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Abstract. In this paper we study existence and uniqueness of solutions for
a coupled system consisting of fractional differential equations of Caputo
type, subject to Riemann-Liouville fractional integral boundary conditions.
The uniqueness of solutions is established by Banach contraction principle,
while the existence of solutions is derived by Leray—Schauder’s alternative.
We also study the Hyers—Ulam stability of mentioned system. At the end,
examples are also presented which illustrate our results.

1. Introduction

The subject of fractional calculus (calculus of integrals and derivatives of any
arbitrary real or complex order) has gained considerable popularity and impor-
tance during the past three decades or so, mainly due to its demonstrated ap-
plications in numerous fields of science and engineering. Historically, the first
appearance of the concept of a fractional derivative was found in a letter by the
famous mathematician Gottfried Leibniz (1646 — 1716) in 1695 to a French mathe-
matician Guillaume de L'Hospital (1661 — 1704). Leibniz introduced the following
symbol % f(t) which denotes the n*" order derivative of a function f with the
hypothesis that n € N and reported this to L’Hospital. So L’Hospital posed a
question; what will be the derivative if n = %? Leibniz replied to him on Septem-
ber 13", 1695 and wrote: "This is an apparent paradox from which, one day useful
consequences will be drawn" [g].
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In the last few decades, fractional differential equations have gained much at-
tention due to extensive applications of these equations in the mathematical mod-
eling of physical, engineering, biological phenomena and viscoelasticity etc, [13].
Several interesting and important results concerning the existence and uniqueness
of solutions, stability properties of solutions, analytic and numerical methods of
solutions for fractional differential equations can be found in the recent literature.
Fractional-order operators are nonlocal in nature and take care of the hereditary
properties of many phenomena and processes. Fractional calculus has also emerged
as a powerful modeling tool for many real world problems, see [2] [6] 9] [17].

The study of coupled systems involving fractional differential equations is also
important because these systems occur in various problems of applied nature.
Coupled systems of fractional differential equations have also been investigated by
many authors. Such systems appear naturally in many real world situations, for
example, see[d]. Some recent results on the topic can be found in [5] [7, [19] [I8], 23],
).

Moreover, the theory of fractional order differential equations, involving dif-
ferent kinds of boundary conditions has been a field of interest in pure and applied
sciences. Nonlocal conditions are used to describe certain features of applied math-
ematics and physics such as blood flow problems, cellular systems [1], chemical
engineering, thermo-elasticity, underground water flow, population dynamics[10],
and so on. For boundary value problems with integral boundary conditions and
comments on their importance, we refer the reader to [3], 2T} 22] 26}, 27 29] 3T}, (30,
36, 137].

In 1940, Ulam asked: "Under what situation we can have a function(additive)
near an approximate function(additive)'? see [12]. After twelve months, Hyers
gave answer(partial) to Ulam [25] in the form of complete normed spaces. Since
then, this concept of stability is known as Ulam-Hyers stability. Rassias [16]
extended the mentioned concept of stability to general variables. For different
approaches [14], 15} 20, 28] 34}, 32, [33], B5].

In this paper, we study the nonlinear sequential coupled system of Caputo frac-
tional differential equations with Riemann—Liouville fractional integral boundary
conditions of the following form

("D + kDTN (t) = f(t,x(t),y(t), t€[0,T], 2<q<3,
(“DP + k°DP~Hy(t) = g(t,z(t),y(t), t€[0,T], 2<p<3,

z(0)

0, z(T) = Zailpiy(m), (1)

y(0)=0,  y(T) = Zﬁjpjy(%%

where ¢DY, ¢DP denote the Caputo fractional derivatives of order p, ¢, I, I
are the Riemann-Liouville fractional integral of order p;,v; > 0, 1;,60; € (0,T),
keRT, f,g:[0,7T]xR* > Rand o, 3; ER,i=1,2,...,n,j =1,2,...,m are
real constants such that
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Here, we emphasize that the integral boundary conditions can be under-
stood in the sense that the value of the unknown function at an arbitrary position
n;,0; € (0,T) is proportional to the Riemann-Liouville fractional integral of the
unknown functions

O (T
;%A T(p:)

where p;,y; > 0. Further, for n; = 0; = 1, the integral boundary conditions reduce
to the usual form of a nonlocal integral conditions

n i m 0;
;mAy@m ;méy@w

We show the existence of solutions for problem (/1)) by applying Leray—Schauder
alternative criterion while uniqueness of solutions for relies on Banach contrac-
tion mapping principle. The rest of the paper is organized as follows: In Section
2 we recall some preliminary concepts which we will need in the sequel. Section 3
contains the main results for problem . In Section 4, we present the Hyers—Ulam
stability of problem .

