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Magdalena PiszzekOn a multivalued seond order differential problemwith Jensen multifuntionAbstrat. The aim of this paper is to present a generalization of the resultspublished in [5℄ and [8℄ for ontinuous Jensen multifuntions. In partiular,we study a seond order di�erential problem for multifuntions with theHukuhara derivative.Throughout this paper all vetor spaes are supposed to be real. Let X bea vetor spae. We introdue the notations:

A + B := {a + b : a ∈ A, b ∈ B} and λA := {λa : a ∈ A}for A, B ⊂ X and λ ∈ R.A subset K of X is alled a one if tK ⊂ K for all t ∈ (0, +∞). A one is saidto be onvex if it is a onvex set.Let X and Y be two vetor spaes and let K ⊂ X be a onvex one. A set-valued funtion F : K → n(Y ), where n(Y ) denotes the family of all nonemptysubsets of Y , is alled additive if
F (x + y) = F (x) + F (y) for x, y ∈ Kand F is Jensen if

F

(

x + y

2

)

=
F (x) + F (y)

2
for x, y ∈ K. (1)From now on, we assume that X is a normed vetor spae, c(X) denotes thefamily of all ompat members of n(X) and cc(X) stands for the family of allonvex sets of c(X).Lemma 1 ([4℄, Theorem 5.6)Let K be a onvex one with zero in X and Y be a topologial vetor spae. A set-valued funtion F : K → c(Y ) satis�es the equation (1) if and only if there existan additive multifuntion AF : K → cc(Y ) and a set GF ∈ cc(Y ) suh that

F (x) = AF (x) + GF for x ∈ K.AMS (2000) Subjet Classi�ation: 26E25, 39B52, 47D09.Volumes I-VII appeared as Annales Aademiae Paedagogiae Craoviensis Studia Mathematia.



[32℄ Magdalena PiszzekThe Hukuhara di�erene A − B of A, B ∈ cc(X) is a set C ∈ cc(X) suh that
A = B+C. By Rådström's Canellation Lemma [9℄ it follows that if this di�ereneexists, then it is unique.For a multifuntion F : [a, b] → cc(X) suh that there exist the Hukuhara dif-ferenes F (t) − F (s) as a ≤ s ≤ t ≤ b, the Hukuhara derivative at t ∈ (a, b) isde�ned by the formula

DF (t) = lim
k→0+

F (t + k) − F (t)

k
= lim

k→0+

F (t) − F (t − k)

k
,whenever both these limits exist with respet to the Hausdor� distane h (see [3℄).Moreover,

DF (a) = lim
s→a+

F (s) − F (a)

s − a
, DF (b) = lim

s→b−

F (b) − F (s)

b − s
.Let X be a Banah spae and let [a, b] ⊂ R. If a multifuntion F : [a, b] → cc(X)is ontinuous, then there exists the Riemann integral of F (see [3℄). We need thefollowing properties of the Riemann integral.Lemma 2 ([7℄, Lemma 10)If F : [a, b] → cc(X) is ontinuous, then H(t) =

∫ t

a
F (u) du for a ≤ t ≤ b isontinuous.Lemma 3 ([10℄, Lemma 4)If F : [a, b] → cc(X) is ontinuous and H(t) =

∫ t

a
F (u) du, then DH(t) = F (t) for

a ≤ t ≤ b.Let (K, +) be a semigroup. A one-parameter family {Ft : t ≥ 0} of set-valuedfuntions Ft: K → n(K) is said to be a osine family if
F0(x) = {x} for x ∈ Kand

Ft+s(x) + Ft−s(x) = 2Ft(Fs(x)) := 2
⋃

y∈Fs(x)

Ft(y)for x ∈ K and 0 ≤ s ≤ t.Let X be a normed spae. A osine family is alled regular if
lim

t→0+
h(Ft(x), {x}) = 0.Example 1Let K = [0, +∞) and Ft(x) = [x cosh at, x cosh bt], where 0 ≤ a ≤ b. Then

{Ft : t ≥ 0} is a regular osine family of ontinuous additive multifuntions.Example 2Let K = [0, +∞) and Ft(x) = [x, x cosh t + cosh t − 1]. Then {Ft : t ≥ 0} isa regular osine family of ontinuous Jensen multifuntions.



