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Damian Wi±niewskiBoundary value problems for a seond�order elliptiequation in unbounded domainsAbstrat. We investigate the behaviour of weak solutions to the boundaryvalue problems for the seond order ellipti linear equation in a neighborhoodof in�nity. The exponent of the dereasing rate of solutions at in�nity hasbeen exatly alulated.1. IntrodutionLet B1(O) be the unit ball in R

n, n ≥ 2 with enter at the origin O and
G ⊂ R

n \B1(O) be an unbounded one � like domain with the smooth boundary
∂G. We onsider the following ellipti boundary value problem





L[u] ≡ ∂

∂xi
(aij(x)uxj ) + bi(x)uxi + c(x)u = f(x), x ∈ G,

B[u] ≡ α(x)
∂u

∂ν
+

1

|x|γ
(
x

|x|

)
u = g(x), x ∈ ∂G,

lim
|x|→∞

u(x) = 0

(L)(summation over repeated indies from 1 to n is understood); here:
α(x) =

{
0, if x ∈ D,
1, if x 6∈ Dand D ⊆ ∂G is the part of the boundary ∂G, where the Dirihlet boundary ondi-tion is posed; ∂

∂ν = aij(x) cos(−→n , xi) ∂
∂xj

, where −→n denotes the unit outward withrespet to G normal to ∂G. Thus, if D = ∂G then we have the Dirihlet problem,if D = ∅ then α(x) = 1 and we have the Robin problem and if D ⊂ ∂G then wehave the mixed problem.A few mathematiians have onsidered boundary value problems for linearellipti equations in unbounded domains (see for example [12℄, [13℄, [14℄). Suhproblems have appliations to mehanis of inhomogeneous media [7℄.AMS (2000) Subjet Classi�ation: 35J25.Volumes I-VII appeared as Annales Aademiae Paedagogiae Craoviensis Studia Mathematia.



[88℄ Damian Wi±niewskiThe main advantage of this artile is the best estimation of solutions for min-imal smooth oe�ients in n�dimensional domains. The theoretial results areon�rmed by examples.We introdue the following notations:
• Sn−1: unit sphere in R

n;
• (r, ω), ω = (ω1, ω2, . . . , ωn−1): spherial oordinates of x ∈ R

n:
x1 = r cosω1,

x2 = r cosω2 sinω1,...
xn−1 = r cosωn−1 sinωn−2 . . . sinω1,

xn = r sinωn−1 sinωn−2 . . . sinω1.

• C: rotational one {x1 > r cos ω0

2 };
• ∂C: lateral surfae of C : {x1 = r cos ω0

2 };
• Ω: a domain on the unit sphere Sn−1 with a smooth boundary ∂Ω obtainedby the intersetion of the one C with the sphere Sn−1;
• ∂Ω = ∂C ∩ Sn−1;
• Gba = {(r, ω)| a < r < b; ω ∈ Ω} ∩G: layer in R

n;
• Γba = {(r, ω)| a < r < b; ω ∈ ∂Ω} ∩ ∂G: lateral surfae of layer Gba;
• Gd = G∞

d ; Γd = Γ∞
d , d≫ 1;

• Ωd = G ∩ {|x| = d}; d≫ 1.We use the standard funtion spaes: Ck(G) with the norm |u|k,G, the Lebesguespae Lp(G), p ≥ 1 with the norm ‖u‖p,G, the Sobolev spae W k,p(G) with thenorm ‖u‖p,k;G. We de�ne the weighted Sobolev spaes V kp,α(G) for an integer k ≥ 0and a real α as the losure of C∞
0 (G) with respet to the norm

‖u‖V k
p,α(G) =

(∫

G

k∑

|β|=0

rα+p(|β|−k)|Dβu|p dx
) 1

pand V k− 1
p

p,α (∂G) as the spae of traes of funtions ϕ, given on ∂G, with the norm
‖ϕ‖

V
k− 1

p
p,α (∂G)

= inf ‖Φ‖V k
p,α(G),where the in�mum is taken over all funtions Φ suh that Φ|∂G = ϕ in the sense oftraes. W k,p

loc (G) is a loal spae whih onsists of funtions belonging to W k,p(G′)for all G′ ⊂ G. We denote
W k(G) ≡W k,2(G), W k

loc(G) ≡W
k,2
loc (G),

W
◦
k
α(G) ≡ V k2,α(G), W

◦ k− 1
2

α (∂G) ≡ V
k− 1

2
2,α (∂G).



Boundary value problems for a seond�order ellipti equation [89℄Definition 1.1Funtion u(x) is alled a weak solution of the problem (L) provided that u(x) ∈
C0(G) ∩W

◦
1
0(G) and satis�es the integral identity

∫

G

{aij(x)uxjηxi − bi(x)uxiη(x) − c(x)uη(x)} dx +

∫

G

f(x)η(x) dx

+

∫

∂G

α(x)
{1

r
γ(ω)u(x)− g(x)

}
η(x) ds = 0

(II)for all funtions η(x) ∈ C0(G) ∩W
◦

1
0(G) suh that lim|x|→∞ η(x) = 0.Remark 1.2In the Dirihlet boundary ondition ase we assume, without loss of generality,that

g
∣∣
∂G∩D = 0 =⇒ u

∣∣
∂G∩D = 0.Let M0 = maxx∈G |u(x)| be known. It is also assumed that there exists d≫ 1suh that Γd is a oni surfae, i.e.,

Γd =

{
(r, ω)| x21 = cot2

ω0

2

n∑

i=2

x2i ; r ∈ (d,∞), |ω1| =
ω0

2
, ω0 ∈ (0, 2π)

}
.Lemma 1.3Let u(x) be a weak solution of (L). For any funtion η(x) ∈ C0(G) ∩W

◦
1
0(G) with

lim|x|→∞ η(x) = 0 equality
∫

GR

{aij(x)uxjηxi + (f(x)− bi(x)uxi − c(x)u)η(x)} dx

= −
∫

ΩR

aij(x)uxjη(x) cos(r, xi) dΩR

+

∫

ΓR

α(x)
(
g(x)− 1

r
γ(ω)u(x)

)
η(x) ds

(II)loc

holds for a.e. R ∈ (d,∞), d≫ 1.Proof. Let χR(x) be the harateristi funtion of the set GR. We onsiderthe integral identity (II), replaing η(x) by η(x)χR(x). As a result we obtain
∫

GR

{aij(x)uxjηxi + (f(x)− bi(x)uxi − c(x)u)η(x)} dx

= −
∫

GR

aij(x)uxjη(x)χxi dx +

∫

ΓR

α(x)
(
g(x) − 1

r
γ(ω)u(x)

)
η(x) ds.



[90℄ Damian Wi±niewskiLet δ(r−R) be the Dira distribution lumped on the sphere r = R. Using formula(7') of subsetion 3 �1 hapt. 3 [10℄
χxi =

xi

r
δ(r −R),we get (see Example 4 of subsetion �1 hapt. 3 [10℄)

−
∫

GR

aij(x)uxjη(x)χxi dx = −
∫

GR

aij(x)uxjη(x)
xi

r
δ(r −R) dx

= −
∫

ΩR

aij(x)uxjη(x) cos(r, xi) dΩR.The lemma is proved.Let following onditions be ful�lled:(a) ondition of the uniform elliptiity:
νξ2 ≤ aij(x)ξiξj ≤ µξ2 ∀x ∈ G, ∀ξ ∈ R

n;

ν, µ = const > 0 and lim
|x|→∞

aij(x) = δ
j
i ,where δji is the Kroneker symbol;(b) inequalities

√√√√
n∑

i,j=1

|aij(x)− δ
j
i |2 ≤ A

(
1

|x|

)
, |x|

( n∑

i=1

|bi(x)|2
) 1

2

+|x|2|c(x)| ≤ A
(

1

|x|

)hold for aij(x) ∈ C0(G), bi(x) ∈ Lp(G), c(x), f(x) ∈ L p
2
(G)∩L2(G); p > n,

x ∈ Gd, where A(t), t ≥ 0 is a monotonially inreasing, nonnegative fun-tion, ontinuous at zero and limr→∞ A(1r ) = 0;() c(x) ≤ 0 in G; γ(ω) is a positive bounded pieewise smooth funtion on ∂Ωsuh that γ(ω) ≥ γ0 > 0;(d) there exist numbers f1 ≥ 0, g1 ≥ 0, s > 0 suh that
|f(x)| ≤ f1|x|−s−2, |g(x)| ≤ g1|x|−s−1.Our main result is the following theorem. Let
λ− =

2− n−
√
(n− 2)2 + 4ϑ

2
, (1.1)where ϑ is the smallest positive eigenvalue of the problem (EV P ) (see setion 2.2).



Boundary value problems for a seond�order ellipti equation [91℄Theorem 1.4Let u be a weak solution of the problem (L). If assumptions (a)�(d) are sat-is�ed with A(t) Dini�ontinuous at zero, then there are d ≫ 1 and a onstant
C > 0 depending only on n, s, λ−, M0, f1, g1, γ0, ν, µ, t, p, ∫ 1

0
A(t)
t dt,

‖∑n
i=1 |bi(x)|2‖L p

2
(G) suh that for all x ∈ Gd

|u(x)| ≤ C0

(
‖u‖2,G + f1 +

1√
γ0
g1

)
·





|x|λ− , if s > −λ−;
|x|λ− ln |x|, ifs = −λ−;
|x|−s, if 0 < s < −λ−.

(1.2)Suppose, in addition, that
aij(x) ∈ C1(G), γ(ω) ∈ C1(∂G), f(x) ∈ V 0

p,2p−n(G), g(x) ∈ V
1− 1

p

p,2p−n(∂G); p > nand there is a number
τs := sup

R<∞
Rs‖g‖

V
1− 1

p
p,2p−n(Γ

R
R/2

)
. (1.3)Then for all x ∈ Gd

|∇u(x)|

≤ C1

(
‖u‖2,G + f1 +

1√
γ0
g1 + τs

)
·





|x|λ−−1, if s > −λ−;
|x|λ−−1 ln |x|, if s = −λ−;
|x|−s−1, if 0 < s < −λ−.

(1.4)Furthermore, if u ∈ V 2
p,2p−n(G), then

‖u‖V 2
p,2p−n(GR)

≤ C2

(
‖u‖2,G + f1 +

1√
γ0
g1 + τs

)
·





Rλ− , if s > −λ−;
Rλ− lnR, if s = −λ−;
R−s, if 0 < s < −λ−.

