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Ricci solitons in a generalized weakly (Ricci)
symmetric D-homothetically deformed Kenmotsu
manifold

Abstract. The object of the present paper is to investigate the nature of
Ricci solitons on D-homothetically deformed Kenmotsu manifold with gen-
eralized weakly symmetric and generalized weakly Ricci symmetric curvature
restrictions.

1. Introduction

In this paper, we consider an almost contact metric manifold

(M2n+1’ d)) 67 /'77 g)

that consists of a (1, 1)-tensor field ¢, a vector field £ and a 1-form 7 called respec-
tively the structure endomorphism, the characteristic vector field and the contact
form. Let the symbols V and V* stand for the Levi-Civita connection and the D-
homothetically deformed connection respectively. Also, let R, S, Q, r, R and R*,
S*, Q*, r*, R* respectively stand for Riemannian curvature tensor, Ricci tensor,
Ricci operator, scalar curvature, Riemannian curvature tensor of type (0,4) with
respect to V and V* respectively. In the recent paper [4], the present author has
introduced a new type of space called generalized weakly symmetric manifold. In
Section 3 of this paper we extend this concept to a D-homothetically deformed
structure of a (2n 4 1)-dimensional Kenmotsu manifold.

According to [4], a Riemannian manifold is said to be generalized weakly sym-
metric if it satisfies the condition
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(VxR)(Y,U,V,W) = ar(X)R(Y, U, V,W) + 1 (Y)R(X,U,V, W)
+ B (U)R(Y, X, V,W) + 6,(V)R(Y,U, X, W)
+ 6 (W)R(Y,U,V, X) + aa(X)G(Y,U,V, W)
+ Bo(YV)G(X, U, V,W) + Bo(U) G(Y, X, V, W)
+ 6o(V) G(Y, U, X, W) + 6,(W) G(Y,U,V, X),

—_

where
GY,U,V,W) =g(UV)g(Y,W) = g(Y,V)g(UW)

and «;, B;, 0; are non-zero 1-forms defined by «;(X) = g(X, 03), B:(X) = 9(X, 0:),
and 6;(X) = g(X,m;) for i = 1,2. The magnificence of such generalized weakly
symmetric manifold is that it has the flavour of

(i) locally symmetric space [I4] (for o; = 3; = §; = 0),
(ii) recurrent space [25] (for oy # 0, ag = f5; = §; = 0),
(iii) generalized recurrent space [16] (for a; # 0, 8; = 6; = 0),
(iv) pseudo symmetric space [I5] (for G- = 1 = 61 = H1 # 0, ap = fa = 62 = 0),

(vi) semi-pseudo symmetric space [24] (for a; = B2 = 92 = 0,81 = 61 #0),

)
)
)
)
(v) generalized pseudo symmetric space [2] (for & = §; = §; = H; # 0),
i)
(vii) generalized semi-pseudo symmetric space [3] (for ; = 0, 5; = d; # 0),
)

(viii) almost pseudo symmetric space [I5] (for oy = Hy + K1, = 61 = H; # 0
and Qo = ﬂQ = 52 = 0),

(ix) almost generalized pseudo symmetric space ([7], B]) (o; = H; + K;, 8; =
6i =H; # 0)7

(x) weakly symmetric space [23] (for oy, 81, 61 # 0, ag = 2 = d2 = 0).

A Riemannian manifold is said to be generalized weakly Ricci symmetric [4] if
it satisfies the condition

(VxS)(Y, Z) = A (X)S(Y, Z) + B1(Y)S(X, Z) + D1(2)S(Y, X)
+ A2(X)g(Y, Z) + B2(Y)g(X, Z) + D2(2)g(Y, X),

where A;, B; and D; are non-zero 1-forms defined by 4,;(X) = ¢(X,6;), B;(X) =
9(X, ¢;) and D;(X) = g(X,m;) for i = 1,2. The beauty of the generalized weakly
Ricci symmetric manifold is that it has the flavor of Ricci symmetric, Ricci recur-
rent, generalized Ricci recurrent, pseudo Ricci symmetric, generalized pseudo Ricci
symmetric, semi-pseudo Ricci symmetric, generalized semi-pseudo Ricci symmet-
ric, almost pseudo Ricci symmetric [I5], almost generalized pseudo Ricci symmetric
and weakly Ricci symmetric space as special cases.