1

Z@/aﬂwlwm,

L'(v5)

2. Preliminaries and background materials

In this section, we introduce some notations and definitions of fractional cal-
culus and present preliminary results needed in our proofs.

DEFINITION 2.1
The Riemann-Liouville fractional integral of order ¢ > 0 of a function f: (0, 00) —
R is defined by

1

If(t) = @/o (t— s)q_lf(s)ds

provided the right-hand side is point-wise defined on (0, c0).
DEFINITION 2.2

The Caputo fractional derivative of order ¢ > 0 for a function f € C™[0,00) is
defined by

‘DIf(t) = ! ) /Ot(t —5)"m L) (5)ds, n—1<gqg<n,

I'(n—gq

where n = [¢]+ 1, [g] denotes the integer part of ¢ and I'(.) is the Gamma function
defined by

I(q) = / e 5t ds, q > 0.
0
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LeMMA 2.3 ([13])
Let ¢ > 0 and = € C([0,T],R) N LY([0,T],R). Then the fractional differential
equation

‘Diz(t)=0

has a unique solution
x(t) =co + 1t + cot® o 4 e t™
where c; e R, 1 =1,2,...,m—1.

LeEmMmA 2.4 ([13])
Let ¢ > 0. Then for z € C([0,T],R) N LY([0,T],R) it holds

chDq () ()+CO+C1t+62t2+"°+6m,1tm_1,
wherec; €ER,i=1,2,...,m—1, m=—[—q|.

LEMMA 2.5
Given that ¢, € C([0,T),R), the unique solution of the problem

(DI + kDT Na(t) = ¢(t), t€0,T], 2<q<3,

(°DP + E°DP~Yy(t) = (1), t€[0,T], 2<p<3,

#(0) =0, a(T) =Y al"y(n), (2)
y(0) =0,  y(T) =Y BI"y(b))
j=1

8
pi+1 m

t - ill; - j—S - 1
x(t)=v1(t)+ﬂ[z e (Zﬁﬂ”/ KO 197 () ds
T Ni
_ / e_k(T—s)Ip_lw(T)d8> +TZaJ’” / e Iy (y)ds (3)
0 i=1 0

T t
—T/ e‘k(T_s)Iq_lqb(T)ds] +/ e k=) 191 4(1)ds
0

0
and
=0t + [ S (St [ st
) = Ly +2)\ = 0
T m
_ / ek<Ts>1q1¢<T>ds> +TY Bl / e F 0= 1971 g(05)ds (4)

0 j=1

i
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where
n ,]7Pz+1 m J9'71+1
Q=172 - il
Z T(p; +2 J; T(v; +2)
vi(t) = Ag(e ™™ - 1) + t {TBO ia-]ﬂi(e—km _ i iyt
Q i=1 ' i—1 L(pi +2)
X (Ao > Bl (e —1) = By(e " — 1)) —TAg(e™Fm — 1)}
j=1
and

m m ’Yg+1
’Ug(t) = Bo(e_kt l:

TA (e k0 1)
N e
Pi —kTH —kT — kO
X (BOZaiI (e Fm — 1) — Ag(e T — 1)) — TBy(e k0 — 1)].
i=1

Proof. Writing the linear sequential fractional differential equations in as
‘DTHD +k)x(t) = ¢(t) and “DP YD + k)y(t) = ()

and then applying the Riemann-Liouville integral operator I¢9~! and I?~! on both
sides, followed by integration from 0 to t, we get

t
(t) = Age” " + Ay + At + / e M= 1971 (s) ) ds (5)
0

and

t
y(t) = Boe " + By + Bot + / e FIm =Ly (s))ds, (6)
0

where Ag, Ay, As, By, By and B, are arbitrary constants and
bt —s)12 ft—s)p?
T g (t :/ (737 t)ds, P~ Yy(t :/ —————y(t)ds,

for Ao, A1, As, By, By and By. The conditions z(0) = 0, y(0) = 0 imply that
Ay = — Ay, By = —By. Taking the Riemann—Liouville fractional integral of order
p; > 0 for and ~y; > 0 for @ and using the property of the Riemann—Liouville
fractional integral, we get

m

Ay = l - 0517757+1 Zﬁ 7k0j _ 1) + /ej efk(ejfs)jqfld)(gl)ds
Q I‘ (pi+2) I 0 I

T
— Bo(e™ T —1) — / e‘k(T_s)Ip_lw(T)ds]
0
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n i
+ TZOQ‘IM (Bo(ek"" —-1)+ / ek("is)lplw(ni)ds)
i=1 0

