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Paweª SolarzA note on some iterative rootsAbstrat. In this paper some orientation-preserving iterative roots of anorientation-preserving homeomorphism F :S

1
→ S

1 whih possess periodipoints of order n are onsidered. Namely, iterative roots with periodi pointsof order n. All orders of suh roots are determined and their general on-strution is given.Let X be a nonempty set. A funtion g: X → X is alled an iterative root ofa given funtion f : X → X if gm(x) = f(x) for x ∈ X . The number m ≥ 2 isalled the order of the iterative root and gm denotes m-th iterate of g. Moreover,we say that x ∈ X is a periodi point of f of order n ∈ N, n > 1 if
fn(x) = x and fk(x) 6= x for k ∈ {1, . . . , n − 1}.If f(x) = x, then x is said to be a �xed point of f . The set of all periodi (�xed)points of f will be denoted by Per f (Fix f).In [9℄ M.C. Zdun proved that every orientation-preserving homeomorphism

F : S1 → S1 possessing periodi points of order n is a omposition of twoorientation-preserving homeomorphisms T, G: S1 → S1. Funtion G has no pe-riodi points exept �xed points and T is suh that T n = idS1 . Using this resulthe determined all ontinuous iterative roots with periodi points for homeomor-phisms having �xed points.In the present paper we apply Zdun's theorem to the problem of �nding someontinuous iterative roots for an orientation-preserving homeomorphism F : S1 →
S1 with periodi points of order n. Namely, we shall give onditions under whihontinuous iterative roots with periodi points of order n exist and give the on-strution of these roots.Now, we reall some useful notations and de�nitions related to the mappingsof the irle. Let u, w ∈ S1 and u 6= w, then there exist t1, t2 ∈ R suh that
t1 < t2 < t1 + 1 and u = e2πit1 and w = e2πit2 . Put
−−−→
(u, w) :=

{

e2πit : t ∈ (t1, t2)
}

,
−−−→
[u, w] :=

−−−→
(u, w)∪ {u, w},

−−−→
[u, w) :=

−−−→
(u, w)∪{u}.AMS (2000) Subjet Classi�ation: 39B12, 26A18.Volumes I-VII appeared as Annales Aademiae Paedagogiae Craoviensis Studia Mathematia.



[58℄ Paweª SolarzThese sets are alled ars.For every homeomorphism F : S1 → S1 there exists a unique (up to translationby an integer) homeomorphism f : R → R suh that
F

(

e2πix
)

= e2πif(x)and
f(x + 1) = f(x) + kfor all x ∈ R, where k ∈ {−1, 1}. We all F orientation-preserving if k = 1, whihis equivalent to the fat that f is inreasing.Moreover, for every ontinuous funtion G: I → J , where I = {e2πit : t ∈ [a, b]}and J = {e2πit : t ∈ [c, d]} there exists a unique ontinuous funtion g: [a, b] →

[c, d] suh that
G

(

e2πix
)

= e2πig(x), x ∈ [a, b].In this ase we also all g the lift of G and we say that G preserves orientation if
g is stritly inreasing.For any orientation-preserving homeomorphism F : S1 → S1, the limit

α(F ) := lim
n→∞

fn(x)

n
(mod 1), x ∈ Ralways exists and does not depend on the hoie of x and f . This number isalled the rotation number of F (see [3℄). It is known that α(F ) is a rationaland positive number if and only if F has a periodi point (see for example [3℄).If F : S1 → S1 is an orientation-preserving homeomorphism suh that α(F ) = q

n
,where q, n are positive integers with q < n and gcd(q, n) = 1, then PerF ontainsonly periodi points of order n (see [7℄, [5℄). Moreover, there exists a unique number

p ∈ {1, . . . , n−1}, alled the harateristi number of F , satisfying pq = 1 (mod n).From now on put nF := n and charF := p. The following result omes from [8℄.Lemma 1If F : S1 → S1 is an orientation-preserving homeomorphism with PerF 6= ∅, thenfor every z ∈ PerF ,
Arg

F k char F (z)

z
< Arg

F (k+1) char F (z)

z
, k = 0, . . . , nF − 2.For �xed z ∈ PerF we de�ne the partition of S1 onto the following ars

Ik = Ik(z) :=
−−−−−−−−−−−−−−−−−−−−−−→[

F k char F (z), F (k+1) charF (z)
)

, k ∈ {0, . . . , nF − 1}. (1)Let us note that
F [Ik] =

−−−−−−−−−−−−−−−−−−−−−−−−−−→[

F k char F+1(z), F (k+1) char F+1(z)
)

=
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→[

F k char F+q char F (z), F (k+1) char F+q char F (z)
)

= I(k+q) (mod nF ), k ∈ {0, . . . , nF − 1},where q = nF α(F ).We shall use the following property (see [9℄).