Ricci solitons were introduced by Hamilton [I8]. An important topic in contact
metric geometry is the study of Ricci flow and Ricci solitons. A Riemannian



Ricci solitons in a generalized weakly deformed Kenmotsu manifold [125]

manifold admits a Ricci soliton [19] if there exists a smooth vector field V' (called
the potential vector field) such that

1
§£Vg+5’+/\g:0,

where Ly denotes the Lie derivative along V and \ is a real number. A Ricci
soliton is said to be expanding, steady or shrinking according to A is positive, zero
and negative respectively. Ricci solitons has now become a popular topic for many
mathematicians, for details we refer ([17], [22], [A]).

An n-Ricci soliton (V, A, ) is a generalization of a Ricci soliton defined as
([, [12], [6])

§£Vg+5+/\g+w7®7720,
where Ly denotes the Lie derivative along V' and A and p are real numbers.

We organize the present paper as follows: after Introduction, in Section 2,
we briefly recall some known results for Kenmotsu manifolds and D-homothetic
deformations on a Kenmotsu manifold and give some properties of the deformed
Kenmotsu manifold. In Section 3, we discuss the properties of a D-homothetically
deformed Kenmotsu manifold under generalized weakly symmetric and generalized
weakly Ricci symmetric curvature restrictions equipped with Ricci solitons and 7*-
Ricci solitons. We determine a necessary condition for which the Ricci solitons of
these types in such a manifold are shrinking, steady and expanding.

2. Preliminaries

According to the definition of Blair [I3], an almost contact structure (¢, &, n)
on a (2n + 1)-dimensional Riemannian manifold satisfies the following conditions

¢2:—I+77®§7 77(6):17 ¢§:0, ’7°¢:0a rank¢:n_1‘
Moreover, if ¢ is a Riemannian metric on M?"+! satisfying

9(X,¢) = n(X),
9(0X,Y) = —g(X, ¢Y)

for any vector fields X, Y on M?"*! then the manifold M?"+! [I3] is said to
admit an almost contact metric structure (¢,€,1,9).

DEFINITION 2.1 ([20])
If in an almost contact metric structure (¢, &, 7, g) on M2+ the Levi-Civita con-
nection V of g satisfies

(Vx@)Y = g(¢X,Y)§ —n(Y)pX

for any vector fields X, Y on M?"*! then the structure is called Kenmotsu.
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PrOPOSITION 2.2 ([20])
If (M2 FY ¢ € n,g) is a Kenmotsu manifold, then for any vector fields X, Y, Z
on M2t the following relations hold

Vx&=X —-nX),
(Vxn)Y = g(X,Y) = n(X)n(Y),
S(X,€) = —2nn(X),
n(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X),
R(EX)Y =n(Y)X — g(X,Y)E,
R(X,Y)E=n(X)Y —n(Y)X.

DEFINITION 2.3 ([1)
If a contact metric manifold M?*t! with the almost contact metric structure
(¢,&,7,9) is transformed into (¢*,£*,n*, g*), where

" =0, £*=%§, n=pn, g =pg+plp-—Ln®n (1)

and p is a positive constant, then the transformation is called a D-homothetic
deformation.

The relation between the Levi-Civita connections V of g and V* of g* is given
by [,

N -1
ViY = Vx4 S g(0X, 0Vt (2)
for any vector fields X, Y on M?"+1,

In view of , and definition of Riemannian curvature tensor, Ricci tensor,
scalar curvature, we get the following

PROPOSITION 2.4 ([I1])
If a Kenmotsu structure (¢,&,m,g) on M*" Tt is transformed into (¢*,&*,n*, g*)
under a D-homothetic deformation, then R, R*, S, S*, r and r* are related by

R (X,Y)Z = ROYX.Y)Z + P2 [g(6Y,02)X - g(6X,02)Y )

S(X.Y) = S(X,Y) + 207 2g(0X, 67,

p—1
p2

. 1
r*=—-r+2n(2n+1)
p

for any vector fields X, Y, Z on M?"+1,

Now we shall bring out some properties of a D-homothetically deformed Ken-
motsu structure (¢*,£*,n*, g*) of a manifold M?"*! as follows
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PROPOSITION 2.5

