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The harmonic Dirichlet problem in a planar

domain with cracks

Abstract. The harmonic Dirichlet problem in a planar domain with smooth
cracks of an arbitrary shape is considered in case, when the solution is
not continuous at the ends of the cracks. The well-posed formulation of
the problem is given, theorems on existence and uniqueness of a classical
solution are proved, the integral representation for a solution is obtained.
With the help of the integral representation, the properties of the solution
are studied. It is proved that a weak solution of the Dirichlet problem in
question does not typically exist, though the classical solution exists.

1. Introduction

Boundary value problems in planar domains with cracks are widely used
in physics and in mechanics, and not only in mechanics of solids, but in fluid
mechanics as well, where cracks (or cuts) model wings or screens in fluids.
Integral representation of a classical solution to the harmonic Dirichlet prob-
lem in a planar domain with cracks of an arbitrary shape has been obtained
by the method of integral equations in [5, 4, 3, 2, 6] in case when the solu-
tion is assumed to be continuous at the ends of the cracks. In the present
paper this problem is considered in case when the solution is not continuous
at the ends of the cracks. The well-posed formulation of the boundary value
problem is given, theorems on existence and uniqueness of a classical solu-
tion are proved, the integral representation for a classical solution is obtained.
Moreover, properties of the solution are studied with the help of this integral
representation. It appears that the classical solution to the Dirichlet problem
considered in the present paper exists, while the weak solution typically does
not exist, though both the cracks and the functions specified in the boundary
conditions are smooth enough. This result follows from the fact that the square
of the gradient of a classical solution basically is not itegrable near the ends
of the cracks, since singularities of the gradient are rather strong there. This
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result is very important for numerical analysis, when finite element and finite
difference methods are used to obtain numerical solution. To use difference
methods for numerical analysis one has to localize all strong singularities first
and next to use difference method in a domain excluding the neighbourhoods
of the singularities.

2. Formulation of the problem

By an open curve we mean a simple smooth non-closed arc of finite length
without self-intersections [§].

In a plane with Cartesian coordinates x = (z1,22) € R? we consider a
connected domain D bounded by simple closed curves ', . .. ,F?Vz of class C%*,
A € (0,1]. Tt is assumed that the curves I'?,... ,F?VQ do not have common

points. We set 'Z = Uﬁfil I'2 | therefore D = I'2. We will consider both the
case of an exterior domain D and the case of an interior domain D, when the
curve I'? encloses all others. In the domain D we consider disjoint open curves
Ii,..., T}, of class C**. We set I'! = Ug;l I'l,soT'" € D. We assume that
points of the curves I'!, including endpoints, are interior points of the domain
D. In other words, it is assumed that the closed curves I'? and the open curves
I'' do not have any common points, moreover, endpoints of I'' do not belong
toI'?. Weset T =T UTI?.
We assume that each curve I'J, is parametrized by the arc length s:

Fit :{x: x:x(s) = (xl(s)’lé(s))v s € [aiab‘ﬂ}, n:]-v"'ija J=12

so that aj < by < ... <aj,<by,<ai <b}<...<a},<b}, and the domain
D is placed to the right when the parameter s increases on I'2. The points
z € T and values of the parameter s are in one-to-one correspondence except
the points a2, b2, which correspond to the same point x for n = 1,..., Ny.

Further on, the sets of the intervals

N, N 2 N
Ulan.onl, Ulen.oll, U Ul vl
n=1 n=1 j=1n=1

on the Os-axis will be denoted by I'', I'? and T too.
For j =0,1 and r € [0,1] set

CH(ID) = {F(s) : Fls) € O [ar, br], F™(ap) = F(b7), m=0,....j}

and
. N2
crr(r?) = () ¢T3,

n=1
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The tangent vector to I' at the point z(s), in the direction of growth of the pa-
rameter of s, will be denoted by 7, = (cos a(s), sin «(s)), while the normal vec-
tor coinciding with 7, after counterclockwise rotation by the angle of 7, will be
denoted by n, = (sina(s), — cosa(s)). According to the chosen parametriza-
tion cosa(s) = z)(s), sina(s) = x4(s). Thus, n, is the interior normal to D
on I'’2. By X we denote the point set consisting of the endpoints of I'':

x = | (@(al) Ua(d))):

Let the plane be cut along I''. We consider I'! as a set of cracks (or cuts).
The side of the crack I'', which is situated on the left when the parameter s
increases, will be denoted by (I'!)*, while the opposite side will be denoted by
(rH-.