(1.5)2. Preliminaries2.1. Auxiliary formulaeLet us reall some well known formulae related to the spherial oordinates
(r, ω1, . . . , ωn−1):

• dx = rn−1drdΩ,
• dΩR = Rn−1dΩ,
• dΩ = J(ω)dω denotes the (n − 1)�dimensional area element of the unitsphere,
• J(ω) = sinn−2 ω1 sin

n−3 ω2 . . . sinωn−2,



[92℄ Damian Wi±niewski
• dω = dω1 . . . dωn−1;
• ds denotes the (n− 1)�dimensional area element on ∂G;
• dσ denotes the (n− 2)�dimensional area element on ∂Ω;
• ds = rn−2drdσ;
• |∇u|2 = (∂u∂r )

2 + 1
r2 |∇ωu|2, where |∇ωu| is the projetion of the vetor ∇uonto the tangent plane to the unit sphere at the point ω,

• |∇ωu|2 =
∑n−1
i=1

1
qi
( ∂u∂ωi

)2, where q1 = 1, qi = (sinω1 . . . sinωi−1)
2, i ≥ 2,

• ∆u = ∂2u
∂r2 + n−1

r
∂u
∂r + 1

r2∆ωu,
• ∆ωu = 1

J(ω)

∑n−1
i=1

∂
∂ωi

(J(ω)qi
∂u
∂ωi

), the Beltrami�Laplae operator.
C = C(. . .), c = c(. . .) denote the onstants depending only on the quantitiesappearing in parentheses. In what follows, the same letters C, c will (generally) beused to denote di�erent onstants depending on the same set of arguments.By means of the diret alulation we obtainLemma 2.1

xi cos(~n, xi)|Γd
= 0, d≫ 1. (2.1)2.2. Auxiliary inequalitiesWe need some statements and inequalities.The eigenvalue problem: Let Ω ⊂ Sn−1 with a smooth boundary ∂Ω be theintersetion of the one C with the unit sphere Sn−1. Let −→ν be the exterior normalto ∂C at points of ∂Ω. Let γ(ω), ω ∈ ∂Ω be a positive bounded pieewise smoothfuntion. We onsider the eigenvalue problem for the Laplae�Beltrami operator

△ω on the unit sphere





△ωψ + ϑψ = 0, ω ∈ Ω;

α(ω)
∂ψ

∂−→ν + γ(ω)ψ(ω) = 0, ω ∈ ∂Ω,
(EV P )whih onsists of the determination of all values ϑ (eigenvalues) for whih (EV P )has a non-zero weak solutions (eigenfuntions).Definition 2.2Funtion ψ is alled a weak solution of the problem (EV P ) provided that ψ ∈

C0(Ω) ∩W 1(Ω) and satis�es the integral identity
∫

Ω

{
1

qi

∂ψ

∂ωi

∂η

∂ωi
− ϑψη

}
dΩ+

∫

∂Ω

α(ω)γ(ω)ψη dσ = 0for all η(x) ∈ C0(Ω) ∩W 1(Ω).



Boundary value problems for a seond�order ellipti equation [93℄Remark 2.3We observe that ϑ = 0 is not an eigenvalue of (EV P ). In fat, setting η = ψ and
ϑ = 0 we have

∫

Ω

|∇ωψ|2 dΩ+

∫

∂Ω

α(ω)γ(ω)|ψ|2 dσ = 0 =⇒ ψ ≡ 0,sine γ(ω) > 0, if α(ω) = 1, and ψ|∂Ω = 0, if α(ω) = 0.Now, let us introdue the following funtionals on C0(Ω) ∩W 1(Ω):
F [ψ] =

∫

Ω

|∇ωψ|2 dΩ+

∫

∂Ω

α(ω)γ(ω)|ψ|2 dσ,

G[ψ] =

∫

Ω

ψ2 dΩ,

H [ψ] =

∫

Ω

〈
|∇ωψ|2 − ϑψ2

〉
dΩ +

∫

∂Ω

α(ω)γ(ω)|ψ|2 dσand the orresponding bilinear forms
F(ψ, η) =

∫

Ω

1

qi

∂ψ

∂ωi

∂η

∂ωi
dΩ +

∫

∂Ω

α(ω)γ(ω)ψη dσ, G(ψ, η) =
∫

Ω

ψη dΩ.We introdue also the set K = {ψ ∈ W 1(Ω)| G[ψ] = 1}. Sine K ⊂ W 1(Ω), F [ψ]is bounded from below for ψ ∈ K. We denote the greatest lower bound of F [ψ]for this family by ϑ: infψ∈K F [ψ] = ϑ.Theorem 2.4 (Theorem of subsetion 4, Setion 2.5, p.123 [11℄)Let Ω ⊂ Sn−1 be a bounded domain with a smooth boundary ∂Ω. Let γ(ω), ω ∈ ∂Ωbe a positive bounded pieewise smooth funtion. There exist ϑ > 0 and a funtion
ψ ∈ K suh that

F(ψ, η)− ϑG(ψ, η) = 0 for arbitrary η ∈ W 1(Ω).In partiular F [ψ] = ϑ. In addition, on Ω, ψ has ontinuous derivatives of arbi-trary order, satis�es the equation △ωψ + ϑψ = 0, ω ∈ Ω as well as the boundaryonditions of (EV P ) in the weak sense (for details see the Remark on pp. 121�122[11℄).Next from the variational priniple we obtain the Friedrihs�Wirtinger typeinequality :Theorem 2.5Let ϑ be the smallest positive eigenvalue of the problem (EV P ) (it exists aordingto Theorem 2.4). Let Ω ⊂ Sn−1 and ψ ∈ W 1(Ω) satisfy the boundary ondition



[94℄ Damian Wi±niewskiof (EV P ) in the weak sense. Let γ(ω) ∈ C0(∂Ω) be a positive bounded pieewisesmooth funtion. Then
ϑ

∫

Ω

ψ2(ω) dΩ ≤
∫

Ω

|∇ωψ(ω)|2 dΩ +

∫

∂Ω

α(ω)γ(ω)ψ2(ω) dσ (2.2)with sharp onstant ϑ.Proof. By approximation arguments, it is learly su�ient to onsider theabove desribed funtionals F [ψ], G[ψ], H [ψ] on C0(Ω) ∩W 1(Ω). We will �ndthe minimum of the funtional F [ψ] on the set K. For this we investigate theminimization of the funtional H [ψ] on all funtions ψ(ω), for whih the integralsexist and whih satisfy the boundary ondition from (EV P ) in the weak sense.We use formally the Lagrange multipliers and get the Euler equation from theondition δH [ψ] = 0. By the alulation of the �rst variation δH, we have
δH [ψ] = δ

(∫

Ω

{N−1∑

i=1

1

qi

( ∂ψ
∂ωi

)2

− ϑψ2

}
dΩ+

∫

∂Ω

α(ω)γ(ω)ψ2 dσ

)

= −2

∫

Ω

N−1∑

i=1

∂

∂ωi

(J(ω)
qi

∂ψ

∂ωi

)
· δψ dω − 2ϑ

∫

Ω

ψ · δψ dΩ

+ 2

∫

∂Ω

∂ψ

∂−→ν · δψ dσ + 2

∫

∂Ω

α(ω)γ(ω)ψ · δψ dσ

= −2

∫

Ω

(△ωψ + ϑψ) · δψ dΩ + 2

∫

∂Ω

{ ∂ψ

∂−→ν + α(ω)γ(ω)ψ
}
· δψ dσ.Hene, beause of δH [ψ] = 0 for all δψ ∈ C0(Ω) ∩ W 1(Ω), it follows theeigenvalue problem (EV P ). Conversly, let ϑ, ψ(ω) be a weak solution of theeigenvalue problem (EV P ). From the de�nition of the weak eigenfuntion with

η = ψ(ω) we have
0 = F [ψ]− ϑG[ψ]

(byK)
= F [ψ]− ϑ =⇒ ϑ = F [u].Hene, the required minimum is the least eigenvalue of the eigenvalue problem

(EV P ). The existene of a funtion ψ ∈ K suh that F [ψ] ≤ F [v] for all v ∈ Kfollows from Theorem 2.4.By de�nition (1.1) the Friedrihs�Wirtinger inequality may be written now inthe following form
λ−(λ− + n− 2)

∫

Ω

ψ2(ω) dΩ ≤
∫

Ω

|∇ωψ|2 dΩ +

∫

∂Ω

α(ω)γ(ω)ψ2(ω) dσ, (2.3)for all ψ(ω) ∈ W 1(Ω) satisfying the boundary ondition of (EV P ), γ(ω) ∈ C0(∂Ω),
γ(ω) ≥ γ0.



Boundary value problems for a seond�order ellipti equation [95℄Theorem 2.6 (Hardy inequality (Theorem 330 [4℄))Let p > 1, α > p− 1. Then
∞∫

d

rα−p|u(r)|p dr ≤ pp

|α+ 1− p|p

∞∫

d

rα
∣∣∣
∂u

∂r

∣∣∣
p

dr (2.4)for any funtion u(r) absolutely ontinuous in [d,∞) and vanishing at in�nity.The onstant is the best possible.Corollary 2.7If u ∈W
◦

1
α−2(GR), α > 4− n and lim|x|→∞ u(x) = 0, then

∫

Gd

rα−4u2(x) dx ≤ 4

(4−N − α)2

∫

Gd

rα−2|∇u(x)|2 dx. (2.5)Proof. Replae α by α+n−3 and put p = 2 in (2.4). Integration of the resultover Ω yields inequality (2.5).Theorem 2.8 (Hardy�Friedrihs�Wirtinger type inequality)Let u ∈ C0(G)∩W
◦

1
α−2(G) and u(·, ω) satisfy the boundary ondition from (EV P )in the weak sense. Let λ− be as above in (1.1) and γ(ω), ω ∈ ∂Ω be a non-negativebounded pieewise smooth funtion. Then

∫

Gd

rα−4u2 dx ≤ H(λ−, n, α)

{∫

Gd

rα−2|∇u|2 dx+

∫

Γd

rα−3α(x)γ(ω)u2(x)ds

}
,

H(λ−, n, α) =
[(α+ n− 4

2

)2

+ λ−(λ− + n− 2)
]−1

, α ≥ 4− n

(2.6)provided that integrals on the right hand side are �nite.Proof. Multiplying the inequality (2.3) by rn−5+α and integrating over r ∈
(d,∞) we obtain for any α,
∫

Gd

rα−4u2 dx

≤ 1

λ−(λ− + n− 2)

{∫

Gd

rα−2 1

r2
|∇ωu|2 dx +

∫

Γd

rα−3γ(ω)u2(x)α(x) ds

}
.

