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P (1, 4)

VXWZY\[ ] ^`_ [ a
It is established which functional bases of the first-order differen-

tial invariants of the splitting and non-splitting subgroups of the Poincaré
group P (1, 4) are invariant under the subgroups of the extended Galilei
group G̃(1, 3) ⊂ P (1, 4). The obtained sets of functional bases are clas-
sified according to dimensions.

bdcfe gXh\i`j0k0l0m`h\n j0g
It is well known (see, for example, [10, 11, 12, 13]), that functional bases

of differential invariants of Lie groups of the point transformations play an im-
portant role in group analysis of differential equations, theorethical and math-
ematical physics, geometry, etc.

The group P (1, 4) is the group of rotations and translations of the five-
dimensional Minkowski space M(1, 4). Some applications of this group in the
theoretical and mathematical physics can be found in [7, 8, 9].

Continuous subgroups of the group P (1, 4) have been described in [3, 4, 6].
One of important consequences of the study of the non-conjugate subalgebras
of the Lie algebra of the group P (1, 4) is that the Lie algebra of the group
P (1, 4) contains, as subalgebras, the Lie algebra of the Poincaré group P (1, 3)
(group symmetry of relativistic physics) and the Lie algebra of the extended

Galilei group G̃(1, 3) (group symmetry of non-relativistic physics) (see also [7]).
Recently the functional bases of the first-order differential invariants for

all continuous subgroups of the group P (1, 4) have been constructed. Some of
them can be found in [2, 1].

The present paper is devoted to the classification of the functional bases
of the first-order differential invariants of continuous subgroups of the group
P (1, 4). It is established which functional bases of the first-order differential
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invariants of the splitting and non-splitting subgroups of the group P (1, 4) are

invariant under the subgroups of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).
The obtained sets of functional bases are classified according to dimensions.

In order to present some of obtained results, we consider the Lie algebra of
the group P (1, 4).

� cf�"�0���Xn ���B� �0�0�0i`��jX� h\�0���0i`j0l0�
P (1, 4)

�Bg0k�n h\��g0j0g0�\mXj0g`�\l0�0��h\���0l0�0�B� �0�0�0i`�B�
The Lie algebra of the group P (1, 4) is given by the 15 basis elements

Mµν = −Mνµ (µ, ν = 0, 1, 2, 3, 4) and P ′

µ (µ = 0, 1, 2, 3, 4), satisfying the com-
mutation relations

[
P ′

µ , P ′

ν

]
= 0,

[
M ′

µν , P ′

σ

]
= gµσP ′

ν − gνσP ′

µ ,
[
M ′

µν , M ′

ρσ

]
= gµρM

′

νσ + gνσM ′

µρ − gνρM
′

µσ − gµσM ′

νρ ,

where g00 = −g11 = −g22 = −g33 = −g44 = 1, gµν = 0, if µ 6= ν. Here, and in
what follows, M ′

µν = iMµν .
All non-conjugate subalgebras of the Lie algebra of the group P (1, 4) are

divided into splitting and non-splitting ones.
Splitting subalgebras Pi,a of the Lie algebra of the group P (1, 4) can be

written in the following form:

Pi,a = Fi

◦

+ Nia ,

where Fi are subalgebras of the Lie algebra of the group O(1, 4), Nia are sub-

algebras of the Lie algebra of the translations group T (5) ⊂ P (1, 4) and
◦

+ is
the semi-direct sum.

Non-splitting subalgebras P̃j,k are subalgebras, for which a basis can be
chosen in the form:

B̃k = Bk +
∑

i

ckiXi ,
∑

j

drjXj ,

where cki and drj are fixed real constants (not equal zero simultaneously). Bk

are bases of subalgebras of the Lie algebra of the group O(1, 4), Xi are bases
of subalgebras of the Lie algebra of the group T (5).