- T(Ao(ekT —1)+ /OT ek(TS)Iqlgb(T)ds) }

1 - B GVJJrl " : i —k(ni—s) rp—1
By=¢ ZF("y 5 Zazf‘“ Bo(e % — 1) + /0 e Ri=s) [P=Ly () ds
J

j=1

T
— Ag(e T —1) — / ek(TS)Iqlgb(T)ds]
0

m 0;
+TY I <A0(e_’“af -1+ / e_k(‘gf_s)fq_qu(Gj)ds)

j=1 0

- T(Bo(ekT —1)+ /OT ek(TS)I”lw(T)ds> }

Substituting the values of Ay, A2, By and By in (f]) and (6]), we obtain the solutions

and .

3. Main results

Throughout this paper, for convenience, we use the following expression

PR (0 1(0) = / "o — 8y h(s, 2(s), y(s))ds,

INw
where v € {t,T,1;,0;}, w={p,q} and h ={f,g},i=1,2,...,n,j=1,2,...,m
Let C = C([0,T],R) denotes the Banach space of all continuous functions from
[0,7] to R. Let us introduce the space X = {z(t) : z(t) € C*([0,T])} endowed
with the norm ||| = sup{|z(t)|, ¢ € [0,T]}. Obviously, (X,].||) is a Banach
space. Also let Y = {y(t) : y(t) € C1([0,T])} be endowed with the norm ||y =
sup{|y(t)|, t € [0,T]}. Clearly, the product space (X x Y,||(z,y)|) is a Banach
space with the norm ||(z,y)|| = ||z|| + |ly||. In view of Lemma we define the
operator 7: X xY — X xY by
Ti(z, y)(t)
T = ()

where

i

Tilwy)(®) = vi(t) + 5 [TZ il [ eI g (s (o), y(s)) ) s

pit1l m

n Z Ozzm (Z BT / —k(0_7‘—s)]q—1f(337 x(s),y(s))(07)ds
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_/ e_k(T—s)Ip—lg(s,x(S)»y(s))(T)ds)
0
T
B e k(T=9) ra=1¢(0 2(s) (s s
r 197 f(, 2(s), >><T>d}

+ / e HE=9) [=1 £ (3 1(s), y(s)) (£)ds

and
t 03
75(ay><t>=v2<t>+Q[T_Zﬂjw | e OO (), a() 0

6] 0%-&-1 n

+Z T, 19 (Zazﬂ” e gt o), s ) ds
T
B / e’“(TS)I‘Ilf(x793(8)7y(5))(T)dS)
0
T
— e RT=8) a1 f(p (s s S
r 191 f(a a(s). o >><T>d}

+ /0 e_k(t_s)lp_lg(x, x(s),y(s))(t)ds.

For the sake of convenience, we set

Q4 7 ‘ — j—
M, = ‘Q|F |:Z| |77 Zw] 9q 1[7;/ k(05—35) 15

. i (7)
+ 17119 / ek(TS)ds} + r / e FT=5)gs,
0 I'(q) Jo
P~ 1191/ e kmi—s) 1g
|04 |77 T k(T—s) i
TP— 2 ity - —s)d
+ Z T(ps £ 2) / e s},
T2 m 1 0;
Ms = W |:Z |BJ‘0;1_ I / eik(ajis)ds
q) =1 0
(9)

|ﬁ2|9’h+1 T T
+ T~ 221’* o) / eik(T*S)ds—FTq*l/O ek(TS)ds],

m |ﬁ]| ’YJJrl n

M= |mr [Z T, 1) 2 ol 11&/ _k(m_S)ds]
J

= (10)

Tp 1/ o k(T—s)
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and
MO = mln{l - (M1 + Mg)kl - (MQ + ]\44))\17

1— (M + Ms)ky — (Ma + Ma)As},

The first result is concerned with the existence and uniqueness of the solution
for the problem and is based on Banach contraction principle.