A note on some iterative roots [59℄Remark 1Let n ∈ N and p, q ∈ {0, . . . , n − 1} satisfy pq = 1 (mod n) and gcd(q, n) = 1. Themapping {0, . . . , n − 1} ∋ d 7→ id := −dp (mod n) ∈ {0, . . . , n − 1} is a bijetion.Moreover, d + idq = 0 (modn).The next theorem also omes from [9℄ and it is a modi�ation of the fatoriza-tion theorem (see [9℄, Theorems 5 and 9).Theorem 1Let F : S1 → S1 be an orientation-preserving homeomorphism, z ∈ PerF andlet {Id}d∈{0,...,nF −1} be the family de�ned in (1). Then there exists a uniqueorientation-preserving homeomorphism T : S1 → S1 having periodi points of order
nF and suh that PerT = S1 and

F
k+jnF

|Id
= T α(F )nF k ◦

{

T d ◦ (FnF )j+1 ◦ T−d
|Id

, if id ≤ k − 1,

T d ◦ (FnF )j ◦ T−d
|Id

, if id > k − 1for d, k ∈ {0, 1, . . . , nF − 1}, j ∈ N.Let us stress that T is unique up to a periodi point of F . Moreover, FnF [Id] =
Id, T [Id] = I(d+1) (mod n) for d ∈ {0, . . . , nF − 1} and T nF = idS1 . Suh a funtion
T will be alled a Babbage funtion of F (see [9℄).In view of the above theorem (see also [9℄, Corollary 6) for every orientation-preserving homeomorphism F : S1 → S1 with ∅ 6= PerF and for every z0 ∈ PerFwe have

F (z) :=

{

T q (FnF (z)) , z ∈ I0(z0),

T q(z), z ∈ S1 \ I0(z0),
(2)where q = α(F )nF and T is a Babbage funtion of F .We start with the followingRemark 2Let n, m ≥ 2 be integers and let q, q′ ∈ {1, . . . , n − 1} be suh that gcd(q, n) = 1and mq′ = q (mod n), then gcd(m, n) = 1.Proof. To obtain a ontradition suppose that m = ka and n = kb for someintegers k > 1 and a, b ≥ 1. This and the fat that mq′ = q (mod n) give kaq′ =

q + jkb for some j ∈ Z. Therefore k(aq′ − jb) = q, whih ontradits the fat that
gcd(q, n) = 1.Remark 3Let n, m ≥ 2 be relatively prime integers and let q ∈ {1, . . . , n − 1} be suh that
gcd(q, n) = 1. There is a unique q′ ∈ {1, . . . , n − 1} suh that gcd(q′, n) = 1 and
mq′ = q (mod n).Proof. The fat that gcd(m, n) = 1 implies that the equation mx + ny = qhas integer solutions x, y. In partiular, there is exatly one pair (q′, j), where
q′ ∈ {0, . . . , n − 1} and j ∈ Z suh that mq′ + jn = q. Thus mq′ = q (mod n).Moreover, q′ 6= 0 as gcd(q, n) = 1. In the same manner as in the proof of Remark 2we an see that gcd(q′, n) = 1.