We consider the following representation of the Lie algebra of the group
P (1, 4):

P ′

0
=

∂

∂x0

, P ′

1
= −

∂

∂x1

, P ′

2
= −

∂

∂x2

, P ′

3
= −

∂

∂x3

, P ′

4
= −

∂

∂x4

,

M ′

µν = − (xµP ′

ν − xνP ′

µ).
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Further, we will use the following basis elements:

G = M ′

40
,

L1 = M ′

32 , L2 = −M ′

31 , L3 = M ′

21 ,

Pa = M ′

4a − M ′

a0
, (a = 1, 2, 3),

Ca = M ′

4a + M ′

a0 , (a = 1, 2, 3),

X0 =
1

2
(P ′

0 − P ′

4), Xk = P ′

k (k = 1, 2, 3), X4 =
1

2
(P ′

0 + P ′

4).

The Lie algebra of the group G̃(1, 3) is generated by the following basis ele-
ments:

L1 , L2 , L3 , P1 , P2 , P3 , X0 , X1 , X2 , X3 , X4 .

�0cf�"�0� �\n i`�Xh\�\j0i`k0�0i�k0n � �\�0i`�0gXh\n �B�/n g;¡@�Bi`n �BgXh\�¢jX���0�0� n h h\n g0�¢�0l0�0�0i`j0l0�0�£jX�Qh\�0�£�0i`j0l0�
P (1, 4)

The first-order differential invariants J of any non-conjugate k-parametrical
subgroup of the group P (1, 4) can be obtained as solutions of the following
systems of differential equations:





X̃1J(x0, x1, x2, x3, x4, u, u0, u1, u2, u3, u4) = 0,

X̃2J(x0, x1, x2, x3, x4, u, u0, u1, u2, u3, u4) = 0,
...

X̃kJ(x0, x1, x2, x3, x4, u, u0, u1, u2, u3, u4) = 0,

where {X̃1, X̃2, . . . , X̃k, (k = 1, . . . , 12, 15)} are one times prolonged basis op-
erators of any k-dimensional subalgebras of the Lie algebra of group P (1, 4), u

is an arbitrary smooth function on M(1, 4), uµ ≡ ∂u
∂xµ

, µ = 0, 1, 2, 3, 4.

Any solution of this system can be written in the following form:

J(x0, x1, x2, x3, x4, u, u0, u1, u2, u3, u4) = F (J1, J2, . . . , Jt),

where {J1, J2, . . . , Jt} is a functional basis of the first-order differential invari-
ants of the considered subalgebra, F is an arbitrary smooth function. In this
formula

Ji = Ji(x0, x1, x2, x3, x4, u, u0, u1, u2, u3, u4), i = 1, . . . , t.

More details about solutions construction of the above mentioned type
systems as well as the solved examples can be found in [10, 12, 13].

Using the prolongation theory (see, for example, [12, 13]) we have con-
structed the first prolongation for basis operators of the Lie algebra of the
group P (1, 4). One times prolonged bases operators of the Lie algebra of the
group P (1, 4) have the following form:
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G̃ = − x4