We say that the function u(x) belongs to the smoothness class K, if

L. ue COD\TI\ X)NCHD\T?), Vue COD\TT\T?\ X);

2. in the neighbourhood of any point x(d) € X the equality
0
lim / (@) 24 gy (1)

r—+0 5nm
aS(d,r)

holds, where the curvilinear integral of the first kind is taken over a circle
05(d,r) of radius r with the center in the point z(d), n, is a normal in
the point z € dS(d,r), and d = al or d =b} , n=1,...,N;.

REMARK 1

By C°(D \ I''\ X) we denote the class of functions continuous in D\ I't, which
are continuously extendable to the sides of the cracks I'' \ X from the left and
from the right, but their limit values on I''\ X can be different from the left and
from the right, so that these functions may have a jump on I'! \ X. To obtain
the definition of the class C°(D \ I''\T'?\ X)) we have to replace C°(D \ I''\ X)
by CO(D\T'\T?\ X) and D\ T'* by D\ I'! in the previous sentence.

PrROBLEM D,
Find a function u(x) from Kj, so that u(x) satisfies Laplace equation

Uz 2, () + Ugga, () = 0, (2a)
in D\ I'! and satisfies the boundary conditions
u($)|x(s)€(1"1)+ = F+(8), u(w)|x(s)€(rl), = F_(S)v u(x)’x(s)eFQ = F(s) (2b)

If D is an exterior domain, then we add the following condition at infinity:

|u(z)| < const, |z| = \/2? + 22 — . (2¢)
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All conditions of the Problem D; must be satisfied in a classical sense. The
boundary conditions (2b) on I'' must be satisfied in the interior points of I'!,
their validity at the ends of I'! is not required.

THEOREM 1
IfT € C** X € (0,1], then there is no more than one solution to the pro-
blem Dy .

It is enough to prove that the homogeneous Problem D admits the trivial
solution only. The proof will be given for an interior domain D. Let u®(x) be a
solution to the homogeneous Problem D with F'*(s) = F~(s) =0, F(s) =0.
Let S(d, €) be a disc of small enough radius ¢, with the center in the point z(d)
(d=a) ord="b),,n=1,.,N1). Let T} _ be a set consisting of such points

of the curve I'} which do not belong to discs S(al,e) and S(bl, ). We choose
a number € so small that the following conditions are satisfied:

1

. 18 a unique non-closed arc for

1) for any 0 < € < ¢ the set of points '
eachn =1,..., Ny;

2) the points belonging to I' \ I'} are placed outside the discs S(al, o),
S(bL,eo) for any n = 1,..., Ny;

3) discs of radius g9 with centers in different ends of I'' do not intersect.

Set
N1 Nl
re=Jr.  S.=JISa,e)us®Le)], D.=D\T"\S..
n=1 n=1

Since I'? € C?*, u%(x) € CO(D\ I'!) (remind that u°(z) € K;), and since
u’lp2 = 0 € C**(T'?), and due to the theorem on regularity of solutions of
elliptic equations near the boundary [1], we obtain: u°(x) € C1(D\T'!). Since
u’(z) € Ky, we observe that u’(z) € C'(D,) for any ¢ € (0,e0]. By C*(D.)
we mean C1(D. UT? U (I'V)* U (T'14)~ U 8S.). Since the boundary of the
domain D, is piecewise smooth, we write down Green’s formula [10, p. 328| for
the function u°(z):

oul\ " oul\ "~
012 _ 0 0\—
IVelizyw.,) = /(“ " (an) ds = /(u) (an) o
I'l,e

1"1,5
ou? ou
0 0
— d dl.
/ Y on, § Y on,
r2 95,

The exterior (with respect to D, ) normal on 9S. at the point z € 95; is denoted
by n,. By the superscripts + and — we denote the limit values of functions
on (I')* and on (I'')~, respectively. Since u(x) satisfies the homogeneous
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boundary condition (2b) on I', we observe that u°|r= = 0 and (u°)*|p1- =0
for any € € (0,&¢]. Therefore

ou?
IVl = [ wgdl e € (0.0

aS.

