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Matgorzata Wrdbel
Lichawski-Matkowski-Mis theorem on locally

defined operators for functions of several
variables

Abstract. Let D be a regular closed set in the open subspace G C R"
and C™ (D) be the space of functions f|p such that f € C™(G). The
representation formulas for locally defined operators mapping C™ (D)
into C°(D) and into C*(D) are given.

1. Introduction

For a real interval I C R and a nonnegative integer m, we denote by C™ (1)
the set of all m-times continuously differentiable functions ¢: 1 — R. An
operator K:C™(I) — C°(I) or C™(I) — C*(I) is said to be locally defined
if for every two functions ¢, 1 € C™(I) and for every open subinterval J C I
the relation ¢|; = 9| implies that K(p)|; = K(¢)|;. Answering a question
posed by F. Neuman, the authors of [1] gave a representation formula for locally
defined operators K: C™(I) — C°(I). Namely, they proved that: every locally
defined operator K:C™(I) — C°(I) must be of the form

K(p)(2) = h(z,(2), ¢ (@), ..., "™ ()

for a certain function h: I x R™™' — R. Moreover, they proved that every
locally defined operator K:C™(I) — CY(I) must be of the form

K(p)(z) = W@, (), ..., "™ V().

In this paper we generalize this result showing that analogous representation
theorems hold true for locally defined operators K:C™(D) — C%(D) and
C™(D) into C1(D), where D is a regular closed set in the open subspace
G C R" and C™(D) is the space of functions f|p such that f € C™(G). The
proofs of our theorems are similar in spirit to the proofs of Theorems 2 and 3
in [1].

AMS (2000) Subject Classification: 47H30.



16 Matgorzata Wrdbel

2. Preliminaries

Let Ny be a set of nonnegative integers and let Nj := [];"; Ny for n € N.
In this paper, for k = (k1,...,k,) € Nj and i = (i1, ...,i,) € N, we put
|k‘ =k +...+ ky,
Eli= (kD) - oo (B,
kE+i:= (k1 +i1,... . kn+in),
k—i:=(k1—1t1,...,kp—1,) foralli<k,

where the notation i < k means that i, < ks for every s € {1,...,n}.
Moreover, for i = (i1,...,i,) € Ny and x = (z1,...,2,) € R", we put

=gl i and lz|| :=

As a consequence of the Whitney Extension Theorem (cf. [2]) we get the
following lemma.

LEMMA 1
Let B C R™ be a compact set with only one cluster point z € R™. Suppose that
m € Ny and

{fk‘ fk : B [ — R, k € Ng, |k‘ S m} ’where f(07~<70) — f

1s a family of functions satisfying the condition

ki, '
fra- Y T8 ezt we—: @

li|<m—|k|
forallx € B, |k| <m, k€ N} . If for some a > 0,
v#y = |z -yl zaomax{||z —z[,ly -z}, =zyeB,
then there exists a function g of the class C™ on R™ satisfying the condition

||
_ 09 _()=*a) forallzeB, keN; and [k <m.  (2)
8.’E1 . 8xn

3. Locally defined operators mapping C™ (D) into C°(D) and into
Cc'(D)

Let G be a nonempty and open set in the Euclidean space R™. By C™(G)
we denote the space of m-times continuously differentiable functions on G.
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DEFINITION 1
Let G be an open set in the Euclidean space R™ and let D C G be a regular
closed set in the subspace G, i.e., D = GNclint D. A function f: D — R is
said to be of the class C™ on D if there exists a function g € C™(G) such that
g‘D = fv i'e'v

C™(D)={flp: feC™G)}

Let J;, CR,i=1,...,n, be open (closed) intervals. A set J C R",

the Cartesian product of the intervals J; , will be called an open (closed) inter-
val in R™.

Now, we introduce the definition of locally defined operators of the type
K:C™(D) — C*(D).

DEFINITION 2
Let m,k € Ny and let D be a regular closed set in the open subspace G C R™.

An operator K: C™ (D) — C*(D) is said to be locally defined if for every two
functions ¢, € C™(D) and for every open interval J C R"

¢|pns = YIpns = K(9)|lpns = K(@)|pns-

We shall need the following lemma.