If under a D-homothetic deformation, a Kenmotsu structure (¢,€,m,g) on M?*+1
is transformed into (¢*,&*,n*, g*), then for any vector fields X, Y, Z on M?*"+1,
we have

¢*2:—I+’I7*®§*,

(e =1, 3)

P =0,

n*og¢* =0,

(6 X, °Y) = ¢* (X, V) — " (X" (¥),
6" (X, €)= 1" (X)), (4)
Ve = %[X — (X)), (5)
(Vin)Y = ;[g*oc, Y) — i (X0 (V). (6)
(X, €)= —i—ZWX), (7)
7 (R*(X,Y)Z) = Z%[g*oa 2y (Y) — g (Y, 2y (X)),

RY(€", X)Y = ;[n*mx XY, (8)
RY(X,Y)E" = ]%[n*(X)Y e (v)X]. (9)

Notice that using @ and , we obtain
(ViS)V,€) = | = 30" (X,¥) = 5°(X, V) (10)
for any vector fields X and Y on M2+,
3. Solitons in a generalized weakly (Ricci) symmetric D-homo-

thetically deformed Kenmotsu manifold

3.1. Generalized weakly symmetric deformed Kenmotsu manifold

DEFINITION 3.1
A D-homothetically deformed Kenmotsu structure (¢*,£*,n*, ¢g*) of a manifold
M?7+1 is said to be generalized weakly symmetric if it satisfies the condition
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(VX R)(Y,U,V,W) = ai(X)R*(Y,U,V,W) + 7 (Y)R*(X,U,V, W)
+BHU)R* (Y, X, V,W) + &1 (V)R*(Y,U, X, W)
+S(W)R* (Y, U, V, X) + o (X)G*(Y, U, V,W)  (11)
+ B3 (Y) *(X,U,V,W)+B;(U) G*(Y, X, V,W)
+05(V) G*(Y,U, X, W) + 65(W) G*(Y,U,V, X),

e T N

where ~
G*(Y,UV,W) =g"(UV)g*(Y,W) = g"(Y,V)g* (U W) (12)

and af, BF, 6F are non-zero 1-forms defined by of(X) = ¢*(X,0:), f{(X) =
g*(X, 0;) and §7(X) = ¢* (X, m;) for i = 1, 2.

Now, contracting Y over W in both sides of and using (12)), we get
(VX S™)(U, V) = ai(X)S™*(U,V) + B (U)S™(X, V) + BT (R (X, U)V)
+ 01 (R*(X,V)U) + 01 (V)S™(X,U) + B3(X)g" (U, V)
—B(U)g" (X, V) +65(X)g" (U, V) = 65(V)g" (X, U)
+ 2oz (X)g" (U, V) + B3(U)g" (X, V) + 65(V)g™ (X, U)).

Now setting V' = £* and using (7] , , @[) in the foregoing equation we obtain

(Vx5M)(U,€7) = 2{[5*( ")+ (2n = 1)p*a3(EN)]g" (X, U)

— [2nai (X) + B7(X) + 67 (X) (13)
= p*(2na3(X) + B3 (X) + 05(X))]n* (U)
— (20 = 1[Br(U) = p*B5(U)n" (X)} + 67 (£7)S* (X, U).
Now from and we get

—%ng*(X?Y) —pST(X,Y) = [67(€7) + (2n — 1)p*05(€7)]g" (X, Y)

= [2nai(X) + A1 (X) + 671 (X)
~ PA2na3(X) + B3(X) + G (v) ()
—(2n = D[B(Y) - B3 (V)]0 (X)
+ P70 (€7)S* (X, Y).
Now putting successively X =Y = £*, Y = £* and X = £*, we get respectively

that
aj (&) + Br(E) + 07 (%) = PPlas(€") + B3 (€7) + 65(£7)], (15)

2nai(X) + B1(X) + 01 (X) + 2n — D[B(E7) + 61 (€7)]n" (X)
= p*{2na3(X) + B5(X) + 05(X) (16)
+ (20 = D[B5(£7) + 65(&7)In" (X)}
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and
2n[ai(€7) + 07 (E9)]n" (V) + B1 (€)™ (V) + (2n — 1)1 (Y)