Setting ¢ — +0, taking into account that u%(z) € K; and using the rela-
tionship (1), we obtain:

||VUO||2L2(D\FI) = EEYEO HVUOH%Q(DE) =0.

From the homogeneous boundary conditions (2b) we conclude that u°(z) = 0
in D\ I'', where D is an interior domain. If D is an exterior domain, then
the proof is analogous, but we have to use the condition (2c) and the theorem
on behaviour of the gradient of a harmonic function at infinity [10, p. 373].
The maximum principle cannot be used for the proof of the theorem even in
the case of the interior domain D, since the solution to the problem may not
satisfy the boundary condition (2b) at the ends of the cracks, and it may not
be continuous at the ends of the cracks.

3. Existence of a classical solution

Let us turn to solving the Problem D, . Consider the double layer harmonic
potential with the density p(s) specified at the open arcs I'':

1 0
- < njz— :
ulilie) = 3= [ o) g e = y(o)] do B
Tt
THEOREM 2
Let Tt € C1* X\ € (0,1]. Let S(d, 5) be a disc of a small enough radius € with
the center in the point x(d) (d =al ord=">bL, n=1,...,Ny).

n’

L Ifu(s) € CONTY), thenw(u](z) € CO(R2\TL\X) and for any x € S(d, €),
such that x ¢ T, the inequality holds: |w(p](z)| < const.

I If pu(s) € CLATY), then
1) Vuwlp(z) € COR?\TT\ X);
2) for any x € S(d,¢), such that x ¢ T'!, the formulae hold

oulpl@) 1 Fuld) )
S dx 2w |z — 2(d)| (@, z(d)) + i (2),

siny(x, z(d)) = T2 xQ(di

|z —a(d)]’
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Jwlul@) 1 Ep(d)

e %m cos(x, x(d)) + Qa(z),

— d
cos p(z.a(d) = TS,
1
|Qj(l‘)\Sconst~ln7|x_x(d)|, j=1,2,

the upper sign in the formulae is taken if d = al , while the lower
sign is taken if d = b} ;
3) for wlu](z) the relationship holds

lim /w[,u]( y2uli@) g,

e—+0 on,
85(d,e)

where the curvilinear integral of the first kind is taken over the circle
0S(d, e); in addition, ny = (— cosy(x, x(d)), — sin(z, z(d))) is the
normal at © € S(d,€), directed to the center of the circle;

4) |Vw(u](z)| belongs to La2(S(d,€)) for any small € > 0 if and only if
p(d) = 0.

Class C°(R2\ T'1\ X) is defined in the remark to the definition of the class

1 (Remark 1), if we set D = R2. The proof of the theorem is based on the
representation of a double layer potential in the form of the real part of the
Cauchy integral with the real density u(o):

wl(e) = ~Re®(),  B()= = [ulo)F T s=wtin,
Fl
where t = t(0) = (y1(0) + iy2(c)) € TL. If u(o) € CLA(TY), then for z ¢ T'L:
dd(z)

o .
= wxl—i—zw“

() )

Points I, I1.1) and I1.2) of Theorem 2 follow from these formulae and from the
properties of Cauchy integrals, presented in [8]. Points I1.3) and I1.4) can be
proved by direct verification using points I, II.1) and II.2).

We will construct a solution to the Problem D; in assumption that
Ft(s), F~(s) € CYMNTY), A € (0,1], F(s) € C°(T?). We will look for a so-
lution to the Problem D; of the form

u(z) = —w[F" — F7](z) + v(z), (4)

dz
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where w[F™ — F~](z) is the double layer potential (3), in which
u(e) = F*(0) — F~ (o).