(2.7)Inequality (2.6) follows from (2.7) with α = 4 − n. Now, let α > 4 − n. Wedenote lim|x|→∞ u(x) = A and show that A = 0. In fat, the representation
A = u(x) − (u(x) −A), by the Cauhy inequality, yields 2Au(x) ≤ εA2 + 1

εu
2 forall ε > 0 and therefore u2(x)+|u(x)−A|2 = 2u2(x)−2Au(x)+A2 ≥ (1−ε)A2+(2−

1
ε )u

2(x) = 1
2A

2, if we hoose ε = 1
2 . Thus we obtain 1

2A
2 ≤ |u(x)|2 + |u(x)−A|2.Multiplying this inequality by rα−4 and integrating it over Gd we obtain

1

2
A2

∫

Gd

rα−4 dx ≤
∫

Gd

rα−4u2(x) dx +

∫

Gd

rα−4v2(x) dx, (2.8)



[96℄ Damian Wi±niewskiwhere v(x) = u(x) − A, hene lim|x|→∞ v(x) = 0. By (2.7) and from our as-sumption, the �rst integral on the right hand side of (2.8) is �nite and the seondintegral from on the right hand side is �nite in virtue of Corollary 2.7. Thereforethe right hand side of (2.8) is �nite, at the same time the integral in the left handside
∫

Gd

rα−4 dx = measΩ

∞∫

d

rα+n−5 dr = ∞,beause of α > 4 − n. The assumption A 6= 0 ontradits to (2.8). Thus A = 0.Therefore we an use the Corollary 2.7. Adding inequalities (2.7), (2.5) we get thedesired relation (2.6).Lemma 2.9Let Gd be the onial domain and ∇u(R, ·) ∈ L2(Ω) for a.e. R ∈ (d,∞). Let
U(R) =

∫

GR

r2−n|∇u|2 dx+

∫

ΓR

r1−nγ(ω)u2(x)α(x) ds <∞. (2.9)Then ∫

Ω

(
Ru

∂u

∂r
+
n− 2

2
u2

)∣∣∣∣
r=R

dΩ ≥ − R

2λ−
U ′(R), (2.10)where λ− is de�ned by (1.1).Proof. Writing U(R) in spherial oordinates

U(R) =

∞∫

R

r

∫

Ω

(
u2r +

1

r2
|∇ωu|2

)
dΩ dr +

∞∫

R

1

r

(∫

∂Ω

α(x)γ(ω)|u|2 dσ
)
drand di�erentiating with respet to R we obtain

U ′(R)

= −
∫

Ω

(
R
(∂u
∂r

)2

+
1

R
|∇ωu|2

)∣∣∣∣
r=R

dΩ− 1

R

∫

∂Ω

α(R,ω)γ(ω)u2(R,ω) dσ. (2.11)Moreover, by the Cauhy inequality, we have Ru∂u∂r ≥ − ε
2u

2 − 1
2εR

2(∂u∂r )
2 for all

ε > 0. Then
∫

Ω

(
Ru

∂u

∂r
+
n− 2

2
u2

)∣∣∣∣
r=R

dΩ ≥ n− 2− ε

2

∫

Ω

u2
∣∣∣∣
r=R

dΩ− R2

2ε

∫

Ω

(∂u
∂r

)2
∣∣∣∣
r=R

dΩ.Now we take into aount that λ− < 0 and (λ− + n − 2) < 0. Then hoosing
ε = −λ− we obtain, by the Friedrihs�Wirtinger inequality (2.3),

∫

Ω

(
Ru

∂u

∂r
+
n− 2

2
u2

)∣∣∣∣
r=R

dΩ
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≥ n− 2− ε

2λ−(λ− + n− 2)

∫

Ω

|∇ωu|2 dΩ− R2

2ε

∫

Ω

(∂u
∂r

)2

dΩ

+
n− 2− ε

2λ−(λ− + n− 2)

∫

∂Ω

α(x)γ(ω)u2(̺, ω) dσ

= − R

2λ−
U ′(R).We need also the well known inequality:

∫

∂G

v2 ds ≤
∫

G

(
δ|∇v|2 + 1

δ
c0v

2
)
dx, ∀v(x) ∈ W 1,2(G), ∀δ > 0; (2.12)and the Sobolev inequality (see (2.19), �2, hapt. II [6℄)

‖u‖2L 2p
p−2

(G) ≤ ε‖∇u‖2L2(G) + cε(p, n,G)‖u‖2L2(G), p > n, ∀ε > 0. (2.13)2.3. Cauhy problem for differential inequalityTheorem 2.10Let U(R) be a monotonially dereasing, nonnegative di�erentiable funtion de�nedon [d,∞), d≫ 1 and satisfy the problem
{
U ′(R) + P(R)U(R)−Q(R) ≤ 0, R > d,

U(d) ≤ U0,
(CP )where P(R), Q(R) are nonnegative ontinuous funtions de�ned on [d,∞) and U0is a onstant. Then

U(R) ≤ U0 exp

(
−

R∫

d

P(s) ds

)
+

R∫

d

Q(t) exp

(
−

R∫

t

P(s) ds

)
dt. (2.14)Proof. Multiplying the di�erential inequality (CP ) by the integrating fator

exp(
∫ t
d
P (s) ds) and integrating the result over t from d to R we get

R∫

d

U ′(t) exp

( t∫

d

P (s) ds

)
dt +

R∫

d

P (t)U(t) exp

( t∫

d

P (s) ds

)
dt

−
R∫

d

Q(t) exp

( t∫

d

P (s) ds

)
dt ≤ 0.Integration by parts in the �rst term yields

U(t) exp

( t∫

d

P (s) ds

)∣∣∣∣
t=R

t=d

−
R∫

d

U(t) exp

( t∫

d

P (s) ds

)
P (t) dt
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+

R∫

d

P (t)U(t) exp

( t∫

d

P (s) ds

)
dt−

R∫

d

Q(t) exp

( t∫

d

P (s) ds

)
dt ≤ 0.Hene, by the assumption U(d) ≤ U0, we �nally obtain the desired estimate (2.14).3. Global integral estimatesFirst we shall obtain a global estimate for the Dirihlet integral.Theorem 3.1Let u(x) be a weak solution of problem (L). Let assumptions (a)�() be ful�lled.Suppose, in addition, that ∫

∂G
rg2 ds <∞. Then the inequality

∫

G

|∇u|2 dx +

∫

∂G

γ(ω)

r
α(x)u2(x) ds

≤ C

{∫

G

u2(x) dx +

∫

G

f2(x) dx +
1

γ0

∫

∂G

rg2(x)α(x) ds

} (3.1)holds, where the onstant C > 0 depends only on p, n, meas(G \ Gd), ν, d,
‖∑n

i=1 |bi(x)|2‖L p
2
(G).Proof. Putting in (II) η(x) = u(x), by assumptions (a), (), we get

ν

∫

G

|∇u|2 dx+

∫

∂G

γ(ω)

r
α(x)u2(x) ds

≤
∫

G

bi(x)uuxi dx+

∫

∂G

|u||g(x)|α(x) ds +
∫

G

|u||f(x)| dx.
(3.2)Now, by the representation G = Gd ∪ (G \Gd), and by appliation of the Hölder,the Cauhy and the Sobolev (see (2.13)) inequalities, we obtain:

∫

G\Gd

bi(x)uuxi dx

≤ εν

2

∫

G\Gd

|∇u|2 dx+
1

2εν

∫

G\Gd

n∑

i=1

|bi(x)|2|u|2 dx (3.3)
≤ εν

2

∫

G\Gd

|∇u|2 dx+
1

2εν

{ ∫

G\Gd

( n∑

i=1

|bi(x)|2
) p

2

dx

} 2
p

·
( ∫

G\Gd

|u| 2p
p−2 dx

) p−2
p

≤ εν

2

∫

G\Gd

|∇u|2 dx+
1

2εν

∥∥∥∥
n∑

i=1

|bi(x)|2
∥∥∥∥
L p

2
(G)

·
∫

G\Gd

(δ|∇u|2 + cδu
2 )dx

∀δ, ε > 0; p > n.
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∫

Gd

bi(x)uuxi dx ≤ A( 1d)

d

∫

Gd

|u||∇u| dx ≤ A( 1d)

2d

∫

Gd

(|u|2 + |∇u|2) dx (3.4)and by the Cauhy inequality
∫

G

|u||f(x)| dx ≤ 1

2

∫

G

|u|2 dx+
1

2

∫

G

|f |2 dx. (3.5)As a result from (3.2)�(3.5) we obtain
ν

∫

G

|∇u|2 dx+

∫

∂G

γ(ω)r−1α(x)u2 ds

≤ 1

2

(
δ

εν2

∥∥∥∥
n∑

i=1

|bi(x)|2
∥∥∥∥
L p

2
(G)

+
A( 1d )

νd
+ ε

)
ν

∫

G

|∇u|2 dx

+
1

2

(
1 +

cδ

εν

∥∥∥∥
n∑

i=1

|bi(x)|2
∥∥∥∥
L p

2
(G)

+
A( 1d )

d

)∫

G

|u|2 dx

+

∫

∂G

|u||g(x)|α(x) ds + 1

2

∫

G

f2 dx.

(3.6)
Choosing ε = 1, δ = ν2

2‖
∑

n
i=1 |bi(x)|2‖ p

2
(G) , from (3.6) we have

ν

(
1

4
− A( 1d)

2νd

)∫

G

|∇u|2 dx+

∫

∂G

γ(ω)r−1α(x)u2 ds

≤ C

(∥∥∥∥
n∑

i=1

|bi(x)|2
∥∥∥∥
L p

2
(G)

, ν, d

)∫

G

|u|2 dx (3.7)
+

∫

∂G

|u||g(x)|α(x) ds + 1

2

∫

G

f2 dx.By assumption (b), we an hoose d big enough suh that A( 1
d )

d < ν
2 . Then

∫

G

|∇u|2 dx+

∫

∂G

γ(ω)r−1u2 ds (3.8)
≤ C

(∥∥∥∥
n∑

i=1

|bi(x)|2
∥∥∥∥
L p

2
(G)

, ν, d

){∫

G

|u|2 dx+

∫

∂G

|u||g(x)| ds+
∫

G

f2 dx

}
.



[100℄ Damian Wi±niewskiNow, by the Cauhy inequality, in virtue of assumption (), we obtain
∫

∂G

|u||g(x)| ds =
∫

∂G

(√
γ(ω)

r
|u|

)(√
r

γ(ω)
|g(x)|

)
ds

≤ 1

2

∫

∂G

γ(ω)

r
u2 ds+

1

2γ0

∫

∂G

rg2(x) ds.

