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On a multivalued second order differential problem
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Abstract. The aim of this paper is to present a generalization of the results
published in [5] and [8] for continuous Jensen multifunctions. In particular,
we study a second order differential problem for multifunctions with the
Hukuhara derivative.

Throughout this paper all vector spaces are supposed to be real. Let X be
a vector space. We introduce the notations:

A+B:={a+b: ac A, be B} and XA :={Xa: a€ A}

for A,BC X and A € R.

A subset K of X is called a cone if tK C K for all ¢ € (0,+00). A cone is said
to be convex if it is a convex set.

Let X and Y be two vector spaces and let K C X be a convex cone. A set-
valued function F: K — n(Y), where n(Y) denotes the family of all nonempty
subsets of Y, is called additive if

F(z+vy)=F(z)+ F(y) forx,y € K

and F'is Jensen if
F<3:—|—y> F(x)+ F(y)

5 = 5 for z,y € K. (1)

From now on, we assume that X is a normed vector space, ¢(X) denotes the
family of all compact members of n(X) and cc(X) stands for the family of all
convex sets of ¢(X).

LeMMA 1 ([4], Theorem 5.6)

Let K be a convex cone with zero in X and Y be a topological vector space. A set-
valued function F: K — c(Y) satisfies the equation (1) if and only if there exist
an additive multifunction Ap: K — cc(Y') and a set Gg € ce(Y') such that

F(zx)=Ap(z) + Gp forz e K.
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The Hukuhara difference A — B of A, B € cc(X) is a set C' € ce(X) such that
A = B+C. By Radstrom’s Cancellation Lemma, [9] it follows that if this difference
exists, then it is unique.

For a multifunction F':[a,b] — cc(X) such that there exist the Hukuhara dif-
ferences F(t) — F(s) as a < s < t < b, the Hukuhara derivative at ¢t € (a,b) is
defined by the formula

DF(t) = lim F(t+Fk)—F(t) — lim F(t)—F(t—k)
k—0t k k—0t k

)

whenever both these limits exist with respect to the Hausdorff distance h (see [3]).
Moreover,

.. F(s) = F(a) . F(b)—F(s)
DF(a) = lim ———=, DF(b) = lim — s

s—a™t sS—a s—b— — S

Let X be a Banach space and let [a,b] C R. If a multifunction F: [a, b] — cc(X)
is continuous, then there exists the Riemann integral of F' (see [3]). We need the
following properties of the Riemann integral.

LeMMA 2 ([7], Lemma 10)
If F:[a,b] — cc(X) is continuous, then H(t) = f; F(u)du for a < t < b is
continuous.

LeEmMA 3 ([10], Lemma 4)
If F:a,b] — cc(X) is continuous and H(t) = fat F(u)du, then DH(t) = F(t) for
a<t<hb.

Let (K,+) be a semigroup. A one-parameter family {F} : ¢ > 0} of set-valued
functions Fi: K — n(K) is said to be a cosine family if

Fy(x) = {z} for x € K

and

Fips(@) + Fioy(z) =2F(Fs(@) =2 ] Fy)
YEFs(x)

forx € K and 0 < s <.
Let X be a normed space. A cosine family is called regular if

tli%l+ h(Fi(x),{z}) =0.

EXAMPLE 1
Let K = [0,+00) and Fi(x) = [zcoshat,zcoshbt], where 0 < a < b. Then
{F;: t >0} is a regular cosine family of continuous additive multifunctions.

EXAMPLE 2
Let K = [0,400) and Fi(z) = [x,xcosht + cosht — 1]. Then {F; : ¢t > 0} is
a regular cosine family of continuous Jensen multifunctions.
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We say that a cosine family {F}; : t > 0} is differentiable if all multifunctions
t — Fy(z) (z € K) have the Hukuhara derivative on [0, +00).

LeEMMA 4 ([8], Theorem)

Let X be a Banach space and let K be a closed conver cone with a nonempty
interior in X. Suppose that {A; : t > 0} is a regular cosine family of continuous
additive set-valued functions Ay: K — ce(K), © € Ai(x) for all z € K, t > 0 and
A0 Ay = Ag o0 Ay for all s,t > 0. Then this cosine family is twice differentiable
and

DAa@)limo = {0}, D?Ay(x) = A(Alx)

forx € K, t >0, where DA, (x) denotes the Hukuhara derivative of Ai(x) with
respect to t and A(x) is the second Hukuhara derivative of this multifunction at
t=0.