On a multivalued seond order differential problem with Jensen multifuntion [33℄We say that a osine family {Ft : t ≥ 0} is di�erentiable if all multifuntions
t 7→ Ft(x) (x ∈ K) have the Hukuhara derivative on [0, +∞).Lemma 4 ([8℄, Theorem)Let X be a Banah spae and let K be a losed onvex one with a nonemptyinterior in X. Suppose that {At : t ≥ 0} is a regular osine family of ontinuousadditive set-valued funtions At: K → cc(K), x ∈ At(x) for all x ∈ K, t ≥ 0 and
At ◦ As = As ◦ At for all s, t ≥ 0. Then this osine family is twie di�erentiableand

DAt(x)|t=0 = {0}, D2At(x) = At(A(x))for x ∈ K, t ≥ 0, where DAt(x) denotes the Hukuhara derivative of At(x) withrespet to t and A(x) is the seond Hukuhara derivative of this multifuntion at
t = 0.We would like to obtain a similar result to the above one for a osine familyof ontinuous Jensen multifuntions. For this purpose we remind some propertiesof suh a family.Lemma 5 ([6℄, Theorem 3)Let X be a Banah spae and let K be a losed onvex one in X suh that
intK 6= ∅. A one-parameter family {Ft : t ≥ 0} is a regular osine family of on-tinuous Jensen multifuntions Ft: K → cc(K) suh that x ∈ Ft(x) for all x ∈ K,
t ≥ 0 and Ft ◦Fs = Fs ◦Ft for all s, t ≥ 0 if and only if there exist a regular osinefamily {At : t ≥ 0} of ontinuous additive multifuntions At: K → cc(K) suhthat x ∈ At(x) for all x ∈ K, t ≥ 0, At ◦ As = As ◦ At for all s, t ≥ 0 and a set
D ∈ cc(K) with zero for whih onditions

At+s(D) + At−s(D) = 2At(As(D)) for 0 ≤ s ≤ t,

Ft(x) = At(x) +

t
∫

0

( s
∫

0

Au(D) du

)

ds for t ≥ 0hold.Using Lemmas 2, 3, 4 and 5 we obtain the following theorem.Theorem 1Let X be a Banah spae and let K be a losed onvex one with a nonemptyinterior in X. Suppose that {Ft : t ≥ 0} is a regular osine family of ontinuousJensen set-valued funtions Ft: K → cc(K), x ∈ Ft(x) for all x ∈ K, t ≥ 0 and
Ft ◦Fs = Fs ◦Ft for all s, t ≥ 0. Then this osine family is twie di�erentiable and

DFt(x)|t=0 = {0}, D2Ft(x) = At(A(x) + D)for x ∈ K, t ≥ 0, where DFt(x) denotes the Hukuhara derivative of Ft(x) withrespet to t, D ∈ cc(K) with zero, A(x) = D2At(x)|t=0, {At : t ≥ 0} is a regularosine family of ontinuous additive multifuntions (as in Lemma 5 ).



[34℄ Magdalena PiszzekLet K be a losed onvex one with a nonempty interior in X . We onsidera ontinuous multifuntion Φ: [0, +∞) × K → cc(K) Jensen with respet to theseond variable. Aording to Lemma 1 there exist multifuntions AΦ: [0, +∞) ×
K → cc(X) additive with respet to the seond variable and GΦ: [0, +∞) → cc(X)suh that

Φ(t, x) = AΦ(t, x) + GΦ(t) for x ∈ K, t ∈ [0, +∞). (2)Setting x = 0 in (2) we have
Φ(t, 0) = GΦ(t) ∈ cc(K) for t ∈ [0, +∞).Sine AΦ(t, x) + 1

n
GΦ(t) = 1

n
Φ(t, nx) ⊂ K for all n ∈ N and the set K is losed,

AΦ(t, x) ∈ cc(K) for x ∈ K, t ∈ [0, +∞). Moreover, multifuntions AΦ, GΦare ontinuous. Indeed, t 7→ GΦ(t) = Φ(t, 0) is ontinuous. As Φ and GΦ areontinuous, the multifuntion AΦ is also ontinuous.Theorem 1 is a motivation for studying existene and uniqueness of a solution
Φ: [0, +∞) × K → cc(K), whih is Jensen with respet to the seond variable, ofthe following di�erential problem