∂

∂x0

− x0

∂

∂x4

+ u4

∂

∂u0

+ u0

∂

∂u4

,

L̃1 = x3

∂

∂x2

− x2

∂

∂x3

+ u3

∂

∂u2

− u2

∂

∂u3

,

L̃2 = − x3

∂

∂x1

+ x1

∂

∂x3

− u3

∂

∂u1

+ u1

∂

∂u3

,

L̃3 = x2

∂

∂x1

− x1

∂

∂x2

+ u2

∂

∂u1

− u1

∂

∂u2

,

P̃1 = x1

∂

∂x0

+ (x0 + x4)
∂

∂x1

− x1

∂

∂x4

− u1

∂

∂u0

− (u0 − u4)
∂

∂u1

− u1

∂

∂u4

,

P̃2 = x2

∂

∂x0

+ (x0 + x4)
∂

∂x2

− x2

∂

∂x4

− u2

∂

∂u0

− (u0 − u4)
∂

∂u2

− u2

∂

∂u4

,

P̃3 = x3

∂

∂x0

+ (x0 + x4)
∂

∂x3

− x3

∂

∂x4

− u3

∂

∂u0

− (u0 − u4)
∂

∂u3

− u3

∂

∂u4

,

C̃1 = − x1

∂

∂x0

− (x0 − x4)
∂

∂x1

− x1

∂

∂x4

+ u1

∂

∂u0

+ (u0 + u4)
∂

∂u1

− u1

∂

∂u4

,

C̃2 = − x2

∂

∂x0

− (x0 − x4)
∂

∂x2

− x2

∂

∂x4

+ u2

∂

∂u0

+ (u0 + u4)
∂

∂u2

− u2

∂

∂u4

,

C̃3 = − x3

∂

∂x0

− (x0 − x4)
∂

∂x3

− x3

∂

∂x4

+ u3

∂

∂u0

+ (u0 + u4)
∂

∂u3

− u3

∂

∂u4

,

X̃0 =
1

2

(
∂

∂x0

+
∂

∂x4

)
, X̃1 = −

∂

∂x1

, X̃2 = −
∂

∂x2

,

X̃3 = −
∂

∂x3

, X̃4 =
1

2

(
∂

∂x0

−
∂

∂x4

)
.

In the mentioned above denotations this basis can be written as {X̃1, X̃2, . . . ,

X̃15}.
Going through the list of all non-conjugate subalgebras of the Lie algebra

of the group P (1, 4) presented in [5] one derives that the set of functional bases
of the first-order differential invariants of the splitting subgroups of the group
P (1, 4) contains 99 ones which are invariant under the splitting subgroups of the

extended Galilei group G̃(1, 3) ⊂ P (1, 4). It is impossible to present all these
bases here. Therefore, below we give only a short review of the results obtained.
In each example we write the basis elements of the splitting subalgebras of the
Lie algebra of the group G̃(1, 3) and their functional basis.
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1. There is 1 three-dimensional functional basis

〈X1 ≡ P1 , X2 ≡ P2 , X3 ≡ P3 , X4 ≡ X0 , X5 ≡ X1 , X6 ≡ X2 ,

X7 ≡ X3 , X8 ≡ X4〉,

〈X1 ≡ L3 − P3 , X2 ≡ P1 , X3 ≡ P2 , X4 ≡ X0 , X5 ≡ X1 ,

X6 ≡ X2 , X7 ≡ X3 , X8 ≡ X4〉,

〈X1 ≡ L3 , X2 ≡ P1 , X3 ≡ P2 , X4 ≡ P3 , X5 ≡ X0 , X6 ≡ X1 ,

X7 ≡ X2 , X8 ≡ X3 , X9 ≡ X4〉,

〈X1 ≡ L1 , X2 ≡ L2 , X3 ≡ L3 , X4 ≡ P1 , X5 ≡ P2 , X6 ≡ P3 ,

X7 ≡ X0 , X8 ≡ X1 , X9 ≡ X2 , X10 ≡ X3 , X11 ≡ X4〉,

J1 = u, J2 = u2

0
− u2

1
− u2

2
− u2

3
− u2

4
, J3 = u0 − u4 ;

uµ ≡
∂u

∂xµ

, (µ = 0, 1, 2, 3, 4).

2. There are 4 four-dimensional functional bases. For example

〈X1 ≡ L3 , X2 ≡ P3 , X3 ≡ X0 , X4 ≡ X1 , X5 ≡ X2 , X6 ≡ X3 ,

X7 ≡ X4〉,

J1 = u, J2 = u2

0 − u2

1 − u2

2 − u2

3 − u2

4 ,

J3 = u0 − u4 , J4 = u2

1
+ u2

2
.

3. There are 12 five-dimensional functional bases. For example

〈X1 ≡ P1 , X2 ≡ P2 , X3 ≡ X1 , X4 ≡ X2 , X5 ≡ X3 , X6 ≡ X4〉,

〈X1 ≡ L3 , X2 ≡ P1 , X3 ≡ P2 , X4 ≡ X1 , X5 ≡ X2 , X6 ≡ X3 ,

X7 ≡ X4〉,

J1 = u, J2 = u2
0 − u2

1 − u2
2 − u2

3 − u2
4 , J3 = x0 + x4 ,

J4 = u3 , J5 = u0 − u4 .

4. There are 19 six-dimensional functional bases. For example

〈X1 ≡ L1 , X2 ≡ L2 , X3 ≡ L3 , X4 ≡ X0 , X5 ≡ X4〉,

J1 = u, J2 = u2
0 − u2

1 − u2
2 − u2

3 − u2
4 ,

J3 = (x2
1 + x2

2 + x2
3)

1

2 , J4 = x1u1 + x2u2 + x3u3 ,

J5 = u0 , J6 = u4 .