THEOREM 3.1

Assume that f,g: [0,T] x R? — R are continuous functions and there exist con-

stants m;, n;, i = 1,2 such that for allt € [0,T] and z;,y; € R, i = 1,2,
|f(t, 2, y2) — f(t 21, 91)] < mafwe — 21| + malys — 1

and
lg(t, x2,y2) — g(t, 1, y1)] < nilza — 21| + nalyz — 1.

In addition, assume that
(My + M3)(my +ma) + (M + My)(n1 + ng) < 1,

where M;, 1 =1,2,3,4 are given by @ - . Then the boundary value problem
has a unique solution.

Proof. Define sup f(t,0,0) = Ny < oo and sup ¢(t,0,0) = No < oo such that

te[0,1] te[0,1]
{ M4Ny + M3sNy + v (T)]
r > max ,
1 — (Mynq + Msmq + Myng + Msms)

MlNl —+ M2N2 + |U2(T)| }
1-— (M2n1 + Myimq + Mons + Mlmg) ’

We show that 7B, C B,, where B, = {(z,y) € X x Y : ||(z,y)| <7}
For (z,h) € By, we have

| Ti(z,9)(1)]
= 1o {“1<t>+S[TZ“Z’m / ek 1 g (5, 2(6),y(s)) (s

t€[0,T]
n o pi+1 m
T ot D) (Zﬁj / ~HO0=9) 1171 £z, 2(5), y(5)) (07)ds
T
-/ ekmup1g<s,x<s>7y<s>><T>ds>
0
T
_ e FT=s)ra=1 ¢ 2(s), y(s s
r 1971 (2, 2(s), y( >><T>d}

te_ (=) a=1 (2, (s s s
+ [ ). (s )5 |
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T - I R
<o (D) + =0 | T el [ e == 177 ((g(s, 2(5), y(s))
QL = 0

- g(S, 0, 0)| + |g(33 0, 0)|)(771)d5
it+1 m j
+ Z 'O”‘"l (Z 185117 / RO (| (2, 2 (s), y(s))
- f(8a070)| + |g(57070)‘)(0.])d8

T
+/ e M= 1 (g (s, 2(s), y(s)) — g(s,0,0)| +9(8,0,0)I)(T)d8>
0
T
+T/O e FI=ILN (| f (2, 2(s), y(s) — f(5,0,0)] + If(s,O,O)I))(T)dS}
T
+/O e HI=I 1N (| f(a, 2(s) = f(5,0,0)] + |f(s,0,0)]), y(5))(T)ds

T = R
<Jor(D)| + 157 [T Dl 177 [ e =917 (||| + mally ]| + Na2) (i) ds
QL = 0

m

- |0¢i\779i+1 (Y k(6 1
+ F(p.;z)(Zﬂjiw A G
i=1 v j=1

+ mo|ly|| + N1)(05)ds

T
+/ e‘k(T_s)Ip_l(me” + na||y| +N2)(T)ds>
0
T
+T/ e FT=9) 1971 (my || ]| + ma ]|y | +N1)(T)d5}
0

T
+/ e FT=9) 19 my ||| 4+ ma|lyl| + N1), y(s))(T)ds
0

= (mq||z| + ma|lyl| + N1)
T & ™ & AN
[IQI T +2) ZIBJU”/ T eds

T T T
+@T/ e_k(T_S)Iq_l(l)(T)ds+/ e_k(T_s)Iq_l(l)(T)ds}
0 0

T, o R
+(n1x||+n2||y|+N2)[Q|T2|ai|m/0 e k=) P=1(1)(;)ds
1=1

r ‘061‘77 s /T —k(T—s) p—1 }
—_—t e P (T)ds| + |vi (T

= (mlllm\l +M2||y|| +N1)

T ‘a1|777,l+1 m s ; o
@ (S o e )
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T Tq—]_ T
+ Tq/ e_k(T_S)ds) + / e_k(T_s)ds}
0 F(CI) 0

+ (na|lz] + n2llyl| + N2) [Q|F (Z| it~ 1[/’7/0 e kmi=s) 4q

2 |a’b|nzz+1 g —k(T—5)
+ TP~ Z € ds || + v (T)]
= Ml(m1||$H + m2||y|| + Nl) + Ma(na[|z]| + nally[| + N2) + [v1(T)]
= (M1m1 + Mgnl)H.’EH(—‘ermg + M2n2)||y|| + M{N1 + MsNo + |’U1(T)|
< (M1m1 + Monq + Mims + MQ??Q)T + M{N7 + MsNo + ‘Ul(T)| <r.