Φ(0, x) = Ψ(x),

DΦ(t, x)|t=0 = {0},

D2Φ(t, x) = AΦ(t, H(x)),

(3)where H, Ψ: K → cc(K) are given ontinuous Jensen set-valued funtions, DΦ(t, x)denotes the Hukuhara derivative of Φ(t, x) with respet to t and AΦ is the additive,with respet to the seond variable, part of Φ.Definition 1A multifuntion Φ: [0, +∞) × K → cc(K) is said to be a solution of the prob-lem (3) if it is ontinuous, twie di�erentiable with respet to t and Φ satis�es (3)everywhere in [0, +∞) × K and in K, respetively, where H, Ψ: K → cc(K) aretwo given ontinuous Jensen multifuntions.With the problem (3), we assoiate the following equation
Φ(t, x) = Ψ(x) +

t
∫

0

( s
∫

0

AΦ(u, H(x)) du

)

ds (4)for x ∈ K, t ∈ [0, +∞), where H, Ψ: K → cc(K) are given ontinuous Jensenmultifuntions and AΦ is the additive, with respet to the seond variable, partof Φ.Definition 2Let H, Ψ: K → cc(K) be two ontinuous Jensen set-valued funtions. A map
Φ: [0, +∞) × K → cc(K) is said to be a solution of (4) if it is ontinuous andsatis�es (4) everywhere.



On a multivalued seond order differential problem with Jensen multifuntion [35℄Theorem 2Let K be a losed onvex one with a nonempty interior in a Banah spae and let
H, Ψ: K → cc(K) be two ontinuous Jensen multifuntions. Let Φ: [0, +∞)×K →
cc(K) be a given Jensen with respet to the seond variable set-valued funtion.This Φ is a solution of the problem (3) if and only if it is a solution of (4).The proof of Theorem 2 is the same as the proof of Theorem 1 in [5℄.In the proof of the next theorem we use the following lemmas.Lemma 6 ([12℄, Theorem 3)Let X and Y be two normed spaes and let K be a onvex one in X. Supposethat {Fi : i ∈ I} is a family of superadditive lower semiontinuous in K and Q+-homogeneous set-valued funtions Fi: K → n(Y ). If K is of the seond ategoryin K and ⋃i∈I Fi(x) ∈ b(Y ) for x ∈ K, then there exists a onstant M ∈ (0, +∞)suh that

sup
i∈I

‖Fi(x)‖ ≤ M‖x‖ for x ∈ K.Let K be a losed onvex one in X . Applying Lemma 6 we an de�ne thenorm ‖F‖ of a ontinuous additive multifuntion F : K → n(K) to be the smallestelement of the set
{M > 0 : ‖F (x)‖ ≤ M‖x‖, x ∈ K}.Lemma 7Let K be a losed onvex one with a nonempty interior in a Banah spae and let

H, Ψ: K → cc(K) be two ontinuous Jensen multifuntions. Assume that a on-tinuous multifuntion A: [0, T ]×K → cc(K) is additive with respet to the seondvariable. Then the multifuntion
F (t, x) := Ψ(x) +

t
∫

0

( s
∫

0

A(u, H(x)) du

)

ds, (t, x) ∈ [0, T ]× K (5)is Jensen with respet to the seond variable and ontinuous.Proof. The proof is based upon ideas found in the proof of Theorem 2 in thepaper [5℄. Aording to the proof of Theorem 1 in [5℄ we have that the multifun-tion u 7→ A(u, H(x)) is ontinuous for all x ∈ K. We see that every set F (t, x)belongs to cc(K) and F is Jensen with respet to the seond variable.Next we show that F is ontinuous. Let x, y ∈ K and 0 ≤ t1 ≤ t2 ≤ T . Theset
A([0, T ], x) =

⋃

t∈[0,T ]

A(t, x)is ompat (see [1℄, Ch. IV, p. 110, Theorem 3), so it is bounded. Therefore, byLemma 6, there exists a positive onstant MA suh that
‖A(u, a)‖ ≤ MA‖a‖ (6)



[36℄ Magdalena Piszzekfor u ∈ [0, T ] and a ∈ K. This implies that
‖A(u, H(x))‖ ≤ MA‖H(x)‖for u ∈ [0, T ]. Thus