= p*{2n[a3 (") + 05 ()" (Y) (17)
+B2(E )" (V) + (2n = 1)B5(Y) }.
Using , we get from and respectively

2naq(X) + B1(X) + 61 (X) — (2n — D)ai(§)n"(X)
= p*[2na3(X) + B3 (X) + 05(X) (18)
= (2n = Do (§)n" (X)]
and
Br(Y) = Bi(E M (V) = p?1B5(Y) = Ba (€)™ (Y)]. (19)
By virtue of (15)), and (19), the equation (14)yields
P14+ poi(€9)]S*(X,Y) = —[2n 4 pb; (£%) + (2n — 1)p*85 (£9)]g" (X, V)

(20)
+(2n = Dplp®d3(€7) — 07 (€)™ (X)n™(Y).

Thus we can state the following

THEOREM 3.2
Let (M2 ¢.&n,9) be a Kenmotsu manifold and let (¢*,£*,1n*,9*) be a D-

homothetically deformed structure of (¢,€,n,g). If the deformed structure is gen-

eralized weakly symmetric and 07 (£*) # —1%, then the Ricci curvature tensor S* of

the deformed manifold satisfies .

PROPOSITION 3.3
If 55(¢*) # —%, then the scalar curvature of a generalized weakly symmetric de-

formed Kenmotsu structure (¢*,£*,n*, g%) of a manifold M?"*1 is given by

o 2n2n+1+4 2p35 (£%) + (2n — 1)p365 (€7)
p? 1+ péy(€¥) '

3.2. Generalized weakly Ricci symmetric deformed Kenmotsu manifold

DEFINITION 3.4
A D-homothetically deformed Kenmotsu structure (¢*,£*,n*, g*) of a manifold
M?7+1 g said to be generalized weakly Ricci symmetric if it satisfies the condition

(VxSH)(Y, 2) = A1(X)S™(Y, Z2) + B{(Y)S™(X, Z) + D1(2)5*(Y, X)

FANX)g (V. Z) + By (V)g"(X.2) + Dy(2D)g (v, X), )

where AF, B and D} are non-zero 1-forms defined by Af(X) = ¢*(X, 6;), Bfy (X) =
9" (X,¢;) and D (X) = ¢g*(X,m;) for i = 1,2.
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Now using (7)) and in for Z = £* we obtain

—%”f(X, Y) = pS*(X,Y) = —[2n4}(X) — p2 A3 (X} (Y)

— [2nBi(Y) — p* B3 (Y)]n" (X) (22)
+p°Di(€7)S*(X,Y) + p*D5(£)g" (X, Y).

Now putting successively X =Y = &* Y = £ and X = £" we get respectively
that

2n[A](€) + Bi(€") + D1 (€M)] = p*[A3(€7) + B3 (") + D3(€9)],  (23)
2n{A1(X) + [B{(§") + D1 (&7)]n" (X))} (24)
= p?{A5(X) + [B3(€*) + D3 (")l (X)}
and
2n{[A7(£7) + DI(E9)]n" (V) + Bi(Y)} (25)
= p*{[A5(&") + D3 (€I (V) + B3(Y)}.
Using (23)), we get from and respectively
2n[A7(X) — AT (€)n"(X)] = p*[A5(X) — A5(€ )" (X)] (26)
and
2n[Bi(Y) — By (€")n" (V)] = p*[B5(Y) — B3 (£ )" (Y)). (27)
By virtue of , and , the equation yields
P’[1+pDi(£)]S*(X,Y) = —[2n+ p’ D3 (£9)]g" (X, Y) (28)

+plp?D3(€7) — 2nDY (€)™ (X)n" (V).

THEOREM 3.5

Let (Mt ¢,€,m,9) be a Kenmotsu manifold and let (¢*,&*,n*, g*) be a D-
homothetically deformed structure of (¢,€,m,g). If the deformed structure is gen-
eralized weakly Ricci symmetric and D (£*) # —]l?, then the Ricci curvature tensor
S* of the deformed manifold satisfies .

