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Abstract. The aim of the paper is to give strong maximum principles for im-
plicit non-linear parabolic functional-differential problems together with
initial inequalities in relatively arbitrary (n+ 1)-dimensional time - space
sets more general than cylindrical domain.

1. Introduction

In this paper we consider implicit diagonal systems of non-linear parabolic
functional-differential inequalities of the form

Fi(t,z,u(t,z), ul(t, z),ul (t, ), ul,(t,x),u)
> Fi(t,x,vo(t,x),vi(t, ), vi (¢, x), v, (t,x),v) (1.1)
(it=1,...,m)
for (t,x) = (t,z1,...,2,) € D, where D C (to,to + T] x R™ is one of three
relatively arbitrary sets more general than the cylindrical domain (¢g, to+ 7] x
Dy C R™*1. The symbol w (= u or v) denotes the mapping

w: D> (t,x) — w(t,z) = (w'(t,z),...,w"(t,x)) € R™,

where D is an arbitrary set contained in (—00,to + T] x R™ such that D C D;

F' (i =1,...,m) are functionals of w; wi(t,x) = grad,w'(t,z) (i = 1,...,m)
and w’ (t,z) (i = 1,...,m) denote the matrices of second order derivatives
with respect to x of w(t,z) (i = 1,...,m). We give a lemma and a theorem

on strong maximum principles for problems together with inequalities of types
(1.1) and with initial inequalities.
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The results obtained are a generalization of some results given by R. Redhef-
fer and W. Walter [4], by J. Szarski [5] and [6], by P. Besala [1], by W. Walter
[8], by N. Yoshida [9], by the author [2] and [3], and base on those results.
To prove the results of this paper we use the theorem on a strong maximum
principle from [2].

2. Preliminaries

The notation and definitions given in this section are valid throughout this
paper. Some of them are similar to those applied by J. Szarski [7], [6], by
R. Redheffer and W. Walter [4], by P. Besala [1], by N. Yoshida [9] and by the
author [3].

We use the following notation:

R = (—o00, 00), N={1,2,...}, x=(z1,...,2,) (n €N).
For any vectors z = (21,...,2™) € R™, 7 = (z},...,2™) € R™ we write
2<% ifZ<E (i=1,...,m).
Let tg be a real finite number and let 0 < T < 0o. A set
D c{(t,x): t>ty, z€R"}
(bounded or unbounded) is called a set of type (P) if:
(a) The projection of the interior of D on the t-axis is the interval (¢g,to+T).
(b) For every (¢,%) € D there is a positive 7 such that
n
{(t,x) C(t—1)? —l—z:(acZ —F)r<r t< f} c D.
i=1
We define the following sets:
Si, = int{x € R™: (to,x) € D} and oty = int[D N ({to} x R™)].

Let D be a set contained in (—oo,ty 4+ T] x R™ such that D ¢ D. We
introduce the following sets:

9D:=D\D and T :=08,D\oy,.

For an arbitrary fixed point (t,#) € D we denote by S~ (¢,%) the set of
points (t,x) € D that can be joined to (¢,Z) by a polygonal line contained in
D along which the t-coordinate is weakly increasing from (¢, ) to (¢, ).
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Let Zm(f)) denote the space of mappings
w: D3 (t,z) — w(t,z) = (w(t,z),...,w"(tx)) € R™

continuous in D. R ~
In the set of mappings bounded from above in D and belonging to Z,,(D)
we define the functional

[w]; = _max sup{0,w'(f,z) : (t,z) € D,  <t}, where t < to 4+ T.

By M,xn(R) we denote the space of real square symmetric matrices r =
[Tjk]nxn- B
A mapping w € Z,,,(D) is called regular in D if
wi,  w! =grad,w’, w, = [w;Jzk]nxn (i=1,...,m)

rT

are continuous in D.
Let the mappings

F':DXR™ xR XR" X Mysn X Z(D) 3 (t,x,2,p,q,7,w) —
Fi(tﬂxﬂ’Z’p?q’T?w) E R
(t=1,...,m)

be given and let for an arbitrary regular in D function w € Zm(ﬁ)

Filt,z,w] := Fi(t,z,w(t,x),wi(t, x),wt (¢, z),wt (¢, 1), w), (t,x) e D

Each two regular in D mappings u,v € Zm(D) are said to be solutions of
the system

Filt,x,u] > F't,z,v]  (i=1,...,m) (2.1)
in D, if they satisfy (2.1) for all (¢,z) € D.
For a given regular mapping w in D and for an arbitrary fixed ¢ €{1,...,m},

the mapping F* is called uniformly parabolic with respect to w in a subset
E C D if there is a constant £ > 0 (depending on E) such that for any two
matrices 7 = [, 7 = [Fjx] € Mpxn(R) and for all (¢,2) € E we have
F <P = F'(t,z,w(t,z), wi(t, z),w(t x), 7 w)
- Fi(ta Z, w(ta Z), w% (ta :C)a wfg (tv 93), T, w)

" (2.2)
>Ry (P — i),
j=1

where 7 < # means that szzl(fjk —7ik) A\ Ak < 0 for every (A1,...,A\,) € R™.
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If (2.2) is satisfied for 7 = w’ (t,x), # = wi, (t,2) +r, r > 0 and kK = 0,
then F? is called parabolic with respect to w in E.
An unbounded set D of type (P) is called a set of type (Pr) if

TNy, # 0. (2.3)

A bounded set D of type (P) is called a set of type (Pg).

It is easy to see that each set D of type (Pp) satisfies condition (2.3).
Moreover, it is obvious that if Dy is a bounded subset [Dg is an unbounded
proper subset] of R™, then D = (¢to,tg + T] x Dy is a set of type (Pg) [(Pr),
respectively].