LEMMA 2 (cf. [3], Theorem)
Let m, k € Ny and a closed interval D C R™ be fized and let K:C™(D) —
Ck(D) be a locally defined operator. Then for every x, € D, p,1 € C™(D), if

olily 91l
—(2y) = ————— (2, or all j € Ng, |j] < m,
ordt. .. oxl ) ordt. .. ox () J J 0 1l
then
lil )¢ lil i
9 () To) = 9 () (20) for alli e Ny, |i| < k.

Ox}t...0xyw Ox}t...0xyw

Before formulating the main theorems we have to introduce the following
notation. Let m € Ny be fixed. Then

S(h) ::mz:k<n+j—1>

s=0

denotes the cardinality of the set of all partial derivatives of m — k times
continuously differentiable function ¢: R™ — R.
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THEOREM 1
Let m € Ng, n € N and let D be a reqular closed set in the open subspace
G C R™. If an operator K:C™(D) — C°(D) is locally defined, then there

exists a unique function h: D x R5®) R such that

¢ ¢ o ome
a_:cl(x)"" —(w),...,w(w) o (x ))

F Oz

K(@)(@) = h(.0(0),
for all € C™(D) and z € D.

Proof. The proof is based on the concept of Theorem 2 in [1]. In order to
define a function h: D x R%(®) — R let us fix arbitrarily z = (21,...,2n) € D
and y;,,..j,) € R such that ji,...,j, € {0,...,m}, [j| < m. Let us take a
polynomial

PZ1,~~-,Zmy(o,...,o)wu,y(o ..... m) (xla s axn)
m i ) _ _
= Z %(1‘1 _Zl)jl ~...~(.’L‘n—Zn)j”, (.1‘1,...,.7%) e R"

J1s-dn=0
Jj1+--+tin<m

and put

h(Zh-~-’Zmy(o,...,o)w-~7y(o,...,m)) = K(P21,..«7Zn7y(0 ..... 0)s--Y(0, ..., ,”))(217~.~’Z7L).
For any ¢ € C™(D), j € Nj and |j] <m

) I3l p g
917l OUE,,tnb(2). 22 (2) o B ()
— TP ) = ; : (21, 2n).
81,.{1 81,.;"” ax?ll 81"51"”

Hence, by Lemma 2 for [i| = 0, we obtain

K(¢)(z1,...,2n) = K(P gme (s ))(zl,‘.‘,zn)

i)
Zly-u%n@(ﬂ»ﬁ(z) B¥-ryic

and therefore

K(¢)(z1,...,zn):h<21,.. s Zny 0(2), §j< ), ,g:ﬂ?@))

Now, we prove the uniqueness of h. Let hy: D X R5©® — R be a function
such that
oo} o™
K)o = I (3102060 S () G2 (2))

Oz

for all € C™(D) and z = (21,...,2,) € D. In order to show that h = hy , let
us fix an arbitrary (21,...,2,) € D and y(;, .. ;) € R, ji,...,jn €{0,...,m},
ljl < m.
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According to the definitions of hy and h, we have

hl(zl"' sy Zns Y(0,...,0)5 - - -5 Y(0,..., m)) :K(le’-u,zmy(o ..... 0)5++Y(0,..., m))(zla"'zn)
= h(zla -y 2ny Y(0,...,0) 5 - - ‘ay(O,m,m))a

which completes the proof.

COROLLARY 1

Let m € Ng, n € N and an open set G C R" be fized. If an operator
K:C™(G) — C°%Q) is locally defined, then there exists a unique function
h:G x RS© R such that

K@) = h(2.6) 22 @)oo o (a) s G0 G2 o))

n

for all p € C™(G) and x € G.

The following result may be proved in much the same way as Theorem 3
in [1].

THEOREM 2

Let m,n € N and let D be a reqular closed set in the open subspace G C R™. If
an operator K: C™(D) — C1(D) is locally defined, then there erists a unique
Sfunction h: D x RSM — R such that

K(as)(x)=h(x,¢<x>,--.,m—¢<x> R s 7% >>

m—1 m—1
Ox’ "oz,

for all ¢ € C™(D) and = = (z1,...,2z,) € D.