In the same way, we can obtain that
T2 (2, y)(t)]

T2 i 1 0;
< (majlz|| +m +N [( 3|04 [w/ e k0i=5) g

o [Bilo T —k(T—s) R
4TI Z e ds +T1 e ds
% + 2 0

+ (nlllxll +n2||y|| +N2)

vi+l n ;
. T ‘/8] 9 Z‘ ’L‘ p 1[/)1/ e—k}(rlifs)ds
QT(p) \ = T +2)

Tp_l/ k(T :|
+ e FT=9)qs| + oo (T
'(p) Jo l 2( )‘

= (mal|z|| 4+ mallyll + N1)Ms + (n1]|z|| 4+ nallyll + No) My + |va2(T)|
= (Myny + Mzmy)||z|[(+Mang + Mama)|ly|| + MaNy + MyNa + |va(T)]
= (M4n1 + Msmy + Myno + M3m2)7" + M3N1 + MyNy + |U2(T)‘ <

Consequently, |7 (z,y)(t)| < r. Now for (z2,¥2),(z1,51) € X x Y, and for any
t €10,T], we get

T1(z2,92) (1) — Ta (@1, 41)(1)]

|Q| |: Z|a1|1pl/ _k(m'_S)Ip_1|g(s7m2,y2) _9(57331,y1)‘(77i)d3

o[ (- o k(0,—s) 7q—1
+ E i -IW/ e PWITI[972 f(s, a0,
— f(s,21,91)|(05)ds

T
- / e—k(T_S)]P_l ‘9(57 Ta, y2) - 9(87 X1, yl)'(T)dS)
0
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T
B T/ e FT=9) 1971 £ (s, 29, y2) — f(8,$17y1)|(T)d3]
0

T
+/ e MT=1971 f (5,29, y2) — f(s, 21, 91)|(T)ds
0

<(myl|ze — 1| + m2||y2 —y1ll)

r |a1|nzl+1 S q—17y ‘ —k(G —s)
' m sz+2 Z|6]‘9 17 5 dS

T T9— 1 T
+ Tq/ ek(Ts)ds> + / ek(Ts)ds]
0 F(Q) 0

+ (n1lze — 1] + n2lly2 — y1ll)

[|Q|F (Z| 1|77f IIPL/ 77’9(77ri*5)d3
p—2 ‘O‘z|7711+1 —k(T—s)
+T E I‘ 5 . N
(pi

= M1(m1||x2 — x| + m2||y2 — w1 l]) + Ma(nq||ze — z1]| + nallye — v1l|)
= (Mymy + Mang)||xe — z1|| + (Mima + Mang)|ly2 — 1]l

Consequently we obtain
[Ti (@2, y2)(t) — Ti(z1,y1)(t)] (11)
< (Mymy + Many + Mymg + Mang)[||lve — z1|| + [ly2 — v ll]-
Similarly,
[ T2(22,y2)(t) — Ta(21, 1) (t)] (12)
< (Msmy + Myny + Msma + Myns)|[|ze — 21| + [ly2 — w1 ll]-
It follows from and that
[T (22,y2)(t) = T (21, 91) (1) < [(My + Ms)(ma1 + ma) + (Mz + My)(n1 + ns)]
ez — 21l + lly2 — 1ll)-

Since (M7 + M3)(mq +ms2) + (M + My)(n1 +n2) < 1, therefore, T is a contraction
operator. So, By Banach fixed point theorem, the operator 7 has a unique fixed
point, which is the unique solution of problem . This completes the proof.

In the next result, we prove the existence of solutions for the problem by
applying Leray—Schauder alternative.

LEMMA 3.2 (Leray—Schauder alternative, [I1])
Let F: E — E be a completely continuous operator (i.e. a map that restricted to
any bounded set in E is compact). Let

N(F)={xz € E: x=M\F(x) for some 0 <\ < 1}.
Then either the set R(F) is unbounded, or F has at least one fized point.
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THEOREM 3.3
Assume that there exist real constants k;, A\; > 0,1 =1,2 and ko > 0, Ag > 0 such
that for all x; € R, i = 1,2 we have

[f(t, x1,22)| < ko + ki|z| + ka|xa]
lg(t, z1,2z2)| < Ao + A]ai| + Agzal.

In addition, it is assumed that
[(My + Ms)ky + (Mz + My)M] <1 and  [(My+ M3)ky + (M + My)Xo] <1

where M; for i = 1,2,3,4 are given by (7)) - . Then there exists at least one
solution for the boundary value problem (1)).