We would like to obtain a similar result to the above one for a cosine family
of continuous Jensen multifunctions. For this purpose we remind some properties
of such a family.

LeMMA 5 ([6], Theorem 3)

Let X be a Banach space and let K be a closed convex cone in X such that
int K # (0. A one-parameter family {F; : t > 0} is a regular cosine family of con-
tinuous Jensen multifunctions Fi: K — cc(K) such that x € Fy(z) for all v € K,
t >0 and FyoFs = FsoF; for all s,t > 0 if and only if there exist a reqular cosine
family {A; : ¢t > 0} of continuous additive multifunctions Ay: K — cc(K) such
that x € Ay(x) for allx € K, t >0, Ay0o A; = Aso Ay for all s,t > 0 and a set
D € ce(K) with zero for which conditions

At+S(D) + Atfs(D) = 2At(AS(D)) fOT‘ 0 S S S t,

Fy(z) = Ay(z) —|—/ </AU(D) du) ds fort>0
0 N0

hold.

Using Lemmas 2, 3, 4 and 5 we obtain the following theorem.

THEOREM 1

Let X be a Banach space and let K be a closed conver cone with a nonempty
interior in X . Suppose that {Fy : t > 0} is a regular cosine family of continuous
Jensen set-valued functions Fy: K — cc(K), © € Fy(x) for all x € K, t > 0 and
FioFs = FsoF; for all s,t > 0. Then this cosine family is twice differentiable and

DF,(z)i=o = {0},  D?F,(z) = A(A(z) + D)
for x € K, t > 0, where DF(x) denotes the Hukuhara derivative of Fy(x) with

respect to t, D € cc(K) with zero, A(z) = D?A¢(x)|t—0, {At : t > 0} is a regular
cosine family of continuous additive multifunctions (as in Lemma §).
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Let K be a closed convex cone with a nonempty interior in X. We consider
a continuous multifunction ®:[0,+o00) x K — cc(K) Jensen with respect to the
second variable. According to Lemma 1 there exist multifunctions Ag: [0, +00) X
K — ce(X) additive with respect to the second variable and Gg: [0, +00) — cc(X)
such that

D(t,z) = Agp(t,x) + Go(t) forx € K, t € [0,400). (2)
Setting x = 0 in (2) we have
D(t,0) = Go(t) € ce(K) for ¢ € [0, 4+00).

Since Ag(t,x) + 2Go(t) = L®(t,nz) C K for all n € N and the set K is closed,
As(t,xz) € ce(K) for x € K, t € [0,+00). Moreover, multifunctions Ag, Go
are continuous. Indeed, t — Go(t) = ®(¢,0) is continuous. As & and Gg are
continuous, the multifunction Ag¢ is also continuous.

Theorem 1 is a motivation for studying existence and uniqueness of a solution
®: [0,400) x K — cc(K), which is Jensen with respect to the second variable, of
the following differential problem

®(0,z) = U(x),
DO(t,z)|—o = {0}, 3)
D2®(t,2) = As(t, H(z)),

where H,¥: K — cc(K) are given continuous Jensen set-valued functions, D® (¢, x)
denotes the Hukuhara derivative of ®(¢, z) with respect to ¢ and Ag is the additive,
with respect to the second variable, part of ®.

DEFINITION 1

A multifunction ®:[0,+00) x K — cc(K) is said to be a solution of the prob-
lem (3) if it is continuous, twice differentiable with respect to ¢ and ® satisfies (3)
everywhere in [0, +00) X K and in K, respectively, where H,V: K — cc(K) are
two given continuous Jensen multifunctions.

With the problem (3), we associate the following equation

O(t,x) = V(x) —|—/ (/A@(U,H(I)) du> ds (4)

0 0

for x € K, t € [0,4+00), where H,U: K — cc(K) are given continuous Jensen
multifunctions and Ag¢ is the additive, with respect to the second variable, part
of ®.