The potential w[FT — F~](x) satisfies the Laplace equation (2a) in D\ T'! and
belongs to the class K; according to Theorem 2. Limit values of the potential
w[F+ — F~](z) on (I'")* are given by the formula

Fr(s) = F(s)

+ - _
’U)[F —F ]($)|x(s)e(1"1)i =+ 2

+w[FT = F7)(x(s)),

where w[F™ — F~](z(s)) is the direct value of the potential on T'!.
The function v(z) in (4) must be a solution to the following problem.

PROBLEM D _
Find a function v(z) € C°(D)NC?(D\TI'!), which satisfies the Laplace equation
(2a) in the domain D \ T'! and satisfies the boundary conditions

*(s (s
0@ ere = T it (s = £(6)

0(@)]yyers = F(3) + w[FT = F7)(a(s)) = f(s).

If z(s) € 'Y, then w[FT — F~](z(s)) is the direct value of the potential on I'L.
If D is an exterior domain, then we add the following condition at infinity:

22
— ) - -
|v(x)] < const || i + x5 — 00

All conditions of the Problem D have to be satisfied in the classical sense.
Obviously, w[F+ — F~](x(s)) € C°(I'?). It follows from [7, Lemma 4(1)] that
w[Ft — F](z(s)) € C3 (I') (here by w[FT — F~](z(s)) we mean the direct
value of the potential on T'). So, f(s) € 13 (I'!) and f(s) € CO(I'2).

We will look for the function v(x) in the smoothness class K. We say that
the function v(z) belongs to the smoothness class K if

1. v(x) € COD)NC?(D\T1), Vo € CO(D\T1\T?\ X), where X is the
set consisting of the endpoints of I'!;

2. in a neghbourhood of any point z(d) € X the inequality
V| < Clz — x(d)[°

holds for some constants C > 0, § > —1, where z — z(d) and d = a}, or
d=b . n=1,....N;.

n?
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The definition of the functional class CY(D\T'1 \ I'? \ X) is given in the
remark to the definition of the smoothness class K; (Remark 1). Clearly,
K Cc K;.

It can be verified directly that if v(z) is a solution to the Problem D in the
class K, then the function (4) is a solution to the Problem Dy .

THEOREM 3
LetT € C%%, f(s) € CY3(TY), A € (0,1], f(s) € CO(T2). Then the solution
to the Problem D in the smoothness class K exists and is unique.

Theorem 3 has been proved in the following papers: 1) in [5, 4], if D is
an interior domain; 2) in [3], if D is an exterior domain and I'? # ; 3) in
[2, 6], if T? = () and so D = R? is an exterior domain. In all these papers,
the integral representations for the solution to the Problem D in the class K
are obtained in the form of potentials, densities of which are defined by the
uniquely solvable Fredholm integro-algebraic equations of the second kind and
index zero. Uniqueness of a solution to the Problem D is proved either by
the maximum principle or by the method of energy (integral) identities. In
the latter case we take into account that a solution to the problem belongs to
the class K. Note that the Problem D is a particular case of more general
boundary value problems studied in [4, 3, 2, 6].

Note that Theorem 3 holdsif I' € C?*, F+(s), F~(s) € CYA(T1), A € (0,1],
F(s) € C°(I'?). From Theorems 2, 3 we obtain the solvability of the pro-
blem D;.

THEOREM 4

Let T € C**, Ft(s),F~(s) € CLMTY), A € (0,1], F(s) € C°(T'?). Then a
solution to the Problem Dy exists and is given by the formula (4), where v(x)
1s a unique solution to the Problem D in the class K, ensured by Theorem 3.