Proof. First we show that the operator 7: X x Y — X x Y is completely contin-
uous. By continuity of functions f and g the operator 7T is continuous.

Let © C X XY be bounded. Then there exist positive constants Ly and Lo
such that for all (z,y) € ©,

|f(t,x(t),y(t))| <L, and ‘g(t’x(t)ay(t))l < Lo.

Then for any (z,y) € ©, we have
171 (2, y) (@)
< Jou(T |Q|[ ZaJ’”‘ e gts, eyt ) ds

|rmpim+ 2) <Z BT / OO f (s 2(s),y(s))| (05)ds

T
. / e—k<T—s>1p—1g<s,x<s>,y<s>>|<T)ds)
0 T
= e—“T—S)I‘Z‘llf(w?x(S),y(S))I(T)dS]
0
T
n / e FT=) 1971 £ (3, 2(s), y(s))|(T)ds
0
i+l m j
<1+ i (X M >l [ o
o—k(T—s) Tt ” —k(T—s)
/ )* r<q>/o ¢ dS}Ll
. p— lj-pl ' e kni—=s) 1g
\QIF ZI !

LT 22 \Oéz|m’+l —K(T5) 45| T,
T(p; +2) € Mt




Existence and stability analysis of nonlinear sequential coupled system [115]

which implies that
171 (2, 9) ()]

T ‘az|77 1 T ke,
< T i E 9‘1 Vel k(0;—5)q
< D1+ LQW(Q)( L(pi +2) &l / ‘ ?
T 1 T
Ta-
—l—Tq/ e_k(T_s)ds) + / e_k(T_s)ds}L
0 L'(q) Jo
p—171p; e~ k(ni—s)
o Ip/ ds
- BT {Z' e,

T
2 |avi | —k(T—s)
+ TP~ § sz+2/ e ds| Ly

= M1L1 +M2L2 —+ |'U1( )|

Similarly, we get

172(z, y) @)

< [oa(T) |mr [Zlﬁj 95 ””/' s
Zm 8167 (T T ko)
—I—Tq 2 1 / — —s d —I—Tq_l/ — —s d :|L
F 72 +2 e S o e S

T m |/8J|0'Y]+1 n . s
+ f ]m/ e—k(m—S)ds>
[mmp)( Ty 1) 2 g

=1

Tpfl T .
— (Tfs)d L
T /0 ‘ s} ’

= M3L1 —+ M4L2 =+ |’U2(T)|

Thus, it follows from the above inequalities that the operator 7T is uniformly
bounded.

Next, we show that T is equicontinuous. Let t1,t5 € [0,7T] with ¢; < t3. Then
we have

| Tu((t2), y(t2)) — Tu(x(t), y(t1))]

< fvi(te) —vi(t)]

|t2|Q| [ Z‘ Z‘IPI/ ieik(mis)-rpiwg(s,CE(S),y(s))Km)ds

p+1 m

+Z'F“7p'l”+2 (Zw] P [ MO 15 (0, o 051

v e—w—sm—wg(s,x(s),y<s>>(T)ds)
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— Te_k(T_s) = f(p x(s S S

v 194 f (2 2(5). >>|<T>d}

N / (e k) K O=9Y 19 £, a(s), y(s)| () ds
4+ / T M [ £, 1(s), y(5)) () ds

[t2 — ti]

] [TBOZ loi [T | (e~ Fm — 1))

pit+l
+Z |a1|17 (AOZ|6J|I’YJ 05 _ )

+ Bo|(e—’“T — 1)|) + TA0|(e—km _ 1)@

S Ao(e—k)tl _e—kt2)+

ty —t - H
+! " : [TZ | 17 / e H=I 1P g(s,2(s), y(s))| (1) ds
0

+Z|ra2|7 ) (ZW” / e U111 (2, 2(5), ()| (0)ds
T
e kT=s) =11 0(s (s S S
v 17 g(s, 2(s), o ))(T)d)
T
— e kT=s)ra=1\f(2 2(s S s
r 11 (2 2(s). o >>|<T>d}
+ / (e M) R 9) T (2 (s), y(s)) | (£1)ds

to
+/ e k2= 1a=1) £z 2(s), y(s))|(t2)ds.
t1
Analogously, we can obtain

[ T2(z(t2), y(t2)) — T2(2(t1), y(t1))]
\@w%“

to —t |
< By(e Ft — 72y 4 [t2 — 1 [ (B a; | TP |( e~km 1

Al = DI} 4 Ty 3157 (e = 1)+ TBol (e - 1)

j=1

Ito — t1| [~ 18510} T —k(ni—s) 7p—1
R PO O S A R RO

Te— (T=s)ra=1 (2. (s s S
o [ e T ) >>|<T>d)
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m 07
+TY |17 / ’ e RO 1971 f (2, 2(s), y(5))|(05)ds
j=1 0