∥

∥

∥

∥

∥

∥

t2
∫

t1

( s
∫

0

A(u, H(x)) du

)

ds

∥

∥

∥

∥

∥

∥

≤

t2
∫

t1

( s
∫

0

‖A(u, H(x))‖ du

)

ds

≤

t2
∫

t1

( s
∫

0

MA‖H(x)‖ du

)

ds (7)
=

t22 − t21
2

MA‖H(x)‖.From Lemma 5 in [11℄ and (6) there exists a positive onstant M0 suh that
h(A(u, a), A(u, b)) ≤ M0‖A(u, ·)‖‖a− b‖ ≤ M0MA‖a − b‖for u ∈ [0, T ] and a, b ∈ K. Therefore,

A(u, a) ⊂ A(u, b) + M0MA‖a − b‖Sfor u ∈ [0, T ] and a, b ∈ K.Let ε > 0 and a ∈ H(x). There exists b ∈ H(y) for whih
‖a − b‖ < d(a, H(y)) +

ε

M0MA

.This shows that for every a ∈ H(x) there exists b ∈ H(y) suh that
A(u, a) ⊂ A(u, b) + M0MAd(a, H(y))S + εS

⊂ A(u, H(y)) + M0MAh(H(x), H(y))S + εS,thus
A(u, H(x)) ⊂ A(u, H(y)) + M0MAh(H(x), H(y))S + εSfor u ∈ [0, T ]. Sine ε > 0 and x, y ∈ K are arbitrary, we obtain

h(A(u, H(x)), A(u, H(y))) ≤ M0MAh(H(x), H(y)).Hene and by properties of the Riemann integral we have
h





t
∫

0

( s
∫

0

A(u, H(x)) du

)

ds,

t
∫

0

( s
∫

0

A(u, H(y)) du

)

ds





≤

t
∫

0

( s
∫

0

h(A(u, H(x)), A(u, H(y))) du

)

ds

≤

t
∫

0

( s
∫

0

M0MAh(H(x), H(y)) du

)

ds

=
t2

2
M0MAh(H(x), H(y)).

(8)



On a multivalued seond order differential problem with Jensen multifuntion [37℄By (5), (7) and (8) we get
h(F (t1, x), F (t2, y))

≤ h(Ψ(x), Ψ(y))

+ h





t1
∫

0

( s
∫

0

A(u, H(x)) du

)

ds,

t2
∫

0

( s
∫

0

A(u, H(y)) du

)

ds





≤ h(Ψ(x), Ψ(y))

+ h





t1
∫

0

( s
∫

0

A(u, H(x)) du

)

ds,

t1
∫

0

( s
∫

0

A(u, H(y)) du

)

ds





+ h



{0},

t2
∫

t1

( s
∫

0

A(u, H(y)) du

)

ds





≤ h(Ψ(x), Ψ(y)) +
t21
2

M0MAh(H(x), H(y)) +
t22 − t21

2
MA‖H(y)‖.This shows that F is a ontinuous set-valued funtion, beause Ψ and H areontinuous.Theorem 3Let K be a losed onvex one with a nonempty interior in a Banah spae andlet H, Ψ: K → cc(K) be two ontinuous Jensen multifuntions. Then there existsexatly one solution, Jensen with respet to the seond variable, of the problem (3).Proof. Fix T > 0. Let E be the set of all ontinuous set-valued funtions

Φ: [0, T ]×K → cc(K) suh that x 7→ Φ(t, x) are Jensen. As it was shown, for Φ ∈ Ethere exist ontinuous multifuntions AΦ: [0, T ]×K → cc(K) additive with respetto the seond variable and GΦ: [0, T ] → cc(K) suh that Φ(t, x) = AΦ(t, x)+GΦ(t)for x ∈ K, t ∈ [0, T ].Let Φ, Π ∈ E be given by
Φ(t, x) = AΦ(t, x) + GΦ(t) and Π(t, x) = AΠ(t, x) + GΠ(t) (9)for (t, x) ∈ [0, T ]×K, where AΦ, AΠ: [0, T ]×K → cc(K) are additive with respetto the seond variable and GΦ(t), GΠ(t) ∈ cc(K). We de�ne a funtional ρ in

E × E as follows
ρ(Φ, Π) = sup{h(AΦ(t, B), AΠ(t, B)) + h(GΦ(t), GΠ(t)) :