5. There are 26 seven-dimensional functional bases. For example

〈X1 ≡ P3 , X2 ≡ X0 , X3 ≡ X3 , X4 ≡ X4〉,



o0¥�q0r s"rdtvuvwvx=y{zZ|v}v~Z��q0r � rvtvuvwvx=y{zZ|v}v~
J1 = u, J2 = u2

0
− u2

1
− u2

2
− u2

3
− u2

4
, J3 = x1 ,

J4 = x2 , J5 = u1 , J6 = u2 ,

J7 = u0 − u4 .

6. There are 20 eight-dimensional functional bases. For example

〈X1 ≡ L3 , X2 ≡ X0 , X3 ≡ X4〉,

J1 = u, J2 = u2

0
− u2

1
− u2

2
− u2

3
− u2

4
, J3 = x3 ,

J4 = (x2

1
+ x2

2
)

1

2 , J5 = x1u2 − x2u1 , J6 = u0 ,

J7 = u3 , J8 = u4 .

7. There are 11 nine-dimensional functional bases. For example

〈X1 ≡ L3 − P3 , X2 ≡ X4〉,

J1 = u, J2 = u2

0
− u2

1
− u2

2
− u2

3
− u2

4
,

J3 = x0 + x4 , J4 = (x2

1
+ x2

2
)

1

2 ,

J5 = arctan
x1

x2

+
x3

x0 + x4

, J6 = x1u2 − x2u1 ,

J7 =
x3

x0 + x4

+
u3

u0 − u4

, J8 = u0 − u4 ,

J9 = u2

1
+ u2

2
.

8. There are 6 ten-dimensional functional bases. For example

〈X1 ≡ P3〉,

J1 = u, J2 = u2

0
− u2

1
− u2

2
− u2

3
− u2

4
,

J3 = x1 , J4 = x2 ,

J5 = x0 + x4 , J6 = (x2

0
− x2

3
− x2

4
)

1

2 ,

J7 = (x0 + x4)u3 + (u0 − u4)x3 , J8 = u0 − u4 ,

J9 = u1 , J10 = u2 .

¦"cf�"�0���\n i`�Xh\�\j0i`k0�0i�k0n � �\�0i`�0gXh\n �B�§n g;¡@�Bi`n �BgXh\�7jX�§h\�0�7g0j0g0�\�0�0� n h h\n g0�7�0l0�0�0i`j0l0�0�'jX�§h\�0�
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P (1, 4)

As in the Section 3, it is established that the set of functional bases of the
first-order differential invariants of the non-splitting subgroups of the group
P (1, 4) contains 158 ones which are invariant under the non-splitting subgroups

of the extended Galilei group G̃(1, 3) ⊂ P (1, 4). It is impossible to present all
these bases here. Therefore, below we give only a short review of the results
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obtained. In each example we write the basis elements of the non-splitting
subalgebras of the Lie algebra of the group G̃(1, 3) and their functional basis.

1. There is 1 three-dimensional functional basis

〈X1 ≡ L3 − X0 , X2 ≡ P1 , X3 ≡ P2 , X4 ≡ P3 , X5 ≡ X1 ,

X6 ≡ X2 , X7 ≡ X3 , X8 ≡ X4〉,

〈X1 ≡ P1 , X2 ≡ P2 , X3 ≡ P3 + X0 , X4 ≡ L3 + βX0 ,

X5 ≡ X1 , X6 ≡ X2 , X7 ≡ X3 , X8 ≡ X4〉, β < 0,

J1 = u, J2 = u0 − u4 , J3 = u2

0
− u2

1
− u2

2
− u2

3
− u2

4
;

uµ ≡
∂u

∂xµ

, (µ = 0, 1, 2, 3, 4).