T / T 191 £, a(s), y(s))|(T)ds
b [ ek M) g a(s) () 1) ds
0

ta
b [ eI g a(s), (o)) t2)ds.
t1

Obviously, the right-hand sides of the above inequalities tend to zero independently
of f,g € By as to —t; — 0. Therefore, the operator 7 (x,y) is equicontinuous, and

thus it is completely continuous.
Finally, it will be verified that the set

N={(z,9) € X xY: (z,y) =AT(2,9),0 <A< 1}

is bounded. Let (z, y) € N, then (z,y) = AT (z,y). For any ¢ € [0,T], we have
z(t) = ATi(z,y)(t) and y(t) = AT2(x, y)(t). Then

IﬂWSWNH+%M%Nﬂ+bMW

Z |C¥z"’71L+1 Em:w gq II'YJ/je—k(Gj—s)ds
MW i

T Tq 1 T
—l—Tq/ e_k(T_s)d8> + / e_k(T_s)ds}
0 L'(q) Jo
i
0

+ Qo+ Ml + dally]) Lmr (St [ oo,

_|_Tp 22 |O[’L|777,7+1 7k:(Tfs)d
['(pi +2) c i

and

ly(®)] < o2 (T)] + (Ao + Arllz]l + A2l

T |/B]|9%+1 - 1 e k(ni—s)
'[mnp)(z T, 1) 2l ”/ ! ds)

Tpfl /T L
+ = e” (Ts)ds]
F(p) 0

(b + bl + kel | (qu o [ ko

8167 1T s T s
+ 7972 / e k(T=s ds+Tq_1/ e k(T=s ds)]
Z '71“’2 0
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Hence we have
2@ < [vi(T)] + (ko + Kal|z]| + k2(lyl) M1 + (Ao + Adl[z]l + Aally[]) Mo
and
[y < [v2(T)| + (Ao + (ko + Eallz[| + E2ly[) Mz + Azl + Axl|yl]) Ma,
which imply that
[z + ly@)] = o1 (T)] + [v2(T)] + (M1 + M3)ko + (M2 + Ma)Ao
+ [(Ml + Mg)kl + (M2 + M4))\1]HIH
+ [(My + Mz)ka + (Ma + Ma)Ao]|ly||-
Consequently,

(M1 + Mz)ko + (M + My)Ao + [vi1(T)] + [v2(T)]
My

for any t € [0,T], where Mj is defined by , which proves that N is bounded.
Thus, by Lemma the operator 7 has at least one fixed point. Hence, the
boundary value problem has at least one solution.

Iz, )l <

4. Hyers—Ulam stability of system (1)

This section is devoted to the investigation of Hyers—Ulam stability for our
proposed system. Consider the following inequality:

[(“DT + kDT Na(t) — f(t,2(t), y(t)| < e, t€[0,T), (13)
(D + K DPyy(t) — glt,o(t), y(1)| < &5, ¢ € [0,T],
where €1, €9 are given two positive real numbers.

DEFINITION 4.1
Problem is Hyers—Ulam stable if there exist M; > 0, i = 1,2, 3,4 such that for
given €1,& > 0 and for each solution (z,y) € C([0,T] x R%,R) of inequality ,
there exists a solution (z*,y*) € C([0,T] x R2,R) of problem () with

‘l‘(t) — .L“*(f,)| < Miey + Myey, t € [O,T],

|y(t) — y*(t)| < Mgey + Myeoy, tE€ [O,T]
REMARK 4.2

(z,y) is a solution of inequality if there exist functions @Q; € C([0,T],R),
1 = 1,2 which depend upon z, y respectively, such that

o [Qi(t)] <er, [Qa(t) <&z, €0, T]].
. {(ch + kDI N (t) = f(t,x(t),y(1) + Qu(t), t€[0,T],
(“DP + k°DP~Ny(t) + g(t, o(t), y(t)) + Qa(t), t€[0,T).
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REMARK 4.3
If (x,y) represent a solution of inequality , then (z,y) is a solution of following
inequality

{Ji(t) —$*(t)| < Miey + Maey, t € [O,T],

|y(t> — y*(t)| < Mgey + Myeoy, t € [O,T]
As from Remark [£:2] we have
{(ch + kD Na(t) = f(t,2(t),y(t) + Qu(t), € [0,T],
(“DP + kD Ny(t) = g(t, x(t), y(t)) + Q2(t), t€[0,T].