[60℄ Paweª SolarzFrom Remark 2 we an onlude thatCorollary 1Let F : S1 → S1 be an orientation-preserving homeomorphism with ∅ 6= PerF andlet m ≥ 2 be an integer. If equation
Gm(z) = F (z), z ∈ S1 (3)has ontinuous and orientation-preserving solution suh that nG = nF , then

gcd(m, nF ) = 1.It appears that gcd(m, nF ) = 1 is also a su�ient ondition for the existene ofontinuous and orientation-preserving solutions of (3) with nG = nF . The proofof this property and the desription of the solution of (3) in the ase PerF = S1an be found in [6℄. Therefore, from now on assume that PerF 6= S1. Before wepresent some results let as reall that if (3) holds, then PerF = PerG.Lemma 2Let F, G: S1 → S1 be orientation-preserving homeomorphisms possessing periodipoints of order nF = nG = n and satisfying equation (3) for an m ≥ 2. Letmoreover z0 ∈ PerF = PerG and Jk :=
−−−−−−−−−−−−−−−−−−−−−−−→[

Gk char G(z0), G
(k+1) charG(z0)

), k ∈
{0, . . . , n − 1}. Then(i) Jk = Ik(z0) for k ∈ {0, . . . , n − 1}, where the ars Ik(z0) are de�ned by (1);(ii) (GnG)m = FnF ;(iii) if T and V are Babbage funtions of F and G, respetively, [x] stands foran integer part of x ∈ R and i′d := −d charG (mod n) for d ∈ {0, . . . , n− 1},then

V
q

|Id
= T α(F )n ◦ T d ◦ Gnβd ◦ T−d

|Id
, (4)where

βd :=











m −
[

m
n

]

− 1, d = 0,

−
[

m
n

]

− 1, d ∈ {1, . . . , n − 1}, i′d ≤ m −
[

m
n

]

n − 1,

−
[

m
n

]

, d ∈ {1, . . . , n − 1}, i′d > m −
[

m
n

]

n − 1.

(5)Proof. Fix z0 ∈ PerF and assume that (3) holds, nF = nG = n. Put
q := α(F )n, q′ := α(G)n and b :=

[

m
n

]. From the fat that gcd(m, n) = 1(see Corollary 1), we get
m = k + bn for some k ∈ {1, . . . , n − 1}. (6)To prove (i) it su�es to show that G char G(z0) = F charF (z0). Equation (3) yields

mα(G) = α(F ) (mod 1) (see [2℄). Thus mq′ = q (mod n), hene
mq′ charF charG = q charF charG (mod n)



A note on some iterative roots [61℄and �nally, in view of the de�nition of charF ,
m charF = charG (mod n). (7)From (7), (3) and sine z0 is a periodi point of G of order n we obtain

G char G(z0) = Gm char F (z0) = F char F (z0).Note that (ii) is an immediate onsequene of equation (3) and equality nF =
nG.Now we prove (iii). From Theorem 1, (6) and (i) we get

Gm
|Id

= Gk+bn
|Id

= V q′k ◦

{

V d ◦ (Gn)b+1 ◦ V −d
|Id

, if i′d ≤ k − 1,

V d ◦ (Gn)b ◦ V −d
|Id

, if i′d > k − 1for d ∈ {0, 1, . . . , n−1}. Furthermore, observe that ondition mq′ = q (mod n) and(6) give kq′ = q (mod n), whih, in view of the fat that V is a Babbage funtionof G of order n, implies V q′k = V q. Therefore,
Gm

|Id
= V q ◦

{

V d ◦ (Gn)b+1 ◦ V −d
|Id

, if i′d ≤ k − 1,

V d ◦ (Gn)b ◦ V −d
|Id

, if i′d > k − 1
(8)for d ∈ {0, 1, . . . , n − 1}.On the other hand, we may write (5), as follows

βd =











m − b − 1, d = 0,

−b − 1, d ∈ {1, . . . , n − 1}, i′d ≤ k − 1,

−b, d ∈ {1, . . . , n − 1}, i′d > k − 1.Let d = 0, then i′0 = 0 ≤ k − 1 and b = m − β0 − 1. Combining these with (8) weobtain
Gm

|I0
= V q ◦ (Gn

|I0
)b+1 = V q ◦ (Gn

|I0
)m−β0 .Let d ∈ {1, . . . , n − 1}. Replaing b by −βd − 1 if i′d ≤ k − 1 (resp. by −βd if

i′d > k − 1) in (8) yields
Gm

|Id
= V q ◦ V d ◦ G−nβd ◦ V −d

|Id
.Finally,

Gm
|Id

= V q ◦

{

V d ◦ G−nβd+mn ◦ V −d
|Id

, d = 0,

V d ◦ G−nβd ◦ V −d
|Id

, d ∈ {1, . . . , n − 1}.
(9)Equating (9) with (2) yields for d ∈ {1, . . . , n − 1},

T
q

|Id
= V q ◦ V d ◦ G−nβd ◦ V −d

|Id
. (10)While, for d = 0, we get

T q ◦ Fn
|I0

= V q ◦ G
−nβ0+nm

|I0
.



