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Let D be a regular closed set in the open subspace G ⊂ R

n

and Cm(D) be the space of functions f |D such that f ∈ Cm(G). The
representation formulas for locally defined operators mapping Cm(D)
into C0(D) and into C1(D) are given.

jlknm oapdqhr0s0t0uhpdv r0o

For a real interval I ⊂ R and a nonnegative integer m, we denote by Cm(I)
the set of all m-times continuously differentiable functions ϕ: I −→ R. An
operator K:Cm(I) −→ C0(I) or Cm(I) −→ C1(I) is said to be locally defined
if for every two functions ϕ, ψ ∈ Cm(I) and for every open subinterval J ⊂ I

the relation ϕ|J = ψ|J implies that K(ϕ)|J = K(ψ)|J . Answering a question
posed by F. Neuman, the authors of [1] gave a representation formula for locally
defined operatorsK:Cm(I) −→ C0(I). Namely, they proved that: every locally

defined operator K:Cm(I) → C0(I) must be of the form

K(ϕ)(x) = h(x, ϕ(x), ϕ′(x), . . . , ϕ(m)(x))

for a certain function h: I × R
m+1 −→ R. Moreover, they proved that every

locally defined operator K:Cm(I) −→ C1(I) must be of the form

K(ϕ)(x) = h(x, ϕ(x), . . . , ϕ(m−1)(x)).

In this paper we generalize this result showing that analogous representation
theorems hold true for locally defined operators K:Cm(D) −→ C0(D) and
Cm(D) into C1(D), where D is a regular closed set in the open subspace
G ⊂ R

n and Cm(D) is the space of functions f |D such that f ∈ Cm(G). The
proofs of our theorems are similar in spirit to the proofs of Theorems 2 and 3
in [1].
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Let N0 be a set of nonnegative integers and let N
n
0 :=

∏n

i=1 N0 for n ∈ N.
In this paper, for k = (k1, . . . , kn) ∈ N

n
0 and i = (i1, . . . , in) ∈ N

n
0 , we put

|k| := k1 + . . .+ kn ,

k! := (k1!) · . . . · (kn!),

k + i := (k1 + i1, . . . , kn + in),

k − i := (k1 − i1, . . . , kn − in) for all i ≤ k,

where the notation i ≤ k means that is ≤ ks for every s ∈ {1, . . . , n}.
Moreover, for i = (i1, . . . , in) ∈ N

n
0 and x = (x1, . . . , xn) ∈ R

n, we put

xi := xi1
1 · . . . · xin

n and ‖x‖ :=

√

√

√

√

n
∑

i=1

x2
i .

As a consequence of the Whitney Extension Theorem (cf. [2]) we get the
following lemma.

Lemma 1
Let B ⊂ R

n be a compact set with only one cluster point z ∈ R
n. Suppose that

m ∈ N0 and

{fk | fk : B 7−→ R, k ∈ N
n
0 , |k| ≤ m} where f (0,...,0) = f

is a family of functions satisfying the condition

fk(x) −
∑

|i|≤m−|k|

fk+i(z)

i!
(x− z)i = o(‖x− z‖m−|k|) as x → z (1)

for all x ∈ B, |k| ≤ m, k ∈ N
n
0 . If for some α > 0,

x 6= y =⇒ ‖x− y‖ ≥ αmax{‖x− z‖, ‖y − z‖}, x, y ∈ B,

then there exists a function g of the class Cm on R
n satisfying the condition

∂|k|g

∂xk1
1 . . . ∂x

kn
n

(x) = fk(x) for all x ∈ B, k ∈ N
n
0 and |k| ≤ m. (2)
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Let G be a nonempty and open set in the Euclidean space R
n. By Cm(G)

we denote the space of m-times continuously differentiable functions on G.
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Definition 1
Let G be an open set in the Euclidean space R

n and let D ⊂ G be a regular
closed set in the subspace G, i.e., D = G ∩ cl intD. A function f :D −→ R is
said to be of the class Cm on D if there exists a function g ∈ Cm(G) such that
g|D = f , i.e.,

Cm(D) = {f |D : f ∈ Cm(G)}.