PROPOSITION 3.6
If Dy (&%) # —%, then the scalar curvature of a generalized weakly Ricci symmetric

deformed Kenmotsu structure (¢*, £*,n*,g*) of a manifold M*"*1 is given by

e _ 202041+ pDY(E) +p* D7)
P? 1+ pDi(£") ‘

3.3. Solitons in the deformed manifold

Notice that in [2I], H. G. Nagaraja, D. L. K. Kumar, and V. S. Prasad and
in [II] the present authors have also studied some properties of Ricci solitons on
Kenmotsu manifolds under D-homothetic deformations.
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Ricci solitons in the deformed manifold with potential vector field V = &*

Assume now that in a D-homothetically deformed Kenmotsu structure
(¢*,€*,n*, g*) of a manifold M>?"*! the pair (€%, )\) defines a Ricci soliton, that is

1
SLeg” + 8"+ Ag" =0

for A a real number. Using the definition of the Lie derivative and in the above
equation, we get

ST = (54 N)g (X)X (1), (29)

for any vector fields X, Y on M?"*!. Then and imply A = i—? and the
above equation is equivalent to

S'Y) = = (5 + 5 )a" (V) S (X (1) (30)

REMARK 3.7
The Ricci soliton on a D-homothetically deformed Kenmotsu structure (¢*,&*,
n*, g*) is expanding.

Comparing and , we obtain
(p+2n —1)87(£) — (2n — 1)p?05(£*) +1 =0. (31)
This leads to the following

THEOREM 3.8

Assume that a Kenmotsu structure (¢,€,m,9) on M>*"*1 is transformed into

(¢*,&*,n*,g*) under a D-homothetic deformation which is a generalized weakly
2n

symmetric space. If the pair (§*,\ = p—z) defines a Ricci soliton on the deformed

structure, then the 1-forms must verify ,

COROLLARY 3.9

There exists no Ricci soliton on the D-homothetically deformed Kenmotsu struc-
ture (¢*,£*,m*, g*) when the deformed structure is locally symmetric space or re-
current space or generalized recurrent space.

Comparing and , we obtain
(p+2n)D7(¢") = p*D3(¢") +1=0. (32)
Now we can state the following

THEOREM 3.10

Assume that a Kenmotsu structure (¢,€,m,9) on M>*"*1 is transformed into
(¢*,&*,n*, g*) under a D-homothetic deformation which is generalized weakly Ricci
symmetric space. If the pair (£, = i—’;) defines a Ricci soliton on the deformed
structure, then the 1-forms must verify .

COROLLARY 3.11

There exists no Ricci soliton on the D-homothetically deformed Kenmotsu struc-
ture (¢*,&*,n*, g*) when the deformed structure is Ricci symmetric space or Ricci
recurrent space or generalized Ricci recurrent space.
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Ricci solitons in the deformed manifold with a potential vector field collinear
with &*

Assume now that in a D-homothetically deformed Kenmotsu structure
(¢*,€*,n*, g*) of a manifold M?"*1 the pair (V, ) defines a Ricci soliton

1

for A a real number and V = f£*, where f is a smooth function on M?"*!. Using
the definition of the Lie derivative and ) in the above equation, we get

sy) = -(L+2)g e+ Lircor ) -
33

X P (V) + (0 (X))

for any vector fields X, Y on M?+L,
Now setting Y = £* and using , and @ we get

4n N N
X7 = (g2 - €f)nx), (34)
Again replacing X by £* in the above equation and using we obtain
N 2n
ef=2-x
p

Using this in , we get

Substituting this in we have
f
p
Comparing and we obtain
P[L+pdt (€A =2n—pf —p(pf — 1)1 (€°) + (2n — p’a5(¢7).  (36)
This leads to the following

f 2n

sonn=-(L oo (5%

A (X (V). (35)

THEOREM 3.12

If 55 (&%) # —%, then the Ricci soliton (V = f&*,\) of a generalized weakly sym-
metric D-homothetically deformed Kenmotsu structure (¢*,£*, 0%, g*) of a mani-
fold M?"*1 is given by .

COROLLARY 3.13

If 67(¢%) # —%, then the Ricci soliton (V = f&€*,\) of a generalized weakly sym-
metric D-homothetically deformed Kenmotsu structure (¢*,£*,n*, g*) of a mani-
fold M?"*1 is shrinking, steady or expanding according as

(pf — )pd; (€%) = (2n — 1)p*83(€7) +2n — pf.
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Comparing and we obtain
P?[L+pDi ()N = 2n — pf — p*fD;(€%) + p° D5 (€). (37)
Now we can state the following

THEOREM 3.14

If Dy (&%) # —%, then the Ricci soliton (V. = f&€*,\) of a generalized weakly
Ricci symmetric D-homothetically deformed Kenmotsu structure (¢*,£*,n*, g*) of
a manifold M*" 1 is given by (37).