[62℄ Paweª Solarzwhih, in view of (ii), gives
T

q

|I0
= V q ◦ G

−nβ0

|I0
. (11)From (10) and (11) we have

T
q

|Id
= V q ◦ V d ◦ G−nβd ◦ V −d

|Id
, d ∈ {0, . . . , n − 1}. (12)Hene

T
q

|Ip (mod n)
= V q ◦ V p (mod n) ◦ G−nβp (mod n) ◦ V

−p (mod n)
|Ip (mod n)

, p ∈ N.As V p = V p (mod n) for p ∈ N we obtain
T

q

|Ip (mod n)
= V q ◦ V p ◦ G−nβp (mod n) ◦ V

−p

|Ip (mod n)
, p ∈ N. (13)Now let us reall that T q[Id] = I(d+q) (mod n) for d ∈ {0, . . . , n− 1}. This, (11) and(13) imply

T
lq

|I0
= (T q)

l

|I0
=

(

V q ◦ V (l−1)q ◦ G−nβq(l−1) (mod n) ◦ V −(l−1)q
)

◦
(

V q ◦ V (l−2)qG−nβq(l−2) (mod n) ◦ V −(l−2)q
)

◦ . . . ◦
(

V q ◦ V q ◦ G−nβq ◦ V −q
)

◦
(

V q ◦ G
−nβ0

|I0

)

= V lq ◦ G
−n(βq(l−1) (mod n)+βq(l−2) (mod n)+...+βq+β0)
|I0

,whih gives
V

lq

|I0
= T lq ◦ G

n(βq(l−1) (mod n)+βq(l−2) (mod n)+...+βq+β0)
|I0

(14)for l ∈ {1, . . . , n}. Now �x d ∈ {1, . . . , n−1}. Sine gcd(q, n) = 1 there is a unique
l ∈ {1, . . . , n} suh that lq = d (mod n). Hene by (13) we have

T
q

|Id
= T

q

|Ilq (mod n)
= V q ◦ V lq ◦ G−nβlq (mod n) ◦ V

−lq

|Ilq (mod n)
.By substituting (14) twie to the above equation we obtain

T
q

|Id
= V q ◦

(

T lq ◦ Gn(βq(l−1) (mod n)+βq(l−2) (mod n)+...+βq+β0)
)

◦ G−nβlq (mod n)

◦
(

G−n(βq(l−1) (mod n)+βq(l−2) (mod n)+...+βq+β0) ◦ T
−lq

|Ilq (mod n)

)

= V q ◦ T lq ◦ G−nβlq (mod n) ◦ T
−lq

|Ilq (mod n)
.This and the fat that T is a Babbage homeomorphism of F of order n, i.e.,

T lq = T lq (mod n) = T d, yield
V

q

|Id
= T q ◦ T d ◦ Gnβd ◦ T−d

|Id
,whih in view of (11) ompletes the proof of (4).



A note on some iterative roots [63℄Lemma 3Let u, w ∈ S1, u 6= w and I :=
−−−→
[u, w]. For every integer m ≥ 2 and everyorientation-preserving homeomorphism F : I → I with Fix F 6= ∅ there exist in-�nitely many orientation-preserving homeomorphisms G: I → I satisfying (3) andsuh that Fix G 6= ∅.Proof. Let a, b ∈ R be suh that a < b < a + 1 and u = e2πia and w = e2πib.Then

F
(

e2πix
)

= e2πif(x), x ∈ [a, b]for a unique inreasing homeomorphism f : [a, b] → [a, b]. Clearly, f possesses �xedpoints. By Theorem 11.2.2 (see [4℄ h. 11), there exist in�nitely many stritlyinreasing ontinuous solutions of
gm(x) = f(x), x ∈ [a, b],with Fix g 6= ∅. For every suh funtion g: [a, b] → [a, b] de�ne G: I → I by

G
(

e2πix
)