DEFINITION 2

Let H,U: K — cc(K) be two continuous Jensen set-valued functions. A map
®: 0, +00) x K — cc(K) is said to be a solution of (4) if it is continuous and
satisfies (4) everywhere.
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THEOREM 2

Let K be a closed convex cone with a nonempty interior in a Banach space and let
H,U: K — cc(K) be two continuous Jensen multifunctions. Let ®: [0, +00) x K —
cc(K) be a given Jensen with respect to the second variable set-valued function.
This ® is a solution of the problem (3) if and only if it is a solution of (4).

The proof of Theorem 2 is the same as the proof of Theorem 1 in [5].

In the proof of the next theorem we use the following lemmas.

LeMMA 6 ([12], Theorem 3)

Let X and Y be two normed spaces and let K be a convexr cone in X. Suppose
that {F; : i € I} is a family of superadditive lower semicontinuous in K and Q-
homogeneous set-valued functions F;: K — n(Y). If K is of the second category
in K and | J,c; Fi(x) € b(Y) for x € K, then there exists a constant M & (0,400)
such that

sup |[Fi(@)]| < Mlje|  fora € K.
el

Let K be a closed convex cone in X. Applying Lemma 6 we can define the
norm ||F|| of a continuous additive multifunction F: K — n(K) to be the smallest
element of the set

{M>0: ||F(z)| <Mlz|, =z € K}.

LEMMA 7

Let K be a closed convex cone with a nonempty interior in a Banach space and let
H U: K — ce(K) be two continuous Jensen multifunctions. Assume that a con-
tinuous multifunction A:[0,T] x K — cc(K) is additive with respect to the second
variable. Then the multifunction

S

F(t,z) ;== ¥(x) —|—/ (/A(u,H(z)) du) ds, (t,z) € [0,T] x K  (5)
0“0

1s Jensen with respect to the second variable and continuous.

Proof. The proof is based upon ideas found in the proof of Theorem 2 in the
paper [5]. According to the proof of Theorem 1 in [5] we have that the multifunc-
tion w +— A(u, H(z)) is continuous for all z € K. We see that every set F(¢,x)
belongs to cc(K) and F is Jensen with respect to the second variable.

Next we show that F'is continuous. Let z,y € K and 0 < t; <ty <T. The
set

A(0,7),2)= ] Alt,2)
]

tel0,T

is compact (see [1], Ch. IV, p. 110, Theorem 3), so it is bounded. Therefore, by
Lemma 6, there exists a positive constant M4 such that

[A(u, a)l| < Mal|all (6)
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for w € [0,7] and a € K. This implies that
[A(u, H(x))|| < MalH ()]

Sf(/SIIA(u7H(w))IIdU> ds

ty

for u € [0,T]. Thus

7 </SA(U,H(SC)) du) ds

t1

to

< SMAHH(a:)Hdu ds (7)
0

ty

t3 — 17
= BB a1 @),
From Lemma 5 in [11] and (6) there exists a positive constant M, such that
h(A(u, a), A(u, b)) < Mol|A(u, ) |lla = bl[ < MoMalla — ]|
for u € [0,7] and a,b € K. Therefore,
A(u,a) C A(u,b) + MoMalla — b||S

for w € [0,7] and a,b € K.
Let ¢ > 0 and a € H(x). There exists b € H(y) for which
€
MoMy~
This shows that for every a € H(x) there exists b € H(y) such that
A(u,a) C A(u,b) + MoMad(a, H(y))S + &S
C A(u, H(y)) + MoMah(H (z), H(y))S + €S,

lla = bl < d(a, H(y)) +

thus
A, H(x)) C A, H(y)) + MoMah(H(x), H())S + =5
for u € [0,T]. Since € > 0 and z,y € K are arbitrary, we obtain
h(A(u, H(x)), A(u, H(y))) < MoMah(H (), H(y)).

Hence and by properties of the Riemann integral we have
S

h(/(/A(u,H(:v) du)ds/(/AuH du)d)

0 0

S

go/(/h(A(u,H(x)),A(u,H(y)))du) ds

0
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By (5), (7) and (8) we get

h(F(th )F(t% y))

+h {O},/ (/A(u,H(y)) du) ds)
t1 N0
< B (), W) + DM (H@), Hw) + E 0 ).