COROLLARY 3.15

If Dy (&%) # —%, then the Ricci soliton (V. = f&€*,\) of a generalized weakly
Ricci symmetric D-homothetically deformed Kenmotsu structure (¢*,&*,n*, g*) of
a manifold M?™t1 is shrinking, steady or expanding according as

p*fDI(€") 2 p*D5(§7) + 2n - pf.

71*-Ricci solitons in the deformed manifold with a potential vector field V' = £*

Assume now that in a D-homothetically deformed Kenmotsu structure
(¢*, £, 1, g*) of a manifold M2+ the triple (¢, \, 1) defines an n*-Ricci soliton
[10], that is

1
FLeg" + 5"+ AG @ =0,
for A and p real numbers. Using the definition of the Lie derivative and in the
above equation, we get
" 1 * 1 * *
SV == (0 +A)g 0V )+ (= ) (X (1Y), (38)
for any vector fields X, ¥ on M?"*1. Then (7) and imply A+ p = i—’;.
Comparing and , we obtain
P+ poi ()N = 2n —p — (p — 1)pd7 (€7) + (2n — 1)p°55(£7), (39)
P[L+poi ()] =1+ (p+2n — 1)57 (") — (2n — 1)p*55(£Y). (40)
This leads to the following

THEOREM 3.16
If 65 (&%) # —%, then the n*-Ricci soliton (§*, A\, 1) of a generalized weakly symmet-
ric D-homothetically deformed Kenmotsu structure (¢*,&*,n*, g*) of a manifold

M?7+1 s given by and (40).
Comparing and we obtain
P*[1+pDi(€7)]A = 2n — p — p* D1 (€") + p° D3 (£7), (41)
plL+pDi(En =1+ (p+2n)Di (") — p*D3(E7). (42)
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Now we can state the following

THEOREM 3.17
If Dy (&%) # 71%, then the n*-Ricci soliton (£, A, 1) of a generalized weakly Ricci
symmetric D-homothetically deformed Kenmotsu structure (¢*,£*,n*, g*) of a ma-

nifold M*" L is given by and (42).

1*-Ricci solitons in the deformed manifold with a potential vector field collinear
with &*

Assume now that in a D-homothetically deformed Kenmotsu structure
(¢*,€*,n*, g*) of a manifold M?"*! the triple (V,\, 1) defines an n*-Ricci soli-
ton, that is

1
SLvg  + 5"+ A"+ @t =0,

for A and p real numbers and V = f&*, where f is a smooth function on M?7+1,
Using the definition of the Lie derivative and in the above equation, we get

sy == (Lang @y + (L w)ror ) "

(X (V) + (Y )™ (X))

DN =

for any vector fields X, Y on M2t
Now setting Y = £* and using , and @ we get

X7 = (55 =22 =20 € ) (X). (44)

Again replacing X by &* in the above equation and using we obtain

Use this in we get

Substituting this in we have
f
p
Comparing and we obtain

PP[L+pdy (€A = 2n — pf — p(pf — 1)o7 (€7) + (2n — 1)p°d5(€7),  (46)

S X, Y) = —(2+0)g (X, V) + (5 - ST (Y). (45)

which leads to the following
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THEOREM 3.18
If 67(¢) # f%, then the n*-Ricci soliton (V = f&, A\ u = ?)—72’ —(&f) =X of
a generalized weakly symmetric D-homothetically deformed Kenmotsu structure

(¢*,€*,n*, g*) of a manifold M*"*1 is given by .
Comparing 2§ and [5] we get
P*[L+pDi (€A = 2n — pf — p* fDI(E") + p* D3 (£7). (47)
Hence

THEOREM 3.19

If D (&%) # f%, then the n*-Ricci soliton (V = fE*, A\ u = ]29—’2‘ —(&f)=XN) of
a generalized weakly Ricci symmetric D-homothetically deformed Kenmotsu struc-
ture (¢*, £*,1*, g%) of a manifold M?"+1 is given by .
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