2. There are 5 four-dimensional functional bases. For example

〈X1 ≡ L3 + d3X3 , X2 ≡ P1 , X3 ≡ P2 , X4 ≡ X0 , X5 ≡ X1 ,

X6 ≡ X2 , X7 ≡ X4〉, d3 < 0,

〈X1 ≡ L3 − X0 , X2 ≡ P1 , X3 ≡ P2 , X4 ≡ X1 , X5 ≡ X2 ,

X6 ≡ X3 , X7 ≡ X4〉,

J1 = u, J2 = u3 , J3 = u0 − u4 , J4 = u2

0
− u2

1
− u2

2
− u2

4
.

3. There are 12 five-dimensional functional bases. For example

〈X1 ≡ P1 + βX3 , X2 ≡ P2 , X3 ≡ P3 + X0 , X4 ≡ X1 ,

X5 ≡ X2 , X6 ≡ X4〉, β > 0,

J1 = u, J2 = (x0 + x4) +
u3

u0 − u4

,

J3 = (x0 + x4)
2 − 2x3 + 2β

u1

u0 − u4

, J4 = u0 − u4 ,

J5 = u2

0
− u2

1
− u2

2
− u2

3
− u2

4
.

4. There are 34 six-dimensional functional bases. For example

〈X1 ≡ L3 + dX3 , X2 ≡ P3 , X3 ≡ X1 , X4 ≡ X2 , X5 ≡ X4〉, d < 0,

J1 = x0 + x4 , J2 = u, J3 = x3 + d arctan
u1

u2

+ u3

x0 + x4

u0 − u4

,

J4 = u0 − u4 , J5 = u2
1 + u2

2 , J6 = u2
0 − u2

3 − u2
4 .

5. There are 49 seven-dimensional functional bases. For example

〈X1 ≡ P1 + δX3 , X2 ≡ P2 + X3 , X3 ≡ X1, X4 ≡ X4〉, δ > 0,
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J1 = x0 + x4 , J2 = u, J3 =
x2

x0 + x4

+
u2

u0 − u4

,

J4 =
δu1 + u2

u0 − u4

− x3 , J5 = u3 , J6 = u0 − u4 ,

J7 = u2
0 − u2

1 − u2
2 − u2

4 .

6. There are 32 eight-dimensional functional bases. For example

〈X1 ≡ P3 + X0 , X2 ≡ X1 , X3 ≡ X4〉,

J1 = x2 , J2 = (x0 + x4)
2 − 2x3 , J3 = u,

J4 = (x0 + x4) +
u3

u0 − u4

, J5 = u1 , J6 = u2 ,

J7 = u0 − u4 , J8 = u2
0 − u2

3 − u2
4 .

7. There are 19 nine-dimensional functional bases. For example

〈X1 ≡ L3 − X4 , X2 ≡ X3〉,

J1 = x0 + x4 , J2 = (x2

1
+ x2

2
)

1

2 , J3 = u,

J4 = x1u2 − x2u1 , J5 = arctan
u1

u2

+ x0 − x4 , J6 = u0 ,

J7 = u3 , J8 = u4 , J9 = u2

1
+ u2

2
.

8. There are 6 ten-dimensional functional bases. For example

〈X1 ≡ L3 − P3 + α0X0〉, α0 < 0,

J1 = (x2
1 + x2

2)
1

2 , J2 = (x0 + x4)
2 + 2α0x3 ,

J3 = x1u2 − x2u1 , J4 = α0 arctan
x1

x2

− x0 − x4 ,

J5 = x0 + x4 − α0

u3

u0 − u4

, J6 = 2(x0 + x4)
3 + 6α0x3(x0 + x4)

+ 3α2
0(x0 − x4),

J7 = u, J8 = u0 − u4 ,

J9 = u2
1 + u2

2 , J10 = u2
0 − u2

3 − u2
4 .

As we see there are not the functional bases with dimensions less than 3
as well as ones with dimensions bigger than 10. It follows from using of the
theorem on invariants of Lie groups of the point transformations for all non-
conjugate subgroups of the extended Galilei group G̃(1, 3) ⊂ P (1, 4). More
details about this theorem can be found in [12, 13].

The results obtained can be used for the construction and investigation of
classes of first–order differential equations (defined in the space M(1, 4)×R(u))
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invariant under continuous subgroups of the group G̃(1, 3) ⊂ P (1, 4). R(u) is
the axis of the dependent variable u.
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