Let Ji ⊂ R, i = 1, . . . , n, be open (closed) intervals. A set J ⊂ R
n,

J =
n

∏

i=1

Ji ,

the Cartesian product of the intervals Ji , will be called an open (closed) inter-

val in R
n.

Now, we introduce the definition of locally defined operators of the type
K:Cm(D) −→ Ck(D).

Definition 2
Let m, k ∈ N0 and let D be a regular closed set in the open subspace G ⊂ R

n.

An operator K:Cm(D) −→ Ck(D) is said to be locally defined if for every two
functions ϕ, ψ ∈ Cm(D) and for every open interval J ⊂ R

n

ϕ|D∩J = ψ|D∩J =⇒ K(ϕ)|D∩J = K(ψ)|D∩J .

We shall need the following lemma.

Lemma 2 (cf. [3], Theorem)
Let m, k ∈ N0 and a closed interval D ⊂ R

n be fixed and let K:Cm(D) −→

Ck(D) be a locally defined operator. Then for every xo ∈ D, ϕ, ψ ∈ Cm(D), if

∂|j|ϕ

∂x
j1
1 . . . ∂x

jn
n

(xo) =
∂|j|ψ

∂x
j1
1 . . . ∂x

jn
n

(xo) for all j ∈ N
n
0 , |j| ≤ m,

then

∂|i|K(ϕ)

∂xi1
1 . . . ∂x

in
n

(xo) =
∂|i|K(ψ)

∂xi1
1 . . . ∂x

in
n

(xo) for all i ∈ N
n
0 , |i| ≤ k.

Before formulating the main theorems we have to introduce the following
notation. Let m ∈ N0 be fixed. Then

S(k) :=

m−k
∑

s=0

(

n+ s− 1

s

)

denotes the cardinality of the set of all partial derivatives of m − k times
continuously differentiable function ϕ: Rn −→ R.
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Theorem 1
Let m ∈ N0 , n ∈ N and let D be a regular closed set in the open subspace

G ⊂ R
n. If an operator K:Cm(D) −→ C0(D) is locally defined, then there

exists a unique function h:D × R
S(0) −→ R such that

K(φ)(x) = h

(

x, φ(x),
∂φ

∂x1
(x), . . . ,

∂φ

∂xn

(x), . . . ,
∂mφ

∂xm
1

(x), . . . ,
∂mφ

∂xm
n

(x)

)

for all φ ∈ Cm(D) and x ∈ D.

Proof. The proof is based on the concept of Theorem 2 in [1]. In order to

define a function h:D × R
S(0) −→ R let us fix arbitrarily z = (z1, . . . , zn) ∈ D

and y(j1,...,jn) ∈ R such that j1, . . . , jn ∈ {0, . . . ,m}, |j| ≤ m. Let us take a
polynomial

Pz1,...,zn,y(0,...,0),...,y(0,...,m)
(x1, . . . , xn)

:=

m
∑

j1,...,jn=0
j1+...+jn≤m

y(j1,...,jn)

j1! . . . jn!
(x1 − z1)

j1 · . . . · (xn − zn)jn , (x1, . . . , xn) ∈ R
n

and put

h(z1, . . . , zn, y(0,...,0), . . . , y(0,...,m)) := K(Pz1,...,zn,y(0,...,0),...,y(0,...,m)
)(z1, . . . , zn).

For any φ ∈ Cm(D), j ∈ N
n
0 and |j| ≤ m

∂|j|φ

∂x
j1
1 . . . ∂x

jn
n

(z1, . . . , zn) =
∂|j|P

z1,...,zn,φ(z), ∂φ
∂x1

(z),..., ∂mφ
∂xm

n
(z)

∂x
j1
1 . . . ∂x

jm
n

(z1, . . . , zn).

Hence, by Lemma 2 for |i| = 0, we obtain

K(φ)(z1, . . . , zn) = K
(

P
z1,...,zn,φ(z), ∂φ

∂x1
(z),..., ∂mφ

∂xm
n

(z)

)

(z1, . . . , zn)

and therefore

K(φ)(z1, . . . , zn) = h

(

z1, . . . , zn, φ(z),
∂φ

∂x1
(z), . . . ,

∂mφ

∂xm
n

(z)

)

.

