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Maªgorzata ChudziakOn a generalization of the Popoviiu equation ongroupsAbstrat. We determine a general solution of the Popoviiu type funtionalequation on groups.1. IntrodutionIn 1965 T. Popoviiu [5℄, dealing with some inequality for onvex funtions,has introdued the funtional equation
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. (1)The solution and stability of (1) have been studied by W. Smajdor [6℄ and T. Trif[7℄. Reently, J. Brzd�k [1℄ has onsidered stability of (1) on a restrited domain.Solution and stability of the following �quadrati� version of (1),
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)] (2)have been investigated by Y.W. Lee [3℄. The results from [3℄ have been generalizedby the same author in [4℄, where the funtional equation
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(3)has been onsidered (m,n are nonzero integers suh that m+ 1 = 2n). The ase

m = n = 1 has been studied by P. Kannappan [2℄. For some further generalizationof (1) we refer to [8℄. It is remarkable that the results mentioned above (exeptfor [1℄ and [6℄) onern the ase, where unknown funtion f is ating between tworeal linear spaes. In the present paper we deal with the funtional equation
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)] (4)AMS (2000) Subjet Classi�ation: 39B22.Volumes I-VII appeared as Annales Aademiae Paedagogiae Craoviensis Studia Mathematia.



[50℄ Maªgorzata Chudziakin a more general setting. Namely, we assume that m,n,M,N are positive in-tegers, (G,+) is a ommutative group uniquely divisible by m and n, (H,+) isa ommutative group uniquely divisible by 2 and f :G → H is an unknown fun-tion. Let us reall that a group (X,+) is said to be uniquely divisible by a givenpositive integer k provided, for every x ∈ X , there exists a unique y ∈ X suh that
x = ky; suh an element will be denoted in a sequel by x

k
. Furthermore, givenarbitrary groups (X,+) and (Y,+), a funtion Q:X → Y is said to be quadratiprovided

Q(x+ y) +Q(x− y) = 2Q(x) + 2Q(y) for x, y ∈ Xand a funtion A:X → Y is said to be additive provided
A(x + y) = A(x) +A(y) for x, y ∈ X.2. ResultsWe begin this setion with the following theorem, whih is a main result of thepaper.Theorem 1Let m,n,M,N be positive integers, (G,+) be a ommutative group uniquely di-visible by m and n, and (H,+) be a ommutative group uniquely divisible by 2.Then a funtion f :G → H satis�es equation (4) for all x, y, z ∈ G if and only ifthere exist a quadrati funtion Q:G → H, an additive funtion A:G → H anda B ∈ H suh that

(M − 3N + 3)B = 0, (5)
(N − n2)Q(x) = (M −m2)Q(x) = 0 for x ∈ G, (6)

(Mn+mn− 2mN)A(x) = 0 for x ∈ G (7)and
f(x) = Q(x) +A(x) +B for x ∈ G. (8)Proof. Assume that f satis�es (4). Then, applying (4) with x = y = z = 0,we get

(M + 3− 3N)f(0) = 0. (9)De�ne the funtions Q:G → H and A:G → H by
Q(x) :=

f(x) + f(−x)

2
− f(0) for x ∈ Gand

A(x) :=
f(x)− f(−x)

2
for x ∈ G,respetively. Furthermore, let B := f(0). Then it is lear that A(0) = Q(0) = 0,



On a generalization of the Popoviiu equation on groups [51℄
Q is an even funtion, A is odd and f is of the form (8). Furthermore, in view of(9), (5) is valid. Note also, that by (4), for every x, y, z ∈ G, we get
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.Therefore, taking into aount (9), we obtain that Q and A satisfy (4) for every
x, y, z ∈ G. Now, we show that Q is a quadrati funtion. Sine Q is even andsatis�es (4), for every x, y ∈ G, we have
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)] (10)for x, y ∈ G. Taking in (10) y = 0, we get 2Q(x) = 2NQ( x
n
) for x ∈ G whene, as

H is uniquely divisible by 2, we have
Q(x) = NQ
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) for y ∈ G. (12)Now, from (10)�(12) we dedue that Q is quadrati. Furthermore note that, as Qis quadrati, from (11) and (12) it follows (6).Next, we onsider the funtion A. As we have already noted, A is odd, vanishesat 0 and satis�es (4), that is, for every x, y, z ∈ G, it holds
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(13)Applying (13) with z = 0, and then with y = z = 0, we get
MA

(x+ y

m

)

+A(x) +A(y) = N
[

A
(x+ y

n

)

+A
(x

n

)

+A
( y

n

)] (14)for x, y ∈ G and
MA

( x

m

)

+A(x) = 2NA
(x

n

) for x ∈ G, (15)



[52℄ Maªgorzata Chudziakrespetively. By (15), for every x, y ∈ G, we get
MA

(x+ y

m

)

+A(x+ y) = 2NA
(x+ y

n

)

.Thus, in view of (14), we get
A(x + y)−A(x) −A(y) = N

[

A
(x+ y

n

)

−A
(x

n

)

−A
( y

n

)]

.On the other hand, using the oddness of A and applying (13), for x, y ∈ G, weobtain
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+A(x) +A(y)−A(x + y).Consequently,
A(x+ y)− A(x)−A(y) = A(x) +A(y)−A(x + y) for x, y ∈ G,whih means that 2A is an additive funtion. Sine H is uniquely divisible by 2,we onlude that A is additive. Finally note that as A is additive, (15) implies (7).Sine the onverse is easy to hek, the proof is ompleted.The next two orollaries generalize to some extend Theorem 2.1 in [7℄ andTheorem 2.1 in [4℄, respetively.Corollary 1Let m,n be positive integers, (G,+) be a ommutative group uniquely divisibleby m and n, and (H,+) be a ommutative group uniquely divisible by 2. Thena funtion f :G → H satis�es equation
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)] for x, y, z ∈ Gif and only if there exist a quadrati funtion Q:G → H, an additive funtion
A:G → H and a B ∈ H suh that (m− 3n+ 3)B = 0, Q = 0 whenever m 6= 1 or
n 6= 1; and f is of the form (8).Corollary 2Let m,n be positive integers, (G,+) be a ommutative group uniquely divisibleby m and n, and (H,+) be a ommutative group uniquely divisible by 2. Thena funtion f :G → H satis�es equation (3) for all x, y, z ∈ G if and only if thereexist a quadrati funtion Q:G → H, an additive funtion A:G → H and a B ∈ Hsuh that (m2 − 3n2 + 3)B = 0, A = 0 whenever m + 1 6= 2n; and f is of theform (8).
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