(3.9)Finally, from (3.8) and (3.9) we get the desired inequality (3.1).Theorem 3.2Let u(x) be a weak solution of problem (L) and λ− be as above in (1.1). Letassumptions (a)�() be satis�ed. Suppose, in addition, that ∫
∂G

rα−1g2 ds < ∞,
f(x) ∈W

◦
0
α(G), where

4− n ≤ α < 4− n− 2λ−. (3.10)Then u(x) ∈ W
◦

1
α−2(G) and

∫

G

(rα−2|∇u|2 + rα−4u2) dx +

∫

∂G

rα−3γ(ω)u2α(x) ds

≤ C

{∫

G

u2 dx +

∫

G

rαf2 dx+
1

γ0

∫

∂G

α(x)rα−1g2(x) ds

}
,

(3.11)where the onstant C depends only on p, n, meas(G \ Gd), µ, d, α, ν, c0, λ−,
‖∑n

i=1 |bi(x)|2‖L p
2
(G).Proof. Setting in (II), η = rα−2u(x), with regard to

ηxi = rα−2uxi + (α− 2)rα−4xiu(x),we obtain
∫

G

aijuxj [r
α−2uxi + (α− 2)rα−4xiu(x)] dx

−
∫

G

[biuxi + c(x)u(x) − f(x)]rα−2u(x) dx (3.12)
=

∫

∂G

(
g − 1

r
γ(ω)u

)
urα−2α(x) ds.By assumption (a), we have

∫

G

rα−2aijuxjuxi dx =

∫

G

rα−2|∇u|2 dx+

∫

G

(aij(x)− δ
j
i )r

α−2uxiuxj dx;

∫

G

rα−4xia
ijuuxj dx =

∫

G

uxir
α−4xiu dx+

∫

G

(aij(x)− δ
j
i )uxjr

α−4xiu dx.
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∫

G

rα−4xiuuxi dx

=
1

2

∫

G

rα−4xi
∂u2

∂xi
dx

=
−(n+ α− 4)

2

∫

G

rα−4u2 dx+
1

2

∫

∂G

u2rα−4xi · cos (−→n , xi) ds.Using (3.12) we an rewrite the latter relation in the form
∫

G

rα−2|∇u|2 dx+

∫

∂G

γ(ω)u2rα−3α(x) ds

= −
∫

G

(aij(x) − δ
j
i )r

α−2uxiuxj dx

+ (2− α)

∫

G

(aij(x) − δ
j
i )uxjr

α−4uxi dx (3.13)
+
α− 2

2
(n+ α− 4)

∫

G

rα−4u2 dx+

∫

G

[biuxi + c(x)u(x) − f(x)]rα−2u(x) dx

+

∫

∂G

rα−2guα(x) ds+
2− α

2

∫

∂G

rα−4u2xi cos(−→n , xi) dx.Now we use the representation G = Gd ∪ (G \ Gd). It follows from assumptionsand the Cauhy inequality that1) ∫

Gd

(aij(x)− δ
j
i )r

α−2uxiuxj dx ≤ A
(1
d

) ∫

Gd

rα−2|∇u|2 dx

∫

G\Gd

(aij(x)− δ
j
i )r

α−2uxiuxj dx ≤ (1 + µ)max(1, dα−2)

∫

G\Gd

|∇u|2 dx;2) ∫

Gd

(aij(x) − δ
j
i )uxjr

α−4uxi dx ≤ 1

2
A
(1
d

) ∫

Gd

(rα−2|∇u|2 + rα−4u2) dx,

∫

G\Gd

(aij(x)− δ
j
i )uxjr

α−4uxidx ≤ (1 + µ)max(1, dα−3)

2
‖u‖2W 1,2(G);
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Gd

biuxir
α−2u(x) dx ≤ 1

2
A
(1
d

) ∫

Gd

(
rα−2|∇u|2 + rα−4u2

)
dx,

∫

G\Gd

biuxir
α−2u(x) dx ≤ max(1, dα−2)

∫

G\Gd

√√√√
n∑

i=1

|bi(x)|2|u||∇u|

≤ 1

2
max(1, dα−2)

{ ∫

G\Gd

|∇u|2 dx+
∥∥

n∑

i=1

|bi|2
∥∥∥∥
L p

2
(G)

·
∫

G\Gd

(|∇u|2 + c1u
2) dx

}
, p > n,(see (3.3));4) ∫

G

f(x)rα−2u(x) dx ≤ δ

2

∫

G

rα−4u2 dx+
1

2δ

∫

G

rαf2 dx,5) ∫

∂G

rα−2|u||g|α(x) ds

≤ ε

2

∫

∂G

rα−3γ(ω)u2α(x) ds +
1

2εγ0

∫

∂G

rα−1g2(x)α(x) ds, ∀ε > 0(see (3.9)).Further, (2.1) and (2.12) yields
2− α

2

∫

∂G

rα−4u2xi cos(−→n , xi) ds ≤ c(α, d)

∫

G

(|∇u|2 + u2) dx.In fat, by representation ∂G = Γd ∪ (∂G \ Γd), we have
2− α

2

∫

∂G

rα−4u2xi cos(−→n , xi) ds

=
2− α

2

∫

∂G\Γd

rα−4u2xi cos(−→n , xi) ds+
2− α

2

∫

Γd

rα−4u2xi cos(−→n , xi) ds

≤ c(α)

∫

∂G\Γd

rα−3u2 ds ≤ c(α, d)

∫

∂G\Γd

u2 ds.
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U ≡

∫

G

rα−2|∇u|2 dx+

∫

∂G

γ(ω)u2rα−3α(x) ds

≤ 2− α

2
(4 − n− α)

∫

Gd

rα−4u2dx+
[
A
(1
d

)
+
ε

2

] ∫

Gd

rα−4u2 dx

+ C1

(
µ, d, α,

∥∥∥∥
n∑

i=1

|bi(x)|2
∥∥∥∥
L p

2
(G)

, n

)
·
∫

G

(|∇u|2 + u2) dx (3.14)
+ 2A

(1
d

) ∫

Gd

rα−2|∇u|2 dx+
ε

2

∫

∂G

γ(ω)u2rα−3α(x) ds

+
1

2ε

∫

G

rαf2 dx+
1

2εγ0

∫

∂G

rα−1g2(x)α(x) ds ∀ε > 0.Now we onsider two ases: 1) 2 < α < 4− n− 2λ− and 2) 4− n ≤ α ≤ 2.1) ase 2 < α < 4− n− 2λ−.In this ase (2−α)(4−n−α)
2 > 0. Therefore, applying the Hardy�Wirtinger in-equality (2.6), we have

2− α

2
(4 − n− α)

∫

Gd

rα−4u2 dx ≤ 2− α

2
(4− n− α)H(λ−, n, α)U. (3.15)It is easily to verify that 2−α

2 (4 − n− α)H(λ−, n, α) < 1 for α whih satis�es theinequality (3.10). Hene, applying one more the inequality (2.6) we get
K(λ−, n, α)U

≤
(
3A

(1
d

)
+ ε

)
HU + C1

(
µ, d, α,

∥∥∥∥
n∑

i=1

|bi|2
∥∥∥∥
L p

2
(G)

, n

)∫

G

(|∇u|2 + u2) dx

+
1

2ε

∫

G

rαf2 dx+
1

2εγ0

∫

∂G

rα−1g2(x)α(x) ds, ∀ε > 0;and
K(λ−, n, α) = 1− (2− α)(4 − n− α)

2
H(λ−, n, α) > 0.The property of the funtion A implies that if ε = 1

4HK(λ−, n, α) and d≫ 1, then
A( 1d) ≤ 1

4HK(λ−, n, α) holds. Thus, if we use the inequality (3.1) from Theorem3.1, we obtain
∫

G

rα−2|∇u|2 dx+

∫

∂G

γ(ω)u2rα−3α(x) ds

≤ C

{∫

G

u2 dx+

∫

G

rαf2 dx +
1

γ0

∫

∂G

rα−1g2(x)α(x) ds

}
,

(3.16)



[104℄ Damian Wi±niewskiwhere C = const(p, n, µ, ν, d, α, ‖∑n
i=1 |bi|2‖L p

2
(G), n). Now by the Hardy�Fried-rihs�Wirtinger inequality (2.6), from (3.16) we get the desired estimate (3.11).2) ase 4− n ≤ α ≤ 2.In this ase we have (2−α)(4−n−α)

2 ≤ 0. Therefore we an negleted the �rstintegral on the right hand side in (3.14). Repeating arguments from ase 1), weget again the estimate (3.11).4. Loal integral estimates4.1. Loal estimate near infinityThe weak solution of the problem (L) is loally bounded at in�nity. Morepreisely, we haveTheorem 4.1Let u(x) be a weak solution of the problem (L). Let assumptions (a)�() be satis�ed.Suppose, in addition, that g(x) ∈ L∞(∂G). Then the inequality
sup

x∈G2R
Rκ

|u(x)|

≤ C

(κ − 1)
ñ
t

{
R

−n
t ‖u‖t,G2R

R
+R2(1−n

p )‖f‖ p
2 ,G

2R
R

+R‖g‖∞,Γ2R
R

} (4.1)holds for any t > 0, p > ñ

{
≥ n for n ≥ 3
> 2 for n = 2

, κ ∈ (1, 2) and R > d, where theonstant C > 0 depends only on n, ν, µ, p and ‖∑n
i=1 |bi(x)|2‖L p

2
(G).Proof. We apply the Moser iteration method. First we assume that t ≥ 2.We onsider the integral identity (II) and make the oordinate transformation

x = Rx′. Let G′ be the image of G and ∂G′ be the image of ∂G. We have
dx = Rndx′, ds = Rn−1ds′. In addition, introdue

v(x′) = u(Rx′), F(x′) = R2f(Rx′), G(x′) = Rg(Rx′). (4.2)Then (II) means that
∫

G′

{aij(Rx′)vx′
j
ηx′

i
−Rbi(Rx′)vx′

i
η(x′)−R2c(Rx′)v(x′)η(x′)} dx′

+

∫

∂G′

1

|x′|γ(ω)v(x
′)α(Rx′)η(x′) ds′

=

∫

∂G′

G(x′)α(Rx′)η(x′) ds′ −
∫

G′

F(x′)η(x′) dx′

(II ′)

for all η(x′) ∈ C0(G′) ∩W 1(G′). De�ne the quantity k as follows
k = k(R) = ν−1(‖F‖ p

2 ,G
∞
1
+ ‖G‖∞,Γ∞

1
) (4.3)
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v(x′) = |v(x′)|+ k. (4.4)Along similar lines

|F|v =
1

k
|F| · kv =

1

k
|F|(v − |v|) · v =

1

k
|F| · v2 − 1

k
|F| · |v|v ≤ 1

k
|F| · v2;

|G|v ≤ 1
k |G| · v2.

