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Andrzej Mah, Zenon MosznerUnstable (Stable) system of stable (unstable)funtional equationsAbstrat. In this note the answer to a question by Z. Moszner from the paper[1℄ about onnetions of stability of separate equations and the system ofthem, is given.Let K denote the lass of real funtions K = {f :R → R}. In this note, thefollowing funtional equation (or the system of equations) is onsidered

L(f) = R(f) (or L1(f) = R1(f), L2(f) = R2(f)) , (1)where f ∈ K, L,L1, L2, R,R1, R2:K → K.DefinitionWe say that the equation (or the system of equations) (1) is stable in the lass K,if for every ε > 0 there exists a δ > 0 suh that for every funtion g ∈ K satisfying
|L(g(x))−R(g(x))| ≤ δ

(or |L1(g(x))−R1(g(x))| ≤ δ, |L2(g(x)) −R2(g(x))| ≤ δ)for x ∈ R, there exists a solution f ∈ K of equation (or the system of equations)(1) suh that
|f(x) − g(x)| ≤ ε for x ∈ R.It is observed in [1℄ that a system of two stable funtional equations may beunstable, e.g. the system

|f(x)| = f(x) and |f(x)| = −f(x)in the lass {f :R → R \ {0}}. Similarly, a system of funtional equations may bestable even though the equations of this system are unstable, e.g. the system
f(f(x)) = x and f(f(x)) = 1in the lass K. These systems have no solutions.AMS (2000) Subjet Classi�ation: 39B82.Volumes I-VII appeared as Annales Aademiae Paedagogiae Craoviensis Studia Mathematia.



[44℄ Andrzej Mah, Zenon MosznerProblemIs this situation possible only if the system has no solutions?This is Problem 8 in [1℄. The answer to this problem is negative.We onsider the following system of funtional equations in K:
(|f(x)− 1| − f(x) + 1) · f(x) = 0 (2)and

E(f(x)) = 0, (3)here E(u) denotes the integer part of u.Proposition 1The equations (2) and (3) � onsidered in the lass K � are stable separately, butnot as a system. However there is an obvious solution f0 ≡ 0.Proof. One an observe easily that the sets of solutions of the equations (2)and (3) � in the lass K � are as follows:
Sol(2) = {f ∈ K : f(R) ⊂ [1,+∞) ∪ {0}}and

Sol(3) = {f ∈ K : f(R) ⊂ [0, 1)}.Therefore
Sol(2) ∩ Sol(3) = {f0 ≡ 0}.To prove the stability of equation (2), take ε > 0 and put δ := min{ 3

2
, ε

2
}. Set

L(u) = (|u − 1| − u+ 1) · u for u ∈ R.Let g ∈ K and
|L(g(x))| ≤ δ for x ∈ R.Sine

g(x) < −1

2
=⇒ |L(g(x))| = 2(1− g(x)) · |g(x)| > 1− g(x) >

3

2
,we onlude that

g(R) ⊂
[

− 1

2
,+∞

)

.We also have
(

g(x) ∈
[

− 1

2
,
1

2

)

∧ |L(g(x))| = 2(1− g(x)) · |g(x)| ≤ δ
)

=⇒ |g(x)| ≤ δ ≤ ε

2
(4)sine 2(1− g(x)) > 1 in this ase. Moreover,

(

g(x) ∈
[1

2
, 1
)

∧ L(g(x)) = 2(1− g(x)) · g(x) ≤ δ
)

=⇒ 1− g(x) ≤ δ ≤ ε

2
(5)sine 2g(x) ≥ 1 in this ase.



Unstable (Stable) system of stable (unstable) funtional equations [45℄De�ne
f(x) :=











0, if − 1

2
≤ g(x) < 1

2
,

1 + δ, if 1

2
≤ g(x) < 1,

g(x), if g(x) ≥ 1.Evidently f ∈ Sol(2). Moreover,
|f(x) − g(x)| =











|g(x)|, if − 1

2
≤ g(x) < 1

2
,

1− g(x) + δ, if 1

2
≤ g(x) < 1,

0, if g(x) ≥ 1.By (4) and (5) we have
|f(x) − g(x)| ≤ ε for x ∈ R.The proof of stability of equation (2) is �nished.To prove the stability of equation (3), take ε > 0 and put δ := min{ 1

2
, ε}. Let

g ∈ K and
|E(g(x))| ≤ δ for x ∈ R.We have
g(x) ∈ [0, 1) for x ∈ R,so g is a solution of equation (3). This ends the proof of stability of equation (3).To prove that the system of equations (2) and (3) is not stable, take gn(x) =

1− 1

n
for n ∈ N and x ∈ R. We have
E(gn(x)) = 0 and L(gn(x)) = 2 · n− 1

n2
for n ∈ N, x ∈ R.Let ε := 1

2
. For every δ > 0 there exists an integer n0 ≥ 3 suh that L(gn0

(x)) ≤ δand obviously gn0
(x) > ε for x ∈ R.Now, let us onsider the following funtional equations
(|f(x)− 1| − f(x) + 1) · |f(x)| + |E(f(x))| = 0 (6)and
(|f(x) + 1|+ f(x) + 1) · |f(x)|+ |E(−f(x))| = 0 (7)for f ∈ K.Proposition 2The equations (6) and (7) are unstable separately and the system of these equationsis stable. The funtion f0 ≡ 0 is only solution of (6) and of (7) thus of the systemof equations (6), (7).