REMARK 2

Let us check that the solution to the Problem D; given by formula (4) satisfies
condition (1). Let d = al or d = bl (n = 1,...,N;) and r be small enough.
Then substituting (4) in the integral in (1) we obtain

ou(x) . ow(x) ov(z)
u(x) o, dl = / w(zx) o, dl — / w(z) o, dl
85(d,r) a5(d,r) a5(d,r)
ow(x) ov(x)
- / v(m)a—nm dl + / v(z) . dl.
a5(d,r) o5(d,r)

If » — 0, then the first term tends to zero by Theorem 2(I1.3). As mentioned
above, v(z) € K C K, therefore the condition (1) holds for the function v(z),
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so the fourth term tends to zero as r — 0. The second term tends to zero as
r — 0, since w(z) is bounded at the ends of I'! according to Theorem 2(I), and
since v(z) satisfies condition 2) in the definition of the class K. Noting that
v(z) is continuous at the ends of I'! due to the definition of the class K, and
using Theorem 2(I1.2) for calculation of 35{59”) in the third term, we deduce that
the third term tends to zero when r — 0 as well. Consequently, the equality
(1) holds for the solution to the Problem D; constructed in Theorem 4.

Uniqueness of a solution to the Problem D; follows from Theorem 1. The
solution to the Problem D; found in Theorem 4 is, in fact, a classical solution.
Let us discuss, under which conditions this solution to the Problem D1 is not
a weak solution.

L. Non-existence of a weak solution

Let u(x) be a solution to the Problem D; defined in Theorem 4 by the
formula (4). Consider the disc S(d,e) with the center in the point z(d) € X
and of radius € > 0 (d =al, ord =bL, n=1,..., N1). In doing so, ¢ is a fixed
positive number, which can be taken small enough. Since v(z) € K, we have
v(z) € La(S(d,€)) and |Vu(z)| € L2(S(d,¢e)) (this follows from the definition
of the smoothness class K). Let # € S(d,¢) and = ¢ T'!. It follows from (4)
that |Vw[p](z)] < |Vu(z)| + |Vo(z)|, whence

Vwlp)(@)* < [Vu(@)? + [Vo(@)]? + 2[Vu(@)] - [Vo()|
< 2(|Vu(@)? + |Vo(@)[?).

Assume that |Vu(x)| belongs to La(S(d,€)); then, integrating this inequality
over S(d,e), we obtain

IVl sa.ey < 20Vl sy + 1V 1y sqaen):

Consequently, if |Vu(z)| € L2(S(d,€)), then |Vw| € La(S(d,€)). However, ac-
cording to Theorem 2, if F*(d) — F~(d) # 0, then |Vw| does not belong to
Ly(S(d,e)). Therefore, if F*(d) # F~(d), then our assumption that |Vu| €
L2(S(d,e)) does not hold, ie., |Vu| ¢ La(S(d,e)). Thus, if among num-
bers ai,...,aly,, bi, ..., b}, there exists such a number d that F*(d) # F~(d),
then for some ¢ > 0 we have |Vu| ¢ L3(S(d,e)) = L2(S(d,e) \ T), so
u ¢ Wi(S(d,e) \ T't), where W4 is a Sobolev space of functions from Lo,
which have generalized derivatives from L. We have proved the following
result.

THEOREM 5

Let conditions of Theorem 4 be satisfied and assume that there exists a number
de{aq,..,ay,,bi,...,by, } such that F*(d) # F~(d). Then the solution to the
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Problem D1, ensured by Theorem 4, does not belong to W3(S(d,e) \ T!) for
some € > 0, whence it follows that it does not belong to Wy ,,.(D\T"). Here
S(d,€) is a disc of a radius € with the center in the point x(d) € X.

By Wy ,,.(D\T") we denote the class of functions which belong to Wy on
any bounded subdomain of D\ T'!. If conditions of Theorem 5 hold, then the
unique solution to the Problem D; , constructed in Theorem 4, does not belong
t0 Wy 10e(D\ I'!), and so it is not a weak solution. We arrive to

COROLLARY
Let conditions of Theorem 5 be satisfied; then a weak solution to the Problem D1
in the class of functions Wy, (D \T") does not ewist.

REMARK 3
Even if the number d, mentioned in Theorem 5, does not exist, then the solution
u(x) to the Problem D1, ensured by Theorem 4, may not be a weak solution to
the Problem D, . The Hadamard example of a non-existence of a weak solution
to the harmonic Dirichlet problem in a disc with continuous boundary data is
given in [9, §12.5] (the classical solution exists in this example).

Clearly, Lo(D \ T') = L(D), since I'! is a set of zero measure.
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