:= e2πig(x), x ∈ [a, b].Then Fix G 6= ∅ and
Gm

(

e2πix
)

= e2πigm(x) = e2πif(x) = F (e2πix), x ∈ [a, b].In the proof of the next theorem we will use the following result (see for example[7℄).Lemma 4Suppose that F : S1 → S1 is an orientation-preserving homeomorphism, z ∈ PerF ,
{z, F (z), . . . , FnF −1(z)} = {z0, z1, . . . , znF −1}, where z0 = z,

Arg
zd

z0
< Arg

zd+1

z0
< 2π, d ∈ {0, . . . , nF − 2}and F (z0) = zq. Then α(F ) = q

nF
.Theorem 2Let F : S1 → S1 be an orientation-preserving homeomorphism and let m ≥ 2 be aninteger suh that gcd(m, nF ) = 1. There exists an orientation-preserving homeo-morphism G: S1 → S1 satisfying (3) and suh that nG = nF .For every suh an m and every z0 ∈ PerF , providing that Id = Id(z0) for

d ∈ {0, . . . , nF − 1} are de�ned by (1), the solution of (3) is of the form:
G(z) :=







(

Ψ char F
)q′

(H(z)) , z ∈ I0,
(

Ψ char F
)q′

(z), z ∈ S1 \ I0,
(15)where q′ ∈ {1, . . . , nF − 1} ful�ls mq′ = q (mod nF ), q := nF α(F ), H : I0 → I0 isan orientation-preserving homeomorphism suh that Fix H 6= ∅, Hm = FnF

|I0
and

Ψ(z) := T q ◦ T d ◦ Hβd ◦ T−d(z), z ∈ Id, d ∈ {0, . . . , nF − 1}, (16)



[64℄ Paweª Solarzwhere T : S1 → S1 is a Babbage funtion of F and βd for d ∈ {0, . . . , nF − 1} arede�ned by (5) with n = nF and i′d uniquely determined by (d + i′dq
′) (mod nF ) = 0for d ∈ {0, . . . , nF − 1}.Proof. Fix z0 ∈ PerF and a mapping H : I0 → I0 suh that Fix H 6= ∅ and

Hm = FnF

|I0
(by Lemma 3 there are in�nitely many suh mappings). Observe that

Ψ[Id] = T q ◦ T d ◦Hβd [I0] = T q[Id] = I(d+q) (mod n), d ∈ {0, . . . , nF − 1}. (17)Moreover, as a omposition of orientation-preserving homeomorphisms, Ψ|Id
is anorientation-preserving homeomorphism. Hene Ψ: S1 → S1 and G are orientation-preserving homeomorphisms.Now we show that nG = nF . Put zd := F d charF (z0) for d ∈ {1, . . . , nF − 1}.Thus by (1), (17) and sine Ψ preserves the orientation we get

Ψ(zd) = z(d+q) (mod nF ), d ∈ {0, . . . , nF − 1}.This, Lemma 1 and Lemma 4 yield α(Ψ) = q

nF
= α(F ) and, in onsequene,

nΨ = nF and charΨ = charF . Next note that H(z0) = z0 and H(z1) = z1.Therefore, by (15) and the de�nition of charF ,
G(zd) = Ψq′ char F (zd) = z(d+qq′ char F ) (mod nF ) = z(d+q′) (mod nF ), (18)for d ∈ {0, . . . , nF − 1}. As gcd(q′, nF ) = 1 (see Remark 3) we get nF = nG.Our next goal is to prove that ΨnF = idS1 . From (17) and (16), in view of thefat that T p = T p (mod nF ) for p ∈ N, we obtain

ΨnF

|Id
=

(

T q ◦ T d+(nF−1)q ◦ Hβ(d+(nF −1)q) (mod nF ) ◦ T−d+(nF−1)q
)

◦ . . . ◦
(

T q ◦ T d+q ◦ Hβ(d+q) (mod nF ) ◦ T−d+q
)

◦
(

T q ◦ T d ◦ Hβd ◦ T−d
|Id

)

= T q ◦ T d+(nF−1)q ◦ Hβ(d+(nF −1)q) (mod nF )+...+βd ◦ T−d
|Idfor d ∈ {0, . . . , nF − 1}. Moreover, sine gcd(q, nF ) = 1 we get