This shows that F' is a continuous set-valued function, because ¥ and H are
continuous.

THEOREM 3

Let K be a closed convexr cone with a nonempty interior in a Banach space and
let HU: K — cc(K) be two continuous Jensen multifunctions. Then there ewists
exactly one solution, Jensen with respect to the second variable, of the problem (3).

Proof. Fix T > 0. Let E be the set of all continuous set-valued functions
®:[0,T)x K — cc(K) such that « — ®(¢, x) are Jensen. As it was shown, for ® € F
there exist continuous multifunctions Ag: [0, 7] x K — cc(K) additive with respect
to the second variable and Go: [0, T] — cc(K) such that (¢, x) = Ae(t,2) +Go(t)
forx e K,te€[0,T).

Let @,II € E be given by

O(t,x) = Ap(t,x) + Go(t) and II(t,z) = An(t,x) + Gu(t) 9)

for (t,x) € [0, T] x K, where Ag, Ar: [0,T] x K — cc(K) are additive with respect
to the second variable and Go(t), Gri(t) € ce(K). We define a functional p in
E x E as follows

p(®,10) = sup{h(As(t, B), An(t, B)) + h(Gs(t), Gr(t)) :
0<t<T,Becc(K),|B| <1}

We see that sets

A,(0,7),2)= |J Ailt.2), =zeK,

t€[0,T)
U G

t€[0,T]
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where i € {®,II} are compact (see [1], Ch. IV, p. 110, Theorem 3), so they are
bounded. By Lemma 6 there exist positive constants M4, and M4, such that

[As(t, 2)| < Magllzll, 1A, 2)[| < May |||
for t € [0,7] and = € K. We note that
h(Ag(t,B), An(t, B)) + h(Ga(t), Gr(t))
< [[Aa(t, B)|| + [[An(t, B)[| + G2 ([0, TDI + |Gu([0, T]|
< Mag + Mag + [[Ga([0, TN + 1Gu ([0, T) I
for t € [0,7] and B € cc(K) such that ||B|| < 1. Thus
p(®,1I) < 400,

so the functional p is finite. It is easy to verify that p is a metric in E.

As the space (cc(K),h) is a complete metric space (see [2]), (E,p) is also a
complete metric space.

We introduce the map I' which associates with every & € E the set-valued
function I'® defined by

t

(T®)(t,z) == U(x) +/ < Ag(u, H(z)) du) ds
0

0

for (t,z) € [0,T] x K. We see that every set (I'®)(t,z) belongs to cc(K). By
Lemma 7 the multifunction I'® is Jensen with respect to the second variable and
continuous. Therefore, I': F — E.

Now, we prove that I' has exactly one fixed point. According to Lemma 1 we
take the notations ¥(x) = Ay (z) + Gy and H(z) = Ag(x) + G, x € K, where
Ay, Ap: K — cc(K) are additive and Gy,Gy € cc(K). Let ®,11 € E be of the
form (9) and let (¢,z) € [0,T] x K. We observe that

(TP)(t,z) = ¥U(x) —|—/ (/A@(U,H(I)) du> ds

0 0

= Ag(z) + Gy —I—/ </Aq>(u,AH(:1:)) du> ds

0 VN0
t S
—|—/ (/A@(U,GH)du> ds,
0 \ND

thus the additive part Are(t,2) of T'® is equal to

t

A\I,(:E)—i—/ (/S/Lp(u,AH(:E)) du) ds

0
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and similarly

Arn(t,z) = Ag(2) +/ (/An(u,AH(x)) du) ds.
0

0

Hence and by properties of the Hausdorff metric we have

h(Are(t, x), Arn(t,z)) + h(Grs(t), Grn(t))

(/ </A¢, (u, Ay (z du> ds,{ (jAn(u,AH(x))du> ds)
o (/ </Aq> u GH>du> s /(O/An u GH)du> ds)

0
2

< 2,/}(‘1’ [ Am ()] + 2,/)(‘I%H)IIGHII

Q,p(fb 1) max{[| A ()|, |G r]}-

Suppose that

h(Aanp(t, ,T), Arnn(t, LL’)) + h(Gan)(t), Gf‘nn(t))