0 ≤ t ≤ T, B ∈ cc(K), ‖B‖ ≤ 1}.We see that sets
Ai([0, T ], x) =

⋃

t∈[0,T ]

Ai(t, x), x ∈ K,

Gi([0, T ]) =
⋃

t∈[0,T ]

Gi(t),



[38℄ Magdalena Piszzekwhere i ∈ {Φ, Π} are ompat (see [1℄, Ch. IV, p. 110, Theorem 3), so they arebounded. By Lemma 6 there exist positive onstants MAΦ
and MAΠ

suh that
‖AΦ(t, x)‖ ≤ MAΦ

‖x‖, ‖AΠ(t, x)‖ ≤ MAΠ
‖x‖for t ∈ [0, T ] and x ∈ K. We note that

h(AΦ(t, B), AΠ(t, B)) + h(GΦ(t), GΠ(t))

≤ ‖AΦ(t, B)‖ + ‖AΠ(t, B)‖ + ‖GΦ([0, T ])‖ + ‖GΠ([0, T ])‖

≤ MAΦ
+ MAΠ

+ ‖GΦ([0, T ])‖ + ‖GΠ([0, T ])‖for t ∈ [0, T ] and B ∈ cc(K) suh that ‖B‖ ≤ 1. Thus
ρ(Φ, Π) < +∞,so the funtional ρ is �nite. It is easy to verify that ρ is a metri in E.As the spae (cc(K), h) is a omplete metri spae (see [2℄), (E, ρ) is also aomplete metri spae.We introdue the map Γ whih assoiates with every Φ ∈ E the set-valuedfuntion ΓΦ de�ned by

(ΓΦ)(t, x) := Ψ(x) +

t
∫

0

( s
∫

0

AΦ(u, H(x)) du

)

dsfor (t, x) ∈ [0, T ] × K. We see that every set (ΓΦ)(t, x) belongs to cc(K). ByLemma 7 the multifuntion ΓΦ is Jensen with respet to the seond variable andontinuous. Therefore, Γ: E → E.Now, we prove that Γ has exatly one �xed point. Aording to Lemma 1 wetake the notations Ψ(x) = AΨ(x) + GΨ and H(x) = AH(x) + GH , x ∈ K, where
AΨ, AH : K → cc(K) are additive and GΨ, GH ∈ cc(K). Let Φ, Π ∈ E be of theform (9) and let (t, x) ∈ [0, T ]× K. We observe that

(ΓΦ)(t, x) = Ψ(x) +

t
∫

0

( s
∫

0

AΦ(u, H(x)) du

)

ds

= AΨ(x) + GΨ +

t
∫

0

( s
∫

0

AΦ(u, AH(x)) du

)

ds

+

t
∫

0

( s
∫

0

AΦ(u, GH) du

)

ds,thus the additive part AΓΦ(t, x) of ΓΦ is equal to
AΨ(x) +

t
∫

0

( s
∫

0

AΦ(u, AH(x)) du

)

ds



On a multivalued seond order differential problem with Jensen multifuntion [39℄and similarly
AΓΠ(t, x) = AΨ(x) +

t
∫

0

( s
∫

0

AΠ(u, AH(x)) du

)

ds.Hene and by properties of the Hausdor� metri we have
h(AΓΦ(t, x), AΓΠ(t, x)) + h(GΓΦ(t), GΓΠ(t))

= h





t
∫

0

( s
∫

0

AΦ(u, AH(x)) du

)

ds,

t
∫

0

( s
∫

0

AΠ(u, AH(x)) du

)

ds





+ h





t
∫

0

( s
∫

0

AΦ(u, GH) du

)

ds,

t
∫

0

( s
∫

0

AΠ(u, GH) du

)

ds





≤
t2

2!
ρ(Φ, Π)‖AH(x)‖ +

t2

2!
ρ(Φ, Π)‖GH‖

≤ 2
t2

2!
ρ(Φ, Π)max{‖AH(x)‖, ‖GH‖}.Suppose that

h(AΓnΦ(t, x), AΓnΠ(t, x)) + h(GΓnΦ(t), GΓnΠ(t))

≤ 2
t2n

(2n)!
ρ(Φ, Π)max{‖AH(x)‖, ‖GH‖}n

(10)for some n ∈ N. Then
h(AΓn+1Φ(t, x), AΓn+1Π(t, x)) + h(GΓn+1Φ(t), GΓn+1Π(t))

