w can be uniquely decomposed as [11]

(roatzoa)k
w =Y BT I en (4.3
k=0 '

where ¢y, is analytic on the triangle domain A. Substituting (4.3) into the bound-
ary conditions in (4.1), one has the boundary behaviors of analytic functions

[Re ] T (t) =0, tedA, k=0,1,...,n—1, (4.4)
and hence
or(2) = icy, ck €R, k=0,1,...,n—1

by Theorem 1.1. By the direct computation, ¢ = Im(0%w)(a), k =0,1,...,n—1.

In general, we have the following result.

THEOREM 4.2
The Schwarz-type BVP of the polyanalytic equation

(0Zw)(z) = f(2), z€A, feLy(AC), p>2,
[Re(0%w)|T(t) = pr(t), t€IA, pp € C(OAR), k=0,1,...,n—1, (4.5)
Im(d%w)(a) = ag, k=0,1,...,n—1

is solvable and its unique solution can be written as

w(z) = Sa,nlpo; p1;- -+, Pn—1](2) + Aanlf](2)

S (z-—at+z-a) 4.6
+Z(z a—;!z %) ia, z €A, (46)
k=0

where the operators Son, Aan are defined by (2.1) and (3.1), respectively, and
ag, k=0,1,2,....,n—1 are n given real constants.
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Proof. Firstly, let

wO(Z) = Sa,n[p07plu B 7pn—1](z) + Aa,n[f](z)7 ze Aa

where the operators Sq.n, Aa,n are defined by (2.1) and (3.1), respectively. By
Theorems 2.1 and 3.1,

Ty= 1), zea
By Theorems 2.2 and 3.2, one has

0 k wo
ozF

+
[Re ](t):pk(t), tEAA, k=0,1,....n—1.

Hence wy is a special solution of the Schwarz-type BVP (4.5) of the polyanalytic
equation. Secondly, let

w(z) = wo(z) + wi(z), z e A. (4.7)

Substituting w(z) defined by (4.7) into (4.5), one easily gets

(0Zw1)(2) =0, z €A,
[Re(0%wy)| T (t) = 0, tedA, k=0,1,...,n—1, (4.8)
Im (0w, ) () = ay, k=0,1,...,n—1

which is just the homogeneous Schwarz-type BVP (4.1) of the polyanalytic func-
tion. The third formula in (4.8) is obtained by Remarks 2.3 and 3.3. Finally, by
Lemma 4.1,

n—1

z—a+z—a)k
wl(z)zz( + )ick

k!
k=0

with ¢ = Im(9%w)(a) for k = 0,1,2,...,n — 1. This completes the proof.
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