2n
B (@10 maxc{| A ()], |G [} (10)

< 2(2n)!p(

for some n € N. Then

h(AFnJrl.:p( ,.I) Apn+1H(t .I)) —|— I’L(GFnJrl.:p(t) GFnJrln(t))

=h /t< Arne(u, Ap(z ))du) /(/Arnn (u, Ap( ))du) ds)

0 0

+h (/ </Al"nq> u GH)du> ds /t(/AFnH(u,GH)du> ds)

0 0

t
s/(/f‘m¢nmuwﬁuumeHm>m
0

t2n+2

[\)

mp(@,ﬂ) max{[|Ap ()|, |Gr [}

This shows that (10) holds for all n € N. Therefore,

(T2 max{|| Anl, |Gull})"
(2n)!

p(T"®, T"II) < 2 p(2,11), n € N.
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We observe that for every T' > 0 there exists n € N such that

o (T2 max{|| Ap |, [|Gr1})"

20! <1.

By Banach Fixed Point Theorem we get that I'™ has exactly one fixed point,
whence it follows that I' has exactly one fixed point. This means that there exists
exactly one solution of the problem (3) for (¢,z) € [0,T] x K.

Now we give an application. Let K be a closed convex cone with a nonempty
interior in a Banach space. Suppose that {F; : ¢t > 0} and {G, : t > 0} are regular
cosine families of continuous Jensen multifunctions Fy: K — ce(K), Gi: K — cc(K)
such that © € Fy(z), x € G¢(z), FoFs = Fs0 F;, Gio Gy = Gs oGy for x € K,
s,t >0 and

H(.I) = D2Ft($)|t:0 = D2Gt($)|t:0.
Then multifunctions (¢, ) — Fy(z) and (t,z) — G;(z) are Jensen with respect to
x and satisfy (3) with ¥(z) = {z}. According to Theorem 3 we have F;(z) = G(x)

for (t,z) € [0,+00) x K. This means that if two regular cosine family as above
have the same second order infinitesimal generator, then there are equal.

References

[1] C. Berge, Topologival Spaces, Oliver and Boyd, Eidenburg and London, 1963.

[2] C. Castaing, M. Valadier, Convez Analysis and Measurable Multifunctions, Lec-
ture Notes in Math. 580, Springer—Verlag, Berlin—Heidelberg—New York, 1977.

[3] M. Hukuhara, Intégration des application mesurables dont la valeur est un compact
conveze, Funkcial. Ekvac. 10 (1967), 205-223.

[4] K. Nikodem, K-conver and K-concave set-valued functions, Zeszyty Nauk. Po-
litech. Lodz. Mat. 559, Rozprawy Nauk. 144, 1989.

[6] M. Piszczek, On a multivalued second order differential problem with Hukuhara
derivative, Opuscula Math. 28 (2008), 151-161.

[6] M. Piszczek, On cosine families of Jensen set-valued functions, Aeq. Math. 75
(2008), 103-118.

[7] M. Piszczek, On multivalued cosine families, J. Appl. Anal. 13 (2007), 57-76.

[8] M. Piszczek, Second Hukuhara derivative and cosine family of linear set-valued
functions, Ann. Acad. Paedagog. Crac. Stud. Math. 5 (2006), 87-98.

[9] H. Radstrom, An embedding theorem for spaces of convez sets, Proc. Amer. Math.
Soc. 3 (1952), 165-169.

[10] A. Smajdor On a multivalued differential problem, Internat. J. Bifur. Chaos Appl.
Sci. Engrg. 13 (2003), 1877-1882.

[11] A. Smajdor, On regular multivalued cosine families, Ann. Math. Sil. 13 (1999),
271-280.

[12] W. Smajdor, Superadditive set-valued functions and Banach-Steinhaus Theorem,
Rad. Mat. 3 (1987), 203-214.



On a multivalued second order differential problem with Jensen multifunction [41]

Institute of Mathematics
Pedagogical University
Podchorgzych 2

PL-30-084 Krakow

Poland

E-mail: magdap@ap.krakow.pl

Received: 18 February 2009; final version: 17 April 2009;
avaslable online: 5 June 2009.