(4.5)The test funtion in the integral identity (II ′) is hoosen as
η(x′) = ζ2(|x′|)vvt−2(x′),where ζ(|x′|) ∈ C∞

0 ([1, 2]) is a non-negative funtion to be further spei�ed. Bythe hain and the produt rules η is a proper test funtion in (II ′) and also
ηx′

i
= vt−2vx′

i
ζ2(|x′|) + (t− 2)vt−3|v|vx′

i
ζ2(|x′|) + 2ζζx′

i
vvt−2(x′).Hene, by substitution in (II ′) using c(Rx′) ≤ 0 in G′, v ≤ |v| ≤ v and t ≥ 2, weobtain

∫

G2
1

aij(Rx′)vx′
i
vx′

j
vt−2ζ2(|x′|) dx′ +

∫

Γ2
1

1

|x′|γ(ω)v
2vt−2(x′)α(Rx′)ζ2(|x′|) ds′

≤ R

∫

G2
1

|bi(Rx′)vx′
i
|vt−1(x′)ζ2(|x′|) dx′ + 2

∫

G2
1

|aij(Rx′)ζx′
i
vx′

j
|vt−1ζ(|x′|) dx′

+

∫

Γ2
1

G(x′)vt−1(x′)ζ2(|x′|) ds′ −
∫

G2
1

|F(x′)|vt−1(x′)ζ2(|x′|) dx′.By the elliptiity ondition, the assumption () and with regard to (4.5), we have
∫

G2
1

ν|∇′v|2 · vt−2ζ2(|x′|) dx′

≤
∫

G2
1

(
2µ|∇′v| · |∇′ζ| · vt−1ζ(|x′|)

+R

( n∑

i=1

|bi(x)|2
) 1

2

|∇′v| · vt−1ζ2(|x′|) + 1

k
|F(x′)| · vtζ2(|x′|)

)
dx′

+
1

k
‖G‖∞,∂G ·

∫

Γ2
1

vt(x′)ζ2(|x′|) ds′.

(4.6)
We estimate every term by the Cauhy inequality for any ε > 0:

2µ|∇′v| · |∇′ζ| · vt−1ζ ≤ 2
(√
ν|∇′v| · v t

2−1ζ
)
·
(
µ√
ν
v

t
2 |∇′ζ|

)

≤ εν|∇′v|2 · vt−2ζ2 +
µ2

εν
vt|∇′ζ|2;
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R

( n∑

i=1

|bi(x)|2
) 1

2

· |∇′v| · vt−1ζ2

≤
(√
ν|∇′v| · v t

2−1
)
·
(

1√
ν
v

1
2 ·R

( n∑

i=1

|bi(x)|2
) 1

2
)
ζ2

≤ ε

2
ν|∇′v|2 · vt−2ζ2 +

1

2εν
R2

n∑

i=1

|bi(x)|2 · vtζ2.In order to estimate integrals over the boundary we apply the inequality (2.12).Then (4.6) yields
∫

G2
1

ν|∇′v|2 · vt−2ζ2(|x′|) dx′

≤ 3

2
ε

∫

G2
1

ν|∇′v|2 · vt−2ζ2(|x′|) dx′ (4.7)
+

∫

G2
1

{
µ2

εν
vt · |∇′ζ|2 +

(
1

2εν
R2

n∑

i=1

|bi(x)|2 + 1

k
|F(x′)|

)
· vtζ2(|x′|)

}
dx′

+
1

k
‖G‖∞,Γ2

1
·
∫

G2
1

(
δ|∇′(ζv

t
2 )|2 + 1

δ
c0v

tζ2
)
dx′, ∀ε, δ > 0.The relations

|∇′(ζv
t
2 )|2 ≤ 2(ζ2|∇′(v

t
2 )|2 + vt|∇′ζ|2), |∇′(v

t
2 )|2 =

t2

4
vt−2|∇′v|2 (4.8)imply inequality

|∇′(ζv
t
2 )|2 ≤ t2

2
vt−2|∇′v|2ζ2 + 2vt|∇′ζ|2. (4.9)Using (4.8), (4.9) and hoosing ε = 1
3 , we �nd that

1

2

∫

G2
1

ν|∇′v|2 · vt−2ζ2(|x′|) dx′

≤ δt2

2ν
·
‖G‖∞,Γ2

1

k
·
∫

G

ν|∇′v|2 · vt−2ζ2(|x′|) dx′ (4.10)
+

∫

G2
1

(
3R2

2ν

n∑

i=1

|bi(x)|2 +
|F(x′)|+ c0δ

−1‖G‖∞,Γ2
1

k

)
· vtζ2(|x′|) dx′

+

∫

G2
1

{
3µ2

ν
+

2δ

k
‖G‖∞,Γ2

1

}
vt · |∇′ζ|2 dx′, ∀δ ∈ (0, 1].



Boundary value problems for a seond�order ellipti equation [107℄We hoose now δ = 1
2t2 ; by the de�nition of the number k we an rewrite the lastinequality (4.10) in the following form

∫

G2
1

ν|∇′v|2 · vt−2ζ2(|x′|) dx′

≤ 8c0νt
2

∫

G2
1

ζ2(|x′|)vt(x′) dx′ +
(
12µ2

ν
+

4ν

t2

)
·
∫

G2
1

|∇′ζ|2vt(x′) dx′

+ 4

∫

G2
1

(
3R2

2ν

n∑

i=1

|bi(x)|2 + |F(x′)|
k

)
· vtζ2(|x′|) dx′.But, by (4.8), the last means

∫

G2
1

ν|∇′(v
t
2 )|2ζ2(|x′|) dx′

≤ 2c0νt
4

∫

G2
1

ζ2(|x′|)vt(x′) dx′ +
(
3µ2t2

ν
+ ν

)
·
∫

G2
1

|∇′ζ|2vt(x′) dx′

+ t2
∫

G2
1

(
3R2

2ν

n∑

i=1

|bi(x)|2 + |F(x′)|
k

)
· vtζ2(|x′|) dx′.Sine t ≥ 2, the above inequality an be rewritten in the form

∫

G2
1

ν|∇′(v
t
2 )|2ζ2(|x′|) dx′

≤ C1t
4

∫

G2
1

ν(|∇′ζ|2 + ζ2(|x′|))vt dx′ (4.11)
+ C2t

2

∫

G2
1

ν

(
R2

n∑

i=1

|bi(x)|2 + |F(x′)|
k

)
· vtζ2(|x′|) dx′,where the onstants C1, C2 depend only on c0, ν, µ and are independent on t.Substitution of

w(x′) =
√
ν · v t

2 (x′) (4.12)into (4.11) yields
∫

G2
1

|∇′w|2ζ2(|x′|) dx′

≤ C1t
4

∫

G2
1

(|∇′ζ|2 + ζ2(|x′|))w2(x′) dx′ (4.13)
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+ C2t

2

∫

G2
1

(
R2

n∑

i=1

|bi(x)|2 + |F(x′)|
k

)
· w2(x′)ζ2(|x′|) dx′.On iteration proess an now be dedued on (4.13). By the Sobolev imbeddingtheorem (see Theorem 13, subsetion 4.7, hapter 4 [1℄), we have

‖ζw‖22ñ
ñ−2 ,G

2
1
≤ C∗

∫

G2
1

((|∇′ζ|2 + ζ2)w2(x′) + ζ2(|x′|)|∇′w|2) dx′, (4.14)where ñ ≥ n for n ≥ 3 and ñ > 2 for n = 2 and C∗ depends only on ñ. Using theHölder inequality for integrals
∫

G2
1

|F (x′)| · w2(x′)ζ2(x′) dx′ ≤ ‖F‖ p
2 ,G

· ‖wζ‖22p
p−2 ,G

2
1
, p > 2, (4.15)we get from (4.13)�(4.15) that

‖ζw‖22ñ
ñ−2 ,G

2
1

≤ C3t
4

∫

G2
1

(|∇′ζ|2 + ζ2(|x′|))w2(x′) dx′ (4.16)
+ C4t

2

∥∥∥∥R
2

n∑

i=1

|bi(x)|2 + F(x′)|
k

∥∥∥∥
p
2 ,G

2
1

· ‖wζ‖22p
p−2 ,G

2
1
, p > ñ.By the interpolation inequality for Lp�norms (see (7.10), �7.1 [3℄)

‖ζw‖ 2p
p−2 ,G

2
1
≤ ε‖ζw‖ 2ñ

ñ−2 ,G
2
1
+ ε

ñ
ñ−p ‖ζw‖2,G2

1
, p > ñ > 2, ∀ε > 0. (4.17)It follows from (4.17)�(4.17) that

‖ζw‖ 2ñ
ñ−2 ,G

2
1

≤ t
√
C4

∥∥∥∥R
2

n∑

i=1

|bi(x)|2 + |F(x′)|
k

∥∥∥∥

1
2

p
2 ,G

2
1

(
ε‖wζ‖ 2ñ

ñ−2 ,G
2
1
+ ε

ñ
ñ−p ‖ζw‖2,G2

1

)

+ t2
√
C3 · ‖(ζ + |∇′ζ|)w‖2,G2

1
, p > ñ, ∀ε > 0.Choosing ε = 1

2t
√
C4

∥∥R2
∑n
i=1 |bi(x)|2 +

|F(x′)|
k

∥∥− 1
2

p
2 ,G

2
1
we obtain

‖ζw‖ 2ñ
ñ−2 ,G

2
1
≤ Ct

p
p−ñ ‖(ζ + |∇′ζ|)w‖2,G2

1
, 2ñ ≥ p > ñ > 2, (4.18)where C depends only on c0, n, ñ, ν, µ, p, ‖∑n
i=1 |bi(x)|2‖ p

2 ,G
2
1
and is independentof t. Realling the de�nition (4.12) of w, we �nally establish from (4.18) theinequality:

‖ζ · v t
2 ‖ 2ñ

ñ−2 ,G
2
1
≤ Ct

p
p−ñ ‖(ζ + |∇′ζ|) · v t

2 ‖2,G2
1
, 2ñ ≥ p > ñ > 2. (4.19)



Boundary value problems for a seond�order ellipti equation [109℄This inequality an now be iterated to yield the desired estimate.For any κ ∈ (1, 2) we de�ne sets
G′

(j) ≡ G2
κ−(κ−1)2−j , j = 0, 1, 2, . . . .It is easy to verify that

G2
κ
≡ G′

(∞) ⊂ . . . ⊂ G′
(j+1) ⊂ G′

(j) ⊂ . . . ⊂ G′
(0) ≡ G2

1.Now we onsider the sequene of ut-o� funtions ζj(x′) ∈ C∞(G′
(j)) suh that

0 ≤ ζj(x
′) ≤ 1 in G′

(j) and ζj(x
′) ≡ 1 in G′

(j+1);

