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Abstract. In this note the answer to a question by Z. Moszner from the paper
[1] about connections of stability of separate equations and the system of
them, is given.

Let K denote the class of real functions £ = {f:R — R}. In this note, the
following functional equation (or the system of equations) is considered

L(f) = R(f) (or Li(f) = Ra(f), La2(f) = Ra(f)), (1)
where f ek, L,Li,Ls, R,R1,Ra: K — K.

DEFINITION
We say that the equation (or the system of equations) (1) is stable in the class IC,
if for every € > 0 there exists a d > 0 such that for every function g € K satisfying

[L(g(x)) — R(g(x))| <6
(or [L1(g(x)) — Ru(g(x))] <96, [La(g(x)) — Ra(g(x))| <)

for x € R, there exists a solution f € K of equation (or the system of equations)
(1) such that

|f(x) —g(x)| <e for z € R.

It is observed in [1] that a system of two stable functional equations may be
unstable, e.g. the system

[f(@)l = f(z) and |f(x)] = —f(z)

in the class {f:R — R\ {0}}. Similarly, a system of functional equations may be
stable even though the equations of this system are unstable, e.g. the system

f(f)) =2 and f(f(z)) =1

in the class K. These systems have no solutions.
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PROBLEM
Is this situation possible only if the system has no solutions?

This is Problem 8 in [1]. The answer to this problem is negative.
We consider the following system of functional equations in K:

(If(@) =1 = f2)+1)- f(z) =0 (2)
and
E(f(z)) =0, (3)
here E(u) denotes the integer part of w.
ProrosiTION 1

The equations (2) and (3) — considered in the class K — are stable separately, but
not as a system. However there is an obvious solution fy = 0.

Proof. One can observe easily that the sets of solutions of the equations (2)
and (3) — in the class K — are as follows:
Sol(2)={fek: f(R)C[l,+o0)U{0}}
and
Sol(3)={fek: f(R)cC0,1)}.
Therefore
Sol(2)NSol(3) ={fo =0}.
To prove the stability of equation (2), take € > 0 and put 6 := min{3, £}. Set
Lu)=(Ju—1—-u+1)-u for u € R.
Let g € K and

|[L(g(x))] <6 for x € R.
Since

o(x) < —5 = [L(g@)] = 201 ~ g(x)) -lg(ax)| > 1~ g(x) >

)

we conclude that
1
g(R) c |- 5,+oo).
We also have

(o) € [~ 505) A L)) =201~ 9(2)) - (@) < 6) = lg(a)| <5< = (4)

since 2(1 — g(x)) > 1 in this case. Moreover,

(90) € [5:1) A L(o(@)) = 20~ 9(a)) - 9(a) < 0) = 1~ gl) <5< = (3)

since 2g(z) > 1 in this case.
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Define
flz): =< 1+, if £ <g(z)<1,
g(x), if g(x) > 1.
Evidently f € Sol(2). Moreover,
lg(2)l; if —3<g@)<s,
[f(@) —g(x)| = 1-g(x) +6, if5<g(x) <1,
0, if g(x) > 1.

By (4) and (5) we have
If(x) —g(z)|<e  forzeR.

The proof of stability of equation (2) is finished.
To prove the stability of equation (3), take ¢ > 0 and put § := min{3,c}. Let
g € K and

|E(g(z))] <6  forxzeR.
We have
g(x) €0,1) for v € R,

0 g is a solution of equation (3). This ends the proof of stability of equation (3).
To prove that the system of equations (2) and (3) is not stable, take g, (x) =
1— L forn € Nand z € R. We have

n—1

E(gn(2)) =0 and  L(gn(2)) = 2- —

forneN, z € R.
n

Let & := . For every § > 0 there exists an integer no > 3 such that L(gn,(z)) <8
and obviously gy, (z) > ¢ for x € R.

Now, let us consider the following functional equations

(If(z) =1 = f(2) + 1) - [f (@) + [E(f ()] = 0 (6)
and

(If (@) + 1+ f@) + 1) - [f(@)| + |[E(=f(2)) = 0 (7)
for f € K.

PROPOSITION 2

The equations (6) and (7) are unstable separately and the system of these equations
is stable. The function fo =0 is only solution of (6) and of (7) thus of the system
of equations (6), (7).
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Proof. To prove the non-stability of equation (6) it is sufficient to consider the
functions g, (z) = 1 — L for n € N and = € R. Similarly, to prove the non-stability

n
of equation (7) we can consider g,(z) = —1+ L for n € N and « € R. To prove

the stability of the system of these equations, take ¢ > 0 and put § := % Set

Li(u)=(lu—1—u+1) - |u| + |E(u)] for u € R

and
Lo(u) = (Ju+ 1]+ u+1) - |u| + |E(—u)] for u € R.
Let g € K and
|[L1(g(z))| < and |La(g(x))] <o for z € R.
We have
(9(z) <0or g(z) > 1) = Li(g(z)) > |E(g(z))| = 1.
Moreover,

0<g(z) <1= La(g(x)) = [E(=g(x))| = 1.

From the above g(z) = fo(x) = 0. This ends the proof of stability of the system
of equations (6), (7).

REMARK 1

We say that equation (or the system of equations) (1) is superstable in the class
K (b-stable in the class IC, respectively), if for every function g € K for which
L(g(x)) — R(g(x)) (or L1(g(x)) — Ri(g(x)) and La(g(x)) — Ra(g(x))) is bounded,
¢ is bounded or g is a solution of (1) (there exists a solution f € K of (1) such
that g(z) — f(z) is bounded, respectively).

It is easy to see that the superstability of the equations of the system implies
superstability of the system. The converse implication is not true. Indeed, the
boundedness of the functions g(2x)—g(z) and ¢g(2z)+¢g(x) implies the boundedness
of the function g, so the system

f2x) = f(z) and f(2z) = —f(z) (8)
is superstable. The function

k, ifrecA:={zecR: 2=2% kecZ},
9(x) = .
0, ifzeR\ A,

is unbounded and g does not satisfy the equation f(2z) = f(x), but the function
g(2x) — g(x) is bounded. Similarly, the function

(2) = (—1)* - k, itz e A,
I o, ifz €R\ A,
is unbounded and ¢ is not a solution of the equation f(2x) = —f(z), but the

function ¢g(2x)+g(x) is bounded. Therefore the equations in (8) are not superstable
separately.
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We encounter the same situation for b-stability. Namely, the system (8) is
b-stable and the equations of this system are not b-stable. If we consider the
system
Li(f(@) = [f(x)=a-f(&) =0 and Lo(f(2)) = |f(@)= (24— )| -f(@) =0,
then one can observe that this system is not b-stable. Indeed, for g(z) = x
the functions Lji(g(x)) and La(g(x)) are bounded and f(z) = 0 is the unique

solution of the system. The separate equations of this system are b-stable, e.g. for
[(g(x) — 2) - g(z)] < M we have |g(z) — x| < VM or |g(x)] <M. The function

) = T, if [g(x) —z| < VM,
- o, if [g(x) — x| > VM and |g(z)| < VM,

2 +1

is a solution of the equation Li(f(x)) =0 and g(z) — f(x) is bounded.

REMARK 2

If at least one of the equations of the system is stable (or superstable, or b-stable,
respectively) and every solution of this equation is a solution of the second equation
of the system, then the system is stable (or superstable, or b-stable, respectively).

REMARK 3
The stability of the system Li(f) = R1(f) and La(f) = Ra(f) is equivalent to the
stability of the equation

|L1(f) = Ba(f)] + |L2(f) — Ra(f)] = 0.
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