Now, we prove the uniqueness of h. Let h1:D × R
S(0) −→ R be a function

such that

K(φ)(z1, . . . , zn) = h1

(

z1, . . . , zn, φ(z),
∂φ

∂x1
(z), . . . ,

∂mφ

∂xm
n

(z)

)

for all φ ∈ Cm(D) and z = (z1, . . . , zn) ∈ D. In order to show that h = h1 , let
us fix an arbitrary (z1, . . . , zn) ∈ D and y(j1,...,jn) ∈ R, j1, . . . , jn ∈ {0, . . . ,m},
|j| ≤ m.
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According to the definitions of h1 and h, we have

h1(z1, . . . , zn, y(0,...,0), . . . , y(0,...,m)) = K(Pz1,...,zn,y(0,...,0),...,y(0,...,m)
)(z1, . . . zn)

= h(z1, . . . , zn, y(0,...,0), . . . , y(0,...,m)),

which completes the proof.

Corollary 1
Let m ∈ N0 , n ∈ N and an open set G ⊂ R

n be fixed. If an operator

K:Cm(G) −→ C0(G) is locally defined, then there exists a unique function

h:G× R
S(0) −→ R such that

K(φ)(x) = h

(

x, φ(x),
∂φ

∂x1
(x), . . . ,

∂φ

∂xn

(x), . . . ,
∂mφ

∂xm
1

(x), . . . ,
∂mφ

∂xm
n

(x)

)

for all φ ∈ Cm(G) and x ∈ G.

The following result may be proved in much the same way as Theorem 3
in [1].

Theorem 2
Let m,n ∈ N and let D be a regular closed set in the open subspace G ⊂ R

n. If

an operator K:Cm(D) −→ C1(D) is locally defined, then there exists a unique

function h:D × R
S(1) −→ R such that

K(φ)(x) = h

(

x, φ(x), . . . ,
∂m−1φ

∂xm−1
1

(x), . . . ,
∂m−1φ

∂xm−1
n

(x)

)

for all φ ∈ Cm(D) and x = (x1, . . . , xn) ∈ D.

Proof. By Theorem 1 there exists a unique function h:D × R
S(0) −→ R

such that for all φ ∈ Cm(D) and (x1, . . . , xn) ∈ D

K(φ)(x1, . . . , xn)

= h

(

x1, . . . , xn, φ(x1, . . . , xn), . . . ,
∂mφ

∂xm
1

(x1, . . . , xn), . . . ,
∂mφ

∂xm
n

(x1, . . . , xm)

)

.

In order to prove this theorem it is enough to show that for all i ∈ N
n
0 such

that |i| = m we have

∂h

∂yi

(x1, . . . , xn, y(0,...,0), . . . , y(m,0,...,0), . . . , y(0,...,0,m)) = 0. (3)

Let us fix xo ∈ D and yi ∈ R where i ∈ N
n
0 , |i| ≤ m and let us choose an

arbitrary i0 , |i0| = m, and a real sequence (yi0,N )∞N=0 such that

yi0,0 = yi0 ; yi0,N 6= yi0 , N ∈ N; lim
N→∞

yi0,N = yi0,0 .
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Let φN , for every N ∈ N0, denotes the polynomial

φN (x) :=
∑

|r|≤m
r 6=i0

yr

r!
(x− xo)

r +
yi0,N

i0!
(x − xo)

i0 , x ∈ D.

Fix an ε > 0. Since all functions K(φN ) are continuous, for all N ∈ N there
exists δN > 0 such that

‖x− xo‖ < δN ⇒ |K(φN )(x) −K(φN )(xo)| < ε|yi0,N − yi0,0|, x ∈ D. (4)

Take an arbitrary α > 0 and choose a set B = {xN : N ∈ N0} ⊂ D satisfying
all the conditions listed in Lemma 1 with z = xo and such that

‖xN − xo‖ < δN , N ∈ N (5)

and

lim
N→∞

yi0,N − yi0,0

‖xN − xo‖
= ∞. (6)

Now define functions f i: B −→ R, i ∈ N
n
0 , |i| ≤ m, by the formula

f i(xN ) := φi
N (xN ), N ∈ N0 .