{d, (d + q) (mod nF ), . . . , (d + (nF − 1)q) (mod nF )} = {0, 1, . . . , nF − 1}.We thus get
ΨnF

|Id
= T q ◦ T d+(nF−1)q ◦ HβnF −1+...+β0 ◦ T−d

|Id
, d ∈ {0, . . . , nF − 1}. (19)Putting b :=

[

m
nF

] we have (6) with n = nF . By Remark 3 and Remark 1 itfollows that the mapping {0, . . . , nF −1} ∋ d 7→ i′d ∈ {0, . . . , nF −1} is a bijetion.Therefore, i′d ≤ m − bnF − 1 = k − 1 holds true for exatly k arguments and oneof them is 0, as i′0 = 0 ≤ k − 1. Hene in view of (5),
βnF −1 + . . . + β0 = (nF − k)(−b) + (k − 1)(−b − 1) + m − b − 1 = 0.This and (19) give ΨnF = idS1 .



A note on some iterative roots [65℄What is left is to show that (3) holds. Put Ψ char F = V . By Theorem 1homeomorphism V is a Babbage funtion of G. Sine q charF = 1 (mod nF ) and
ΨnF = idS1 we have Ψ = Ψq charF = V q. Hene by (16),

V
q

|Id
= T q ◦ T d ◦ Hβd ◦ T−d

|Id
, d ∈ {0, . . . , nF − 1}. (20)Applying the similar reasoning as in the proof of (iii) of Lemma 2 we obtain

T
q

|Id
= V q ◦ V d ◦ H−βd ◦ V −d

|Id
, d ∈ {0, . . . , nF − 1}. (21)Indeed, as T p = T p (modnF ) for p ∈ N from (20) we get

V
q

|Ip (mod nF )
= T q ◦ T p ◦ Hβp (mod nF ) ◦ T

−p

|Ip (mod nF )
, p ∈ N. (22)Thus

V
lq

|I0
= T lq ◦ H

(βq(l−1) (mod nF )+βq(l−2) (mod nF )+...+βq+β0)
|I0

,whih gives
T

lq

|I0
= V lq ◦ H

−(βq(l−1) (mod nF )+βq(l−2) (mod nF )+...+βq+β0)
|I0

(23)for l ∈ {1, . . . , nF }. Now �x d ∈ {1, . . . , nF − 1}. Sine gcd(q, nF ) = 1 there isa unique l ∈ {1, . . . , nF } suh that lq = d (mod nF ). Hene by (22) we have
V

q

|Id
= V

q

|Ilq (mod nF )
= T q ◦ T lq ◦ Hβlq (mod nF ) ◦ T

−lq

|Ilq (mod nF )
.By substituting (23) twie to the above equation we obtain

V
q

|Id
= T q ◦

(

V lq ◦ H−(βq(l−1) (mod nF )+βq(l−2) (mod nF )+...+βq+β0)
)

◦ Hβlq (mod nF )

◦
(

H(βq(l−1) (mod nF )+βq(l−2) (mod nF )+...+βq+β0) ◦ V
−lq

|Ilq (mod nF )

)

= T q ◦ V lq ◦ Gβlq (mod nF ) ◦ V
−lq

|Ilq (mod nF )
.This and the fat that V is a Babbage homeomorphism of G of order nF , i.e.,

V lq = V lq (modnF ) = T d, yield (21).Now observe that from (2) and (21), sine Hm = FnF

|I0
and kq′ = q (mod nF ),we get

F|Id
= V kq′

◦

{

V d ◦ H−βd+m ◦ V −d
|Id

, d = 0,

V d ◦ H−βd ◦ V −d
|Id

, d ∈ {1, . . . , nF − 1},whih in view of (15), (6) and Theorem 1 gives F = Gm.We �nish with the following observationsRemark 4If the assumptions of Theorem 2 are ful�lled, then(i) from (18), Lemma 4, Lemma 1 it follows that α(G) = q′

nF
,(ii) by Lemma 3 there are in�nitely many solutions of (3) with nG = nF ,(iii) Lemma 2 and Theorem 2 imply that every orientation-preserving ontinuoussolution of (3) with nG = nF is given by (15) and (16).
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