3. lemma
As a consequence of Theorem 3.1 from [2] we obtain the following:

LEMMA 3.1
Assume that:

1° D is a set of type (P).

2° The mappings F* (i = 1,...,m) are weakly increasing with respect to
2o 2 2™ (i = 1,...,m). Moreover, there is a positive
constant L > 0 such that

IRERE}

n
<L k_ sk Jj_ i
< <k_rgléyxm|z Fl+lald 1d-d |

+lz ) |7’jk7zjk]+[ww}t>

jk=1
forall (t,x) € D, 2,2 € R™, p € R, q,§ € R, r,7 € Mpxn(R), w,w €
Zm(D), where sup, e p(w(t,z) —d(t, x)) < oo (i=1,...,m).
3° There are constants C; > 0 (i = 1,2) such that
Fi(t,z,2,p,q,r,w) — F'(t,z,2,p,q,r,w) < C1(p — p) (i=1,...,m)

forall (t,z) €D, ze R™, p>p, g€ R, r € Mpxn(R), we Z,,(D)
and

Fi(taxazapaQﬂnaw) fFi(t,:c,z,;B,q,r,w) < C2(ﬁ7p) (Z = ]-a"wm)

for all (t,z) € D, z€e R™, p<p, g €R™, r € Mpyn(R), w € Z,,(D).
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4° The mapping u € Zy(D) is regular in D, and SUp ¢ pyep U(t, ¥) < co.

5° u(t,z) < K for (t,x) € 9,D, where K = (K*',...,K™) is a constant
mapping.

6° The mappings u and K are solutions of the system
F't,z,u] > F't,z, K] (i=1,...,m)
in D.

7° The mappings F* (i = 1,...,m) are parabolic with respect to u in D and
uniformly parabolic with respect to K in any compact subset of D.

Then
u(t,z) < K for (t,z) € D.
Moreover, if there is a point (t,%) € D such that u(t,@) = K then

u(t,z) = K for (t,x) € S™(t, T).

L. Strong maximum principles fogether with initial inequalities in sets of types
(Pr) and (PB)

Now, we shall give the following theorem on strong maximum principles
together with initial inequalities in sets of types (Pr) and (Pg):

THEOREM 4.1
Assume that:

(i) D is a set of type (Pr) or (Pg) and assumptions 2° and 3° of Lemma 3.1
are satisfied.

(ii) The mapping w € Zy, (D) is reqular in D and the mazimum of u on T is
attained. Moreover,

K := t,x). 4.1
(ax u(t, 7) (4.1)

(iii) The inequality
u(to,x) < K for z € S, (4.2)

is satisfied.
(iv) The mazimum of u in D is attained. Moreover,

M := max_u(t,x). (4.3)
(t,z)eD
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(v) The mappings v and M are solutions of the system
Filt,x,u] > F'[t,z, M) (i=1,...,m)
in D.
(vi) The mappings F* (i =1,...,m) are parabolic with respect to u in D and
uniformly parabolic with respect to M in any compact subset of D.

Then
max_u(t,z) = max u(t,x). (4.4)
(t,x)eD (t,x)eT
Moreover, if there is a point (t,Z) € D such that u(t, %) = max; ,yep u(t, x)
then

u(t,z) = (trralz?gru(t,x) for (t,z) € S™(£, 7).

Proof. We shall prove Theorem 4.1 for a set of type (Pr) only since the
proof for a set of type (Pg) is analogous.
We shall argue by contradiction. Suppose

M+#K. (4.5)
From (4.1) and (4.3), we have
K <M. (4.6)
Consequently
K < M. (4.7)
Observe, from assumption (iv), that
there is (t*,2*) € D such that u(t*,z*) = M := max_u(t,z). (4.8)
(t,z)eD

By (4.8), by assumption (ii) and by (4.7), we have
(t*,2*) € D\T = DUoy,. (4.9)
Suppose that
(t*,z*) e D. (4.10)

From assumptions (ii) and (v), and from (4.8), we get

u € Zm(D)

Filt,z,u] > F'[t,z, M] for (t,x) € D (i=1,...,m),
u(t,z) < M for (t,z) € D,

u(t*, z*) = M.

P . .
and u}, ul, ul, (i=1,...,m) are continuous in D,

(4.11)
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The assumption that D is a set of type (P), assumptions 2° and 3° (see assump-
tion (i)), formulas (4.10) and (4.11), and assumption (vi) imply, by Lemma 3.1,
the equation

u(t,z) =M for (t,z) € S™(t",z"). (4.12)

On the other hand, from the definition of a set of type (Pr), there is a polygonal
line v C S~ (t*, z*) such that

FNT #£ 0. (4.13)

Since u € C(D,R™), we have a contradiction of formulas (4.12) and (4.13)
with formulas (4.1) and (4.7). Therefore, (t*,2*) ¢ D and, consequently, from
(4.9), (t*,z*) € oy,. But this leads, by (4.7), to a contradiction of (4.2) with
(4.8). The proof of (4.4) is complete.

The second part of Theorem 4.1 is a consequence of equality (4.4) and of
Lemma 3.1. Therefore, the proof of Theorem 4.1 is complete.

REMARK 4.1

If D is a set of type (Pg) and if D = D then the first part of assumption (ii) of
Theorem 4.1 relative to the maximum of u and the first part of assumption (iv)
of this theorem are trivially satisfied since u,v € C(D,R™) and I is bounded
and closed set in this case.

REMARK 4.2

If the mappings F* (i = 1,...,m) do not depend on the functional argument
w then Lemma 3.1 and Theorem 4.1 reduce to the lemma and the theorem,
respectively, on parabolic differential inequalities including terms

Fi(ta T, u(tvx)vui(tvx)vui(tvx)vuix(tax)) (Z =1,... >m)

and in this case we can put D = D.
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