ζj(x
′) ≡ 0 for 1 < |x′| < κ − 2−j(κ − 1);

|∇′ζj | ≤
2j+1

κ − 1
for κ − 2−j(κ − 1) < |x′| < κ − 2−j−1(κ − 1).We de�ne the number sequene

tj = t
( ñ

ñ− 2

)j
, j = 0, 1, 2, . . . .Now we rewrite the inequality (4.19) replaing ζ(|x′|) by ζj(x′) and t by tj ; thentaking the tj-th root we obtain

‖v‖tj+1,G′
(j+1)

≤
( C

κ − 1

) 2
tj · 4

j
tj · (tj)

2p
p−ñ · 1

tj ‖v‖tj,G′
(j)
.After iteration, we �nd that

‖v‖tj+1,G′
(j+1)

≤
{
Ct

p
p−ñ

κ − 1
·
( ñ

ñ− 2

) p
p−ñ

}2
∑

∞

j=0
1
tj

· 4
∑

∞

j=0
j
tj · ‖v‖t,G2

1
. (4.20)It is worth noting that the series ∑∞

j=0
j
tj

onvergens by the d'Alembert ratio test;the series ∑∞
j=0

1
tj

= ñ
2t is alulated as a geometri series. Therefore from (4.20)we obtain that
‖v‖tj+1,G′

(j+1)
≤ C

(κ − 1)
ñ
t

‖v‖t,G2
1
.Therefore, letting j → ∞, we have

sup
x′∈G2

κ

|v(x′)| ≤ C

(κ − 1)
ñ
t

‖v‖t,G2
1
.Basing on the de�nition (4.4) of the funtion v(x′) and on the number k de�nedby (4.3), we obtain

sup
x′∈G2

κ

|v(x′)| ≤ C

(κ − 1)
ñ
t

(‖v‖t,G2
1
+ ‖F‖ p

2 ,G
2
1
+ ‖G‖∞,Γ2

1
).



[110℄ Damian Wi±niewskiReturning to variables x, u, introdued by (4.2), we obtain the required estimate(4.1) for t ≥ 2.Let now 0 < t < 2. We onsider (4.1) with t = 2 :

sup
x∈G2R

Rκ

|u(x)| ≤ C

(κ − 1)
ñ
2R

n
2

‖u‖2,G2R
R

+K(R), (4.21)where
K(R) =

C

(κ − 1)
ñ
2

{
R2(1−n

p )‖f‖ p
2 ,G

2R
R

+R‖g‖∞,Γ2R
R

}
.The Young inequality with q = 2

t and q′ = 2
2−t , an be written as

C

(κ − 1)
ñ
2 R

n
2

‖u‖2,G2R
R

=
C

(κ − 1)
ñ
2 R

n
2

( ∫

G2R
R

ut · u2−t dt
) 1

2

≤
(
sup
G2R

R

|u(x)|
)1− t

2

· C

(κ − 1)
ñ
2R

n
2

‖u‖
t
2

t,G2R
R

≤ 1

2
sup
G2R

R

|u(x)|+ C1

(κ − 1)
ñ
t R

n
t

‖u‖t,G2R
R
.

(4.22)
Let us de�ne the funtion ψ(s) = supx∈G2R

s
|u(x)|. Then it follows from (4.21)�(4.22), that

ψ(Rκ) ≤ 1

2
ψ(R) +

C1

(κ − 1)
ñ
t R

n
t

‖u‖t,G2R
R

+K(R), κ ∈ (1, 2). (4.23)Further we apply the following statement:Proposition 4.2 (see Lemma 4.1 in Chapter 2 [2℄)Let ψ(s) be a bounded non-negative funtion de�ned on the interval [T0, T1], where
T1 > T0 ≥ 1. Suppose that for any T0 ≤ s < σ < T1 the funtion ψ(s) satis�es

ψ(σ) ≤ δψ(s) +
A

(σ − s)α
+B, (4.24)where δ ∈ (0, 1), A, B and α are non-negative onstants. Then

ψ(d) ≤ C
[ A

(d− ̺)α
+B

]
, T0 ≤ ̺ < d < T1, (4.25)where C depends only on α, δ.Substitution of d = Rκ, ̺ = R, δ = 1
2 , α = ñ

t , A = C1‖u‖t,G2R
R

· R− ñ−n
t ,

B = K(R) and use of (4.23) yields the required estimate (4.1) in the ase 0 < t < 2.The proof of theorem 4.1 is omplete.



Boundary value problems for a seond�order ellipti equation [111℄4.2. Loal integral weighted estimatesTheorem 4.3Let u(x) be a weak solution of problem (L) and λ− be as above in (1.1). Let as-sumptions (a)�(d) with A(t) Dini�ontinuous at zero be satis�ed. Then W◦ 1
2−n(G)and there exist d ≫ 1 and a onstant C > 0 depending only on n, s, λ−, ωo andon ∫ 1

0
A(r)
r dr suh that for all R > d

∫

GR

(
r2−n|∇u|2 + r−nu2

)
dx +

∫

ΓR

r1−nγ(ω)u2(x)α(x) ds

≤ C

(
‖u‖22,G + f2

1 +
1

γ0
g21

)
·





R2λ− , for s > −λ−;
R2λ− ln2R, for s = −λ−;
R−2s, for 0 < s < −λ−.

(4.26)Proof. It follows from Theorem 3.2 that u(x) belongs to W◦ 1
2−n(G), so it isenough to prove the estimate (4.26). Substitution of η(x) = r2−nu(x) in (II)loc,and the de�nition (2.9) yield

U(R) = −R
∫

Ω

u(x)
∂u

∂r

∣∣∣∣
r=R

dΩ−
∫

ΩR

r2−nu(x)(aij(x)− δ
j
i )uxj cos(r, xi) dΩR

+

∫

ΓR

r2−nu(x)g(x)α(x) ds

+

∫

GR

{
− r2−n(aij(x)− δ

j
i )uxiuxj (4.27)

+ (n− 2)r−nu(x)aij(x)xiuxj + r2−nu(x)bi(x)uxi

+ r2−nc(x)u2(x) − r2−nu(x)f(x)
}
dx.Now we transform the integrals on the right part of (4.27)

(n− 2)

∫

GR

r−nu(x)aij(x)xiuxj dx

=
n− 2

2

∫

GR

r−nxi
∂u2

∂xi
dx+ (n− 2)

∫

GR

r−nu(x)(aij(x) − δ
j
i )xiuxj dx.Appliation of the Gauss�Ostogradskiy divergene theorem and use of ondition

lim|x|→∞ u(x) = 0 yield
∫

GR

r−nxi
∂u2

∂xi
dx = lim

R̃→∞

∫

GR̃
R

r−nxi
∂u2

∂xi
dx

= −
∫

GR

u2(x)
∂

∂xi
(xir

−n) dx−R−n
∫

ΩR

u2(x)xi cos(r, xi) dΩR
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+ R̃−n

∫

ΩR̃

u2(x)xi cos(r, xi) dΩR̃ +

∫

ΓR

r−nu2(x)xi cos(n, xi) ds.We have
lim
R̃→∞

R̃−n
∫

ΩR̃

u2(x)xi cos(r, xi) dΩR̃ ≤ lim
R̃→∞

∫

Ω

u2(R̃, ω) dΩ

≤ measΩ lim
R̃→∞

· sup
Ω
u2(R̃, ω)

= 0.Hene, by Lemma 2.1
xi cos(r, xi)|ΩR = R, xi cos(n, xi)|ΓR = 0, R≫ 1,we have

n− 2

2

∫

GR

r−nxi
∂u2

∂xi
dx = −n− 2

2

∫

Ω

u2(x) dΩ.It follows from Lemma 2.9 and c(x) ≤ 0 that
U(R) ≤ R

2λ−
U ′(R)−

∫

ΩR

r2−nu(x)(aij(x)− δ
j
i )uxj cos(r, xi) dΩR

+

∫

ΓR

r2−nu(x)g(x)α(x) ds

+

∫

GR

{
− r2−n(aij(x) − δ

j
i )uxiuxj + (n− 2)r−nu(x)

× (aij(x) − δ
j
i )xiuxj + r2−nu(x)bi(x)uxi − r2−nu(x)f(x)

}
dx.Appliation of the assumption (b) to (4.27) yields

U(R) ≤ R

2λ−
U ′(R) +RA

( 1

R

) ∫

Ω

|u||∇u| dΩ

+

∫

ΓR

r2−n|u(x)||g(x)|α(x) ds (4.28)
+ c1(n)A

( 1

R

) ∫

GR

(r2−n|∇u|2 + r1−n|u||∇u|) dx+

∫

GR

r2−n|u(x)||f(x)| dx.We shall obtain an upper bound for eah integral on the right hand side. First,applying the Cauhy inequality and (2.3), (2.6), we have
R

∫

Ω

|u||∇u| dΩ ≤ 1

2

∫

Ω

(R2|∇u|2 + |u|2) dΩ ≤ −c2(λ−, n)RU ′(R);

∫

GR

r1−n|u||∇u| dx ≤
∫

GR

(r2−n|∇u|2 + r−n|u|2) dx ≤ c3(λ−, n)U(R).



Boundary value problems for a seond�order ellipti equation [113℄Further, for all δ > 0:
∫

ΓR

r2−n|u||g|α(x) ds

=

∫

ΓR

α(x)
(
r

1−n
2

√
γ(ω)|u|

)(
r

3−n
2

1√
γ(ω)

|g|
)
ds (4.29)

≤ δ

2

∫

ΓR

r1−nγ(ω)|u|2α(x) ds + 1

2δγ0

∫

ΓR

r3−n|g|2α(x) ds;

∫

GR

r2−n|u(x)||f(x)| dx ≤ δ

2

∫

GR

r−n|u|2 dx +
1

2δ

∫

GR

r4−n|f |2 dx

≤ δc4(λ−, n)U(R) +
1

2δ

∫

GR

r4−n|f |2 dx
(4.30)in virtue of the Hardy�Friedrihs�Wirtinger inequality (2.6). Thus from (4.28)�(4.30) we get

[
1− c5(n, λ−)

(
δ +A

( 1

R

))]
U(R)

≤ R

2λ−

(
1 + c6(λ−, n)A

( 1

R

))
U ′(R) (4.31)

+
1

2δ

{ ∫

GR

r4−n|f |2 dx+
1

γ0

∫

ΓR

r3−n|g|2 ds
}
, ∀δ > 0.Using the ondition (d), we obtain

∫

GR

r4−n|f |2 dx+
1

γ0

∫

ΓR

r3−n|g|2 ds ≤ 1

2s
c0

(
f2
1 +

1

γ0
g21

)
· R−2s,where c0 depends only on measΩ, meas ∂Ω. Thus, (4.31) implies the di�erentialinequality (CP ) with

P(R) = −
2λ−

R · [1− c5(n, λ−)(δ +A( 1
R ))]

1 + c6(λ−)A( 1
R )

, ∀δ > 0;

Q(R) = −
λ−

s c0(G)(f
2
1 + 1

γ0
g21) · δ−1R−2s−1

1 + c6(λ−)A( 1
R )

, ∀δ > 0;

U0 = C

{∫

G

(u2 + r4−nf2(x)) dx +
1

γ0

∫

∂G

r3−ng2(x)α(x) ds

}
.Here, (3.11) is used with α = 4− n.