Proof. By Theorem 1 there exists a unique function h: D x RO R
such that for all ¢ € C™(D) and (x1,...,z,) € D

K(¢)(x1,...,20)

:h(xl,.‘.,xn,gb(xl,‘.‘,xn),.‘. om¢

o (X1, Tn), - w(:ﬂl,‘.‘,xm))

T Qxm

In order to prove this theorem it is enough to show that for all ¢ € N such
that |i| = m we have

3 F—(T15 Ty Y0005 Y(m,0,0000)5 - -+ Y(0,....0,m)) = 0. (3)
Yi

Let us fix z, € D and y; € R where ¢ € N, |i| < m and let us choose an
arbitrary ig, |io| = m, and a real sequence (yZO N)R,o such that

Yio,0 = Yios Yio,N # Yo, N EN; lim Y, N = ¥Yio,0-
N—oo
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Let ¢y, for every N € Ny, denotes the polynomial

N ,
on(z) = HZ: i—:(m — o) + %(az — )", x €D.

r#ig

Fix an € > 0. Since all functions K (¢n) are continuous, for all N € N there
exists o > 0 such that

[ =z, <on = [K(on)(x) = K(on)(@o)| < €lyio, N = Yio,0l, = €D. (4)

Take an arbitrary @ > 0 and choose a set B = {xx : N € No} C D satisfying
all the conditions listed in Lemma 1 with z = x, and such that

len — || < N, NeN (5)
and
lim YN~ Yiod _ (6)
N=oo [lzy — %H
Now define functions f:B — R, i € N2, |i| < m, by the formula

fi(zN) —¢N(a:N) NeNg.

First we show that the family {f* | f:B — R, i € N7, |i| < m} fulfills
(1) for all 4 € N§j such that ¢ <.
Since for all N € N

i Yitr T Yio,N io—1i
fan) = —@n = @) + e (ay — )"
, ‘;‘ | 7! ° (ip —1)! ?

r#ig—i

and

1+r
Z ! rl( o) (an—mo)" = Z ?er-i'-r (TN —20)"+ 7‘%070. (xn—m0)"° 7",
Ir|<m—|i] ’ |v-|§gw|i\ ’ ’
rRig—i

we infer that

. i+t (g N — o
Flan) = Z frifo)(l‘N —x,)"| = W(@v —T,) "
|| <m—|1] ! .
— o = ool g gy
< e e — ol
= Mux — Zo ||m K

(’i() — Z).

= o(|lzn — o™ V).
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In the second case, when i € Nj is such that |i| < m does not satisfy the
inequality i < ig, we have

. . i+r Zo
fav= Y "ev-zy= Y T uy

7!

[r|<m—li| [r|<m—|i]
and therefore
. 1+r To
fizn) — Z fi()(xN—xo)TZO.

7!
[r|<m—]i|

Thus the family {f*| f&B — R, i € N2, i
according to Lemma 1 there exists a function g € Cm(

dlilg il
ﬁ(mN) T O ain
Oxit...0xzy Oxit...0xzy

Hence and by (4), (5), (7) and Lemma 2 we have

< m} fulfills (1) and
™) such that

(zy), NeNg, ieNi, i <m. (7)

‘h(%,y(o ..... 0)s++ s Yio.Ns -+ Y(0,....m)) —h(xo»y(o,...,o),~«~,yi0,o,~«~,y(o,...,m))’
Yio,N — Yio,0
K(on) (o) — K(¢o) (o)
Yio,N — Yip,0
< | Elen)(zn) = K(on) (o)
Yio,N — Yio,0

N ’K(¢N)(xN) — K (¢o)(w,)

Yio,N — Yip,0

<eqt ‘K(g)(xzv) — K(9)(z)
a Yio,N — Yio,0
—e+ |K(g)(l‘N) — K(g)(xo)| ' H TN _on

2N — 2| Yio.N = Yio.0l

Since K (g) € C*(D), we conclude that

LK) ) = K(9)(wo)]
N o —

< 0

Hence and by (6) we obtain (3) for ¢ = i € Njj such that |ig| = m and the
proof is completed.

COROLLARY 2
Let m,n € N and an open set G C R™ be fized. If an operator K:C™(G) —

CY(G) is locally defined, then there exists a unique function h: G x RSM R
such that

K(6)(x) = h(x,wc), o

for all € C™(G) and x € G.

@ )

— (T (T
m—1 ) ) m—1
ox’ oxn
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