= h





t
∫

0

( s
∫

0

AΓnΦ(u, AH(x)) du

)

ds,

t
∫

0

( s
∫

0

AΓnΠ(u, AH(x)) du

)

ds





+ h





t
∫

0

( s
∫

0

AΓnΦ(u, GH) du

)

ds,

t
∫

0

( s
∫

0

AΓnΠ(u, GH) du

)

ds





≤

t
∫

0

( s
∫

0

2
u2n

(2n)!
ρ(Φ, Π)max{‖AH(x)‖, ‖GH‖}n+1 du

)

ds

= 2
t2n+2

(2n + 2)!
ρ(Φ, Π)max{‖AH(x)‖, ‖GH‖}n+1.This shows that (10) holds for all n ∈ N. Therefore,

ρ(ΓnΦ, ΓnΠ) ≤ 2
(T 2 max{‖AH‖, ‖GH‖})n

(2n)!
ρ(Φ, Π), n ∈ N.



[40℄ Magdalena PiszzekWe observe that for every T > 0 there exists n ∈ N suh that
2
(T 2 max{‖AH‖, ‖GH‖})n

(2n)!
< 1.By Banah Fixed Point Theorem we get that Γn has exatly one �xed point,whene it follows that Γ has exatly one �xed point. This means that there existsexatly one solution of the problem (3) for (t, x) ∈ [0, T ]× K.Now we give an appliation. Let K be a losed onvex one with a nonemptyinterior in a Banah spae. Suppose that {Ft : t ≥ 0} and {Gt : t ≥ 0} are regularosine families of ontinuous Jensen multifuntions Ft: K → cc(K), Gt: K → cc(K)suh that x ∈ Ft(x), x ∈ Gt(x), Ft ◦ Fs = Fs ◦ Ft, Gt ◦ Gs = Gs ◦ Gt for x ∈ K,

s, t ≥ 0 and
H(x) := D2Ft(x)|t=0 = D2Gt(x)|t=0.Then multifuntions (t, x) 7→ Ft(x) and (t, x) 7→ Gt(x) are Jensen with respet to

x and satisfy (3) with Ψ(x) = {x}. Aording to Theorem 3 we have Ft(x) = Gt(x)for (t, x) ∈ [0, +∞) × K. This means that if two regular osine family as abovehave the same seond order in�nitesimal generator, then there are equal.Referenes[1℄ C. Berge, Topologival Spaes, Oliver and Boyd, Eidenburg and London, 1963.[2℄ C. Castaing, M. Valadier, Convex Analysis and Measurable Multifuntions, Le-ture Notes in Math. 580, Springer�Verlag, Berlin�Heidelberg�New York, 1977.[3℄ M. Hukuhara, Intégration des appliation mesurables dont la valeur est un ompatonvexe, Funkial. Ekva. 10 (1967), 205�223.[4℄ K. Nikodem, K-onvex and K-onave set-valued funtions, Zeszyty Nauk. Po-liteh. �ódz. Mat. 559, Rozprawy Nauk. 144, 1989.[5℄ M. Piszzek, On a multivalued seond order di�erential problem with Hukuharaderivative, Opusula Math. 28 (2008), 151�161.[6℄ M. Piszzek, On osine families of Jensen set-valued funtions, Aeq. Math. 75(2008), 103�118.[7℄ M. Piszzek, On multivalued osine families, J. Appl. Anal. 13 (2007), 57�76.[8℄ M. Piszzek, Seond Hukuhara derivative and osine family of linear set-valuedfuntions, Ann. Aad. Paedagog. Cra. Stud. Math. 5 (2006), 87�98.[9℄ H. Rådström, An embedding theorem for spaes of onvex sets, Pro. Amer. Math.So. 3 (1952), 165�169.[10℄ A. Smajdor On a multivalued di�erential problem, Internat. J. Bifur. Chaos Appl.Si. Engrg. 13 (2003), 1877�1882.[11℄ A. Smajdor, On regular multivalued osine families, Ann. Math. Sil. 13 (1999),271�280.[12℄ W. Smajdor, Superadditive set-valued funtions and Banah-Steinhaus Theorem,Rad. Mat. 3 (1987), 203�214.
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