[114℄ Damian Wi±niewski1) s > −λ−Choosing δ = R−ε, for all ε > 0, we obtain the problem (CP ) with
P(s) = −2λ−

s
·
[
1− c7A(1s ) + s−ε

1 + c6A(1s )

]
, ∀δ > 0;

Q(R) = −
λ−

s c0(G)(f
2
1 + 1

γ0
g21) · R−2s−1+ε

1 + c6(λ−)A( 1
R )

.Sine
−P(s) ≤ 2λ−

s
− 2λ−

s

(
c7A

(1
s

)
+ s−ε

)
, ∀δ > 0;

Q(R) ≤ −λ−
s
c0(G)

(
f2
1 +

1

γ0
g21

)
·R−2s−1+ε,hene we have

−
R∫

d

P(s) ds ≤ 2λ− ln
(R
d

)
− 2λ−

∞∫

d

s−ε + c7A(1s )

s
ds

=⇒ exp

(
−

R∫

d

P(s) ds

)
≤

(R
d

)2λ−

exp

(
− 2λ−

∞∫

d

s−ε + c7A(1s )

s
ds

)

= K0

(R
d

)2λ−

,where
K0 = exp

(
− 2λ−

d−ε

ε

)
· exp

{
− 2λ−c7

∞∫

d

A(1s )

s
ds

}
.We observe that ∫∞

d

A( 1
s )

s ds is �nite, beause setting t = 1
s yields

∞∫

d

A(1s )

s
ds =

1
d∫

0

A(t)

t
dt <∞.Thus we get: U0 exp (−

∫ R
d P (s) ds) ≤ K0U0R

2λ− .We have also
R∫

d

Q(t) exp

(
−

R∫

t

P(s) ds

)
dt

≤ −λ−
s
c0(G)

(
f2
1 +

1

γ0
g21

)
R2λ−K0

r∫

R

t−2s−2λ−+ε−1 dt

≤ −λ−c0
s

(
f2
1 +

1

γ0
g21

)
· 1

s+ λ−
·K0R

λ−−s,



Boundary value problems for a seond�order ellipti equation [115℄sine s > −λ− and we an hoose ε = s+ λ−.Now we apply Theorem 2.10: then from (2.14) by virtue of dedued inequalitiesand with regard to (2.6) for α = 4−n, we obtain the statement of 4.3 for s > −λ−.2) s = −λ−Considering δ as a positive funtion δ(R) > 0 of R we obtain
P(R) = − 2λ−(1− δ(R))

R(1 + c6A( 1
R ))

+ c5
A( 1

R )

1 + c6A( 1
R )

· 2λ−
R

≥ − 2λ−(1− δ)

R(1 + c6A( 1
R ))

+
2λ−c5A( 1

R )

R
.We have

− 2λ−(1 − δ)

R(1 + c6A( 1
R ))

= −2λ−(1− δ)

R

[
1− c6A( 1

R )

1 + c6A( 1
R )

]

≥ −2λ−(1− δ)

R
+

2λ−(1− δ)c6A( 1
R )

R

≥ −2λ−(1− δ)

R
+

2λ−c6A( 1
R )

R

=⇒ −P (R) ≤ 2λ−(1− δ)

R
− 2λ−c7A( 1

R )

R
.If we hoose δ(R) = − 1

2λ− lnR , then we obtain
−P(s) ≤ 2λ−

s
+

1

s ln s
− 2λ−c7A(1s )

s

=⇒ −
R∫

d

P(s) ds ≤ 2λ− ln
R

d
+ ln(ln s)

∣∣∣∣
R

d

− 2λ−c7

R∫

d

A(1s )

s
ds.We get

exp

(
−

R∫

d

P(s) ds

)
≤

(R
d

)2λ−

· lnR
ln d

exp

(
c8

∞∫

d

A(1s )

s
ds

)
≤ K1

lnR

ln d
·
(R
d

)2λ−

,where K1 = exp(c8
∫ 1

d

0
A(σ)
σ dσ). Further, beause of s = −λ−, we have

Q(R) = c0

(
f2
1 +

1

γ0
g21

)
R2λ−−1 · δ−1

1 + c6A
(
1
R

) ≤ c9

(
f2
1 +

1

γ0
g21

)
·R2λ−−1 lnR

=⇒
R∫

d

Q(t) exp

(
−

R∫

t

P(s)ds

)
dt

≤ c9

(
f2
1 +

1

γ0
g21

)
K1R

2λ− lnR

R∫

d

t2λ−−1t−2λ− dt

≤ K1c9

(
f2
1 +

1

γ0
g21

)
R2λ− ln2R, sine d≫ 1.



[116℄ Damian Wi±niewskiNow we apply Theorem 2.10 and from (2.14) by virtue of dedued inequalities weobtain
U(R) ≤ K1c9

(
U0 + f2

1 +
1

γ0
g21

)
R2λ− ln2R.Thus we have proved the statement of 4.3 for s = −λ−.3) 0 < s < −λ−For any positive δ, we have

P (R) = −2λ−
R

{
(1− δ)− (c5 + c6 − c6δ)A( 1

R )

1 + c6A( 1
R )

}

= −2λ−(1− δ)

R
+

2λ−
R

· (c5 + c6 − c6δ)A( 1
R )

1 + c6A( 1
R )

=⇒ −
R∫

d

P (s) ds = 2λ−(1− δ) ln
R

d
− 2λ−(c5 + c6 − δ)

R∫

d

1

s
· A(1s )

1 + c6A(1s )
ds

≤ 2λ−(1− δ) ln
R

d
− 2λ−(c5 + c6)

∞∫

d

1

s
A
(1
s

)
ds

=⇒ exp

(
−

R∫

d

P(s) ds

)
≤ K2

(R
d

)2λ−(1−δ)
,where K2 = exp(−2λ−(c5 + c6)

∫ 1

0
A(σ)
σ dσ) and

exp

(
−

R∫

t

P(s) ds

)
≤ K2

(R
t

)2λ−(1−δ)
, ∀δ > 0.For δ ∈ (0, s+λ−

λ−
), we obtain

R∫

d

Q(t) exp

(
−

R∫

t

P(s) ds

)
dt

≤ −λ−
s

· c0
(
f2
1 +

1

γ0
g21

)
K2 · δ−1R2λ−(1−δ)

r∫

R

t−2λ−(1−δ)−2s−1

1 + c6A(1t )
dt (4.32)

≤ −λ−
s
K2c0

(
f2
1 +

1

γ0
g21

)
· δ−1R2λ−(1−δ) · R

−2λ−(1−δ)−2s − d−2λ−(1−δ)−2s

−2λ−(1 − δ)− 2s

≤ c0K2λ−
2δs(s+ λ− − δλ−)

(
f2
1 +

1

γ0
g21

)
· R−2s.Now we apply Theorem 2.10 and we use of (2.14),

U(R) ≤ U0K2

(R
d

)2λ−(1−δ)
+

c0K2λ−
2δs(s+ λ− − δλ−)

(
f2
1 +

1

γ0
g21

)
R−2s
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≤ C(λ−, d, s)K2

(
U0 + f2

1 +
1

γ0
g21

)
R−2s,sine R2λ−(1−δ) < R−2s for δ ∈ (0, s+λ−

λ−
).Thus Theorem is proved for 0 < s < −λ−.5. The power modulus of ontinuity near infinity for weak solutionsProof of Theorem 1.4.We de�ne the funtion

ψ(R) =





Rλ− , if s > −λ−;
Rλ− lnR, if s = −λ−;
R−s, if 0 < s < −λ−.Theorem 4.1 devoted to the loal bound of the weak solution modulus, we have

sup
G2R

3/2
R

|u(x)| ≤ C
{
R

−n
2 ‖u‖2,G2R

R
+R2(1−n

p )‖f‖ p
2 ,G

2R
R

+R‖g‖∞,Γ2R
R

}
, (5.1)where C = C(n, ν, µ, p, ‖∑n

i=1 |bi(x)|2‖L p
2
(G)) and 2n ≥ p > n ≥ 2. Now byTheorem 4.3 we have

R
−n
2 ‖u‖2,G2R

R
≤ 2

n
2

( ∫

G2R
R

r−nu2(x) dx

) 1
2

≤ C

(
‖u‖2,G + f1 +

1√
γ0
g1

)
ψ(R).

(5.2)Further, by the assumption (d), we obtain
R2(1−n

p )‖f‖ p
2 ,G

2R
R

+R‖g‖∞,Γ2R
R

≤ c

(
f1 +

1√
γ0
g1

)
ψ(R). (5.3)It follows from (5.1)�(5.3) that

sup
G2R

3/2
R

|u(x)| ≤ C

{
‖u‖2,G + f1 +

1

γ0
g1

}
ψ(R).Putting now |x| = 7

4R we �nally obtain the desired estimate (1.2).Now we onsider two sets G2R
R/4 and GRR/2 ⊂ G2R

R/4. Changing the variables
x = Rx′ and u(Rx′) = ψ(R)v(x′). We see that the funtion v(x′) satis�es theproblem




∂

∂x′i
(aij(Rx′)vx′

j
) +Rbi(Rx′)vx′

i
+R2c(Rx′)v =

R2

ψ(R)
f(Rx′), x ∈ G1

1/4;

α(Rx′)
∂v

∂ν′
+

1

|x′|γ(ω)v(x
′) =

R

ψ(R)
g(Rx), x ∈ Γ1

1/4.

(L′′)



[118℄ Damian Wi±niewskiBy the Sobolev Imbedding Theorem we have
sup

x′∈G1
1/2

|∇′v(x′)| ≤ c‖v‖W 2,p(G1
1/2

), p > n. (5.4)By the loal Lp�a priori estimate [8, 9℄, for the solution of equation (L′′) insidethe domain G2
1/4 and near smooth portions of the boundary Γ2

1/4 we have
‖u‖W 2,p(G1

1/2
)

≤ c

{
R2

ψ(R)
‖f‖Lp(G2

1/4
) +

R

ψ(R)
‖g‖

W
1− 1

p
,p
(Γ2

1/4
)
+ ‖v‖Lp(G2

1/4
)

}
.