[46℄ Andrzej Mah, Zenon MosznerProof. To prove the non-stability of equation (6) it is su�ient to onsider thefuntions gn(x) = 1− 1

n
for n ∈ N and x ∈ R. Similarly, to prove the non-stabilityof equation (7) we an onsider gn(x) = −1 + 1

n
for n ∈ N and x ∈ R. To provethe stability of the system of these equations, take ε > 0 and put δ := 1

2
. Set

L1(u) = (|u− 1| − u+ 1) · |u|+ |E(u)| for u ∈ Rand
L2(u) = (|u+ 1|+ u+ 1) · |u|+ |E(−u)| for u ∈ R.Let g ∈ K and
|L1(g(x))| ≤ δ and |L2(g(x))| ≤ δ for x ∈ R.We have
(g(x) < 0 or g(x) ≥ 1) =⇒ L1(g(x)) ≥ |E(g(x))| ≥ 1.Moreover,

0 < g(x) < 1 =⇒ L2(g(x)) ≥ |E(−g(x))| = 1.From the above g(x) = f0(x) ≡ 0. This ends the proof of stability of the systemof equations (6), (7).Remark 1We say that equation (or the system of equations) (1) is superstable in the lass
K (b-stable in the lass K, respetively), if for every funtion g ∈ K for whih
L(g(x))−R(g(x)) (or L1(g(x)) −R1(g(x)) and L2(g(x))−R2(g(x))) is bounded,
g is bounded or g is a solution of (1) (there exists a solution f ∈ K of (1) suhthat g(x)− f(x) is bounded, respetively).It is easy to see that the superstability of the equations of the system impliessuperstability of the system. The onverse impliation is not true. Indeed, theboundedness of the funtions g(2x)−g(x) and g(2x)+g(x) implies the boundednessof the funtion g, so the system

f(2x) = f(x) and f(2x) = −f(x) (8)is superstable. The funtion
g(x) :=

{

k, if x ∈ A := {x ∈ R : x = 2k, k ∈ Z},
0, if x ∈ R \A,is unbounded and g does not satisfy the equation f(2x) = f(x), but the funtion

g(2x)− g(x) is bounded. Similarly, the funtion
g(x) :=

{

(−1)k · k, if x ∈ A,

0, if x ∈ R \A,is unbounded and g is not a solution of the equation f(2x) = −f(x), but thefuntion g(2x)+g(x) is bounded. Therefore the equations in (8) are not superstableseparately.



Unstable (Stable) system of stable (unstable) funtional equations [47℄We enounter the same situation for b-stability. Namely, the system (8) isb-stable and the equations of this system are not b-stable. If we onsider thesystem
L1(f(x)) = [f(x)−x]·f(x) = 0 and L2(f(x)) =

[

f(x)−
(

x+
1

x2 + 1

)]

·f(x) = 0,then one an observe that this system is not b-stable. Indeed, for g(x) = xthe funtions L1(g(x)) and L2(g(x)) are bounded and f(x) = 0 is the uniquesolution of the system. The separate equations of this system are b-stable, e.g. for
|(g(x) − x) · g(x)| ≤ M we have |g(x) − x| ≤

√
M or |g(x)| ≤ √

M . The funtion
f(x) :=

{

x, if |g(x)− x| ≤
√
M,

0, if |g(x)− x| >
√
M and |g(x)| ≤

√
M,is a solution of the equation L1(f(x)) = 0 and g(x)− f(x) is bounded.Remark 2If at least one of the equations of the system is stable (or superstable, or b-stable,respetively) and every solution of this equation is a solution of the seond equationof the system, then the system is stable (or superstable, or b-stable, respetively).Remark 3The stability of the system L1(f) = R1(f) and L2(f) = R2(f) is equivalent to thestability of the equation

|L1(f)−R1(f)|+ |L2(f)−R2(f)| = 0.Referenes[1℄ Z. Moszner, On the stability of funtional equations, Aequationes Math. 77 (2009),33�88. Andrzej MahInstitute of MathematisJan Kohanowski University�wi�tokrzyska 1525-406 Kiele, PolandE-mail: amah�ujk.edu.plZenon MosznerInstitute of MathematisPedagogial UniversityPodhor¡»yh 230-084 Kraków, PolandE-mail: zmoszner�ap.krakow.plReeived: 25 September 2009; �nal version: 8 February 2010;available online: 12 Marh 2010.