First we show that the family {f i | f i: B −→ R, i ∈ N
n
0 , |i| ≤ m} fulfills

(1) for all i ∈ N
n
0 such that i ≤ i0 .

Since for all N ∈ N0

f i(xN ) =
∑

|r|≤m−|i|
r 6=i0−i

yi+r

r!
(xN − xo)

r +
yi0,N

(i0 − i)!
(xN − xo)

i0−i,

and

∑

|r|≤m−|i|

f i+r(xo)

r!
(xN−xo)

r =
∑

|r|≤m−|i|
r 6=i0−i

yi+r

r!
(xN−xo)

r+
yi0,0

(i0 − i)!
(xN−xo)

i0−i,

we infer that
∣

∣

∣

∣

f i(xN ) −
∑

|r|≤m−|i|

f i+r(xo)

r!
(xN − xo)

r

∣

∣

∣

∣

=

∣

∣

∣

∣

yi0,N − yi0,0

(i0 − i)!
(xN − xo)

i0−i

∣

∣

∣

∣

=
|yi0,N − yi0,0|

(i0 − i)!
|(xN − xo)

i0−i|

≤
|yi0,N − yi0,0|

(i0 − i)!
‖xN − xo‖

|i0−i|

=
|yi0,N − yi0,0|

(i0 − i)!
‖xN − xo‖

m−|i|

= o(‖xN − xo‖
m−|i|).
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In the second case, when i ∈ N
n
0 is such that |i| ≤ m does not satisfy the

inequality i ≤ i0 , we have

f i(xN ) =
∑

|r|≤m−|i|

yi+r

r!
(xN − xo)

r =
∑

|r|≤m−|i|

f i+r(xo)

r!
(xN − xo)

r

and therefore

f i(xN ) −
∑

|r|≤m−|i|

f i+r(xo)

r!
(xN − xo)

r = 0.

Thus the family {f i | f i: B −→ R, i ∈ N
n
0 , |i| ≤ m} fulfills (1) and

according to Lemma 1 there exists a function g ∈ Cm(Rn) such that

∂|i|g

∂xi1
1 . . . ∂x

in
n

(xN ) =
∂|i|φN

∂xi1
1 . . . ∂x

in
n

(xN ), N ∈ N0 , i ∈ N
n
0 , |i| ≤ m. (7)

Hence and by (4), (5), (7) and Lemma 2 we have
∣

∣

∣

∣

h(xo, y(0,...,0), . . . , yi0,N , . . . , y(0,...,m)) − h(xo, y(0,...,0), . . . , yi0,0, . . . , y(0,...,m))

yi0,N − yi0,0

∣

∣

∣

∣

=

∣

∣

∣

∣

K(φN )(xo) −K(φ0)(xo)

yi0,N − yi0,0

∣

∣

∣

∣

≤

∣

∣

∣

∣

K(φN )(xN ) −K(φN )(xo)

yi0,N − yi0,0

∣

∣

∣

∣

+

∣

∣

∣

∣

K(φN )(xN ) −K(φ0)(xo)

yi0,N − yi0,0

∣

∣

∣

∣

≤ ε+

∣

∣

∣

∣

K(g)(xN ) −K(g)(xo)

yi0,N − yi0,0

∣

∣

∣

∣

= ε+
|K(g)(xN ) −K(g)(xo)|

‖xN − xo‖
·

‖ xN − xo‖

|yi0,N − yi0,0|
.

Since K(g) ∈ C1(D), we conclude that

lim
N→∞

|K(g)(xN ) −K(g)(xo)|

‖xN − xo‖
<∞.

Hence and by (6) we obtain (3) for i = i0 ∈ N
n
0 such that |i0| = m and the

proof is completed.

Corollary 2
Let m,n ∈ N and an open set G ⊂ R

n be fixed. If an operator K:Cm(G) −→

C1(G) is locally defined, then there exists a unique function h:G×R
S(1) −→ R

such that

K(φ)(x) = h

(

x, φ(x), . . . ,
∂m−1φ

∂xm−1
1

(x), . . . ,
∂m−1φ

∂xm−1
n

(x)

)

for all φ ∈ Cm(G) and x ∈ G.
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