(5.5)Return to the variable x. It follows from (5.4) and (5.5), that
sup
GR

R/2

|∇u|

≤ cR−1

{
R

−n
p ‖u‖Lp(G2R

R/4
) +R2−n

p ‖f‖p,G2R
R/4

+R2−n
p ‖g‖

V
1− 1

p
p,0 (Γ2R

R/4
)

}and
R2−n

p ‖u‖V 2
p,0(G

R
R/2

)

≤ c
{
R

−n
p ‖u‖Lp(G2R

R/4
) +R2−n

p ‖f‖p,G2R
R/4

+R2−n/p‖g‖
V

1− 1
p

p,0 (Γ2R
R/4

)

}or
sup
GR

R/2

|∇u| ≤ cR−1
{
|u|0,G2R

R/4
+ ‖f‖V 0

p,2p−N(G2R
R/4

) + ‖g‖
V

1− 1
p

p,2p−n(Γ
2R
R/4

)

}and
‖u‖V 2

p,2p−n(G
R
R/2

) ≤ c
{
|u|0,G2R

R/4
+ ‖f‖V 0

p,2p−N(G2R
R/4

) + ‖g‖
V

1− 1
p

p,2p−n(Γ
2R
R/4

)

}
.Hene, beause of (1.2), (1.3) and the assumption (d), (1.4) and (1.5) holds.6. ExamplesWe present examples that show that the onditions of Theorem 1.4 (in par-tiular the Dini ondition for the funtion A(1r )) are essential for their validity.Suppose that n = 2, the domain G lies inside the orner

Gd =
{
(r, ω)| r > d; −ω0

2
< ω <

ω0

2
; ω0 ∈ (0, π)

}
.We denote

Γ±
d =

{
(r, ω)| r > d, ω = ±ω0

2

}and we put
γ(ω)

∣∣
ω=±ω0

2

= γ± = const > 0 and α(x)
∣∣
Γ±

d

= α± ∈ {0, 1}.
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∆u = 0, x ∈ Gd;(
α±

∂u

∂n
+

1

r
γ±u

)∣∣∣
Γ±

d

= 0.We verify that the funtion u(r, ω) = rλ−ψ(ω), λ− < 0 is a solution of our problemif λ2− is the least positive eigenvalue of the problem




ψ′′ + λ2−ψ = 0, ω ∈ (−ω0

2 ,
ω0

2 );

(±α±ψ′ + γ±ψ)
∣∣∣
ω=±ω0

2

= 0and ψ(ω) is a regular eigenfuntion assoiated with λ2−.The solution of our equation has the form ψ(ω) = A cos(ωλ−) + B sin(ωλ−). Inorder to �nd A,B from the boundary onditions we obtain the system:
{(

γ+ cos ω0λ−

2 − λ−α+ sin ω0λ−

2

)
A+

(
γ+ sin ω0λ−

2 + λ−α+ cos ω0λ−

2

)
B = 0,

(
γ− cos ω0λ−

2 − λ−α− sin ω0λ−

2

)
A−

(
γ− sin ω0λ−

2 + λ−α− cos ω0λ−

2

)
B = 0.Sine A2+B2 6= 0, the system determinant must be equal to zero; this means that

λ− < 0 is de�ned via the transendene equation
(λ2−α−α+ − γ+γ−) · sin(ω0λ−)− λ−(α+γ− + α−γ+) · cos(ω0λ−) = 0

=⇒ tan(ω0λ−) =
λ−(α+γ−+α−γ+)
λ2
−
α+α−−γ+γ− .

(6.1)Then we �nd the eigenfuntion
ψ(ω) = λ−α+ cos

[
λ−

(
ω − ω0

2

)]
− γ+ sin

[
λ−

(
ω − ω0

2

)]
. (6.2)Now we investigate some partiular ases of the boundary onditions. Suh equa-tions were systematially studied in [7℄.Dirihlet problem: α± = 0, γ± = 1.Equation (6.1) beomes tan(ω0λ−) = 0. Hene, λ− = − π

ω0
and the orre-sponding eigenfuntion ψ(ω) = cos(πωω0

).Neumann problem: γ± = 0, α± = 1.Equation (6.1) beomes tan(ω0λ−) = 0. Hene, λ− = − π
ω0

and the orre-sponding eigenfuntion ψ(ω) = sin(πωω0
).Mixed problem: α+ = 1 α− = 0; γ+ = 0, γ− = 1.Equation (6.1) beomes cos(ω0λ−) = 0. Hene, λ− = − π

2ω0
and the orre-sponding eigenfuntion ψ(ω) = cos( πω2ω0

− π
4 ).



[120℄ Damian Wi±niewskiRobin problem: α± = 1, γ+ 6= 0, γ− 6= 0.In this ase we obtain the largest eigenvalue as the largest negative root ofthe transendene equation tan(ω0λ−) =
λ−(γ−+γ+)
λ2
−
−γ+γ− and the orrespondingeigenfuntion

ψ(ω) = λ− cos
[
λ−

(
ω − ω0

2

)]
− γ+ sin

[
λ−

(
ω − ω0

2

)]
.In partiular, if γ+ = γ−, we get ψ(ω) = cos(ωλ∗−), where λ∗− is the largestnegative root of the transendene equation tan(ω0λ−

2 ) = γ
λ−

. We denote
−λ− = λ > 0. Then we have tan(ω0λ

2 ) = γ
λ and 0 < −λ∗− < π

ω0
=⇒ − π

ω0
<

λ∗− < 0 (see Figure 1).

λπ

ω0

2π

ω0

λ∗

y
=

tg
λ
ω

0

2

y =
β

λ

Figure 1II. The funtion
u(r, ω) = rλ− ln

−λ−+1

−λ−−1

(1
r

)
· ψ(ω)with λ− < −1 and ψ(ω) de�ned by (6.1)�(6.2) is a solution of the problem






∂

∂xi
(aij(x)uxj ) + bi(x)uxi = 0, x ∈ Gd;

(
α(x)

∂u

∂n
+

1

r
γ±u

)∣∣∣
Γ±

d

= 0, γ± > 0in the domain Gd, where
a11(x) = 1− 2

1 + λ−
· x22
r2 ln 1

r

,
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a22(x) = 1− 2

1 + λ−
· x21

r2 ln 1
r

,

a12(x) = a21(x) =
2

1 + λ−
· x1x2

r2 ln 1
r

;

lim
|x|→∞

aij(x) = δ
j
i , (i, j = 1, 2);and

b1 = −1

r
A
(1
r

)
cosω, b2 = −1

r
A
(1
r

)
sinω.In the domain G∞

d for d > exp( 2
−λ−−1 ), equation is uniformly ellipti with theelliptiity onstant µ = 1, ν = 1 + 2
(λ−+1) ln d . Further, A(1r ) =

2
λ−+1 ln

−1(1r ), i.e.,the funtion A(r) does not satisfy the Dini ondition at zero. Moreover, aij(x) areontinuous at the in�nity. This example shows that the ondition of Theorem 1.4about Dini-ontinuity of the leading oe�ients of the (L) are essential. It alsoillustrates the preision of the assumption of Theorem 1.4.III. The funtion
u(r, ω) = rλ−ψ(ω) ln rwith λ− < 0 and ψ(ω) de�ned by (6.1)�(6.2) is a solution of the problem





∆u = 2λ−r
λ−−2ψ(ω), x ∈ Gd;

(
α(x)

∂u

∂n
+

1

r
γ±u

)∣∣∣
Γ±

d

= 0, γ± > 0in the domain Gd. All assumptions of Theorem 1.4 are ful�led with s = −λ−.This example shows the preision of the assumption for the right hand side of (L)in Theorem 1.4.AknowledgementThis paper is a part of the authors Ph.D. thesis, written under the supervi-sion of prof. dr hab. Mikhail Borsuk at the University of Warmia and Mazury inOlsztyn.Referenes[1℄ V.I. Burenkov, Sobolev Spaes on Domains, Teubner�Texte zur Mathematik[Teubner Texts in Mathematis℄ 137, B.G. Teubner Verlagsgesellshaft, Stuttgart,1998.[2℄ Ya-Zhe Chen, Lan-Cheng Wu, Seond order ellipti equations and ellipti systems,Translations of Mathematial Monographs, 174 (1998), Amerian MathematialSoiety, Providene, RI, 246p.[3℄ D. Gilbarg, N.S. Trudinger, Ellipti partial di�erential equations of seond or-der, Grundlehren der Mathematishen Wissenshaften, Vol. 224 Springer�Verlag,Berlin�New York, 1977 (Revised Third Printing, 1998).



[122℄ Damian Wi±niewski[4℄ G.H. Hardy, J.E. Littlewood, G. Pólya, Inequalities, University Press, Cambridge,1952.[5℄ V.A. Kozlov, V.G. Maz'ya, J. Rossmann, Ellipti boundary value problems indomains with point singularities, Mathematial Surveys and Monographs, vol.52, Amerian Mathematial Soiety, Providene, RI, 1997.[6℄ O.A. Ladyzhenskaya, N.N. Ural'tseva, Linear and Quasilinear ellipti equations,Aademi Press, New York�London, 1968.[7℄ V. Mityushev, P. Adler, Dary �ow around a two-dimensional lens, J. Phys. A.39, (2006), 3545�3560.[8℄ Z.G. Sheftel, Estimates in Lp of solutions of ellipti equations with disontinuousoe�ients and satisfying general boundary onditions and onjugay onditions,Soviet Math. Dokl. 4 (1963), 321�324.[9℄ Z.G. Sheftel, Energy inequalities and general boundary problems for ellipti equa-tions with disontinuous oe�ients, Sibirsk. Mat. �Z. 6 (1965), 636�668.[10℄ G.E. Shilov, I.M. Gel'fand, Generalized funtions, vol. I. Aademi Press [HarourtBrae Jovanovih, Publishers℄, New York-London, 1964.[11℄ S.L. Sobolev, Some appliations of funtional analysis in mathematial physis,Translations of Mathematial Monographs, vol. 90, Amerian Mathematial So-iety, Providene, RI, 1991.[12℄ T.S. Soboleva, Boundary value problems for a seond-order ellipti equation inunbounded domains, Sibirsk. Mat. �Z. 19 (1978), no. 5, 1184�1195, 1216.[13℄ T.S. Soboleva, Some properties of seond order ellipti equations in unboundeddomains, Uspehi Mat. Nauk 31 (1976), no. 5 (191), 253�254.[14℄ M. Troisi, A regularity theorem for solutions of ellipti boundary value problems inunbounded domains in R
n, Rend. Aad. Naz. Si. XL Mem. Mat. (5) 11 (1987),no.1, 127�137. Department of Mathematis and InformatisUniversity of Warmia and Mazury in Olsztyn�oªnierska 14A, 10-957 Olsztyn-KortowoPolandE-mail: dawi�matman.uwm.edu.plReeived: 12 January 2010; �nal version: 13 September 2010;available online: 18 Deember 2010.