With the help of Definition [£.I] and Remark [£.2] we verified Remark [£.3] in the
following lines

l2(t) — v (1)
‘;2 T;ail’” / " e ko) 10 o (s), y(s))(mi)ds
n i+1 j
+Zrosz <Zﬂm] / e KO [11 £(5, (), y(5)) (65)ds
=1
T

e—k(T—k‘?)Il)—llg(S7 -'17(3), y(s))(T)dS)

T

|
S—

’ﬂ

e~HT=9) 1171 (5. a(s). (s))(T)ds]
0

- [ 1f<s,x<s>,y<s>><t>ds]

< { Z il [ kO Q) ) s

|77 i+1 m
L

‘ I e k(05—s) ra—1 )
' T
+/ ek(Ts)]P1|Q2(t)|(T)dS) +T/ ¢=HT=3) 19110, (1)[(T)ds
’ 0
T
—|—/ e HT=9) 191, () |(T)ds
0
4 ol S -1 v/e" —k(0,—
<e i B0 17 o~k 0;-5) g
1LQF(Q)<;F(M+2); i i ;
r -1 T
+Tq/ e_k(T—s)ds) + T 1/ e_k(T—S)ds:|
0 I'(q) Jo

i
LQF <Z ai|nf 1I”l/o e kmi=9) g
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crray bl (7o)
= Mie1 + Maes.
By the same method we can obtain that
ly(t) — y*(t)] < Mseq + Myeo, (15)

where M;, 1 = 1,2,3,4 are given by @—. Hence Remark is verified, with
the help of and . Thus the nonlinear sequential coupled system of Caputo
fractional differential equations is Hyers—Ulam stable and consequently, the system
is Hyers—Ulam stable.

5. Examples

EXAMPLE 5.1
Consider the following system of coupled Caputo fractional differential equations
with Riemann-Liouville fractional integral boundary conditions

(CD5/2+2CD3/2)£L'(t)
] si@n) fyn] 1
S Gr P atee)  Getei+p@ T3 €02
(cD7/3+2cD4/3)y(t)
1 1. . 0.9 (16)
ﬂcosx(t) + msmy(t) +1, te]o0,2],
W) =0, a(2) = SIV(2/3) + VAIITy(4/3)
y(0) =0,  y(2)=V3I'"*%(1/2) + %14/7;5(1) +217/102(3/2).

Hereq:5/2ap:7/37n:2am:37T:27a1:3/27a2:\/5551:\/37
B2 =1/2, B3 =2, p1 = 1/3, p2 = 3/T, 1 = 1/4, 72 = 4/7, v3 = 7/10, ;1 = 2/3,
772:4/37 91 :1/2, 92:1, 93:3/2 and

Flta,y) = (¢ J2l)/(t+ T)2)(1 + |a) + (sin(2rt)y]) /(3! + 1)1+ ly]) +1/3
g(t,z,y) = (cosx/25) + (siny)/((t 4+ 6)%) + 1
Since
|f(t 22, y2) — f(t,21,91)| < (1/49)|22 — 1] + (1/16)|y2 — y1
and
9(t, 2, y2) — g(t, 1, y1)| < (1/25)[22 — 21|+ (1/36)|y2 — v1 |
and we can find

n m 87, +1

Q- 72N —8.442 £ 0.
— T'(pi +2) ;F(v +2) 7
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With the given values, it is found that m; = 1/49, ms = 1/16, ny = 1/25,
ng = 1/36, My ~ 3.358, My ~ 1.795, M5 ~ 3.303, M, ~ 2.331, and

(M1 + M3)(m1 + mg) + (M2 + M4)((7’L1 + ng) ~ (0.825 < 1.

Thus all the conditions of Theorem [3.1] are satisfied. Therefore, by the conclusion
of Theorem the problem has a unique solution on [0,2]. Further, it is
also straightforward to prove the problem is Hyers—Ulam stable.

EXAMPLE 5.2
Consider the following coupled fractional integral boundary conditions

(CD9/4+%0D5/4)$(t)

_ (t)] 1 1

=G+ ey Tearem T L0
(CD12/5+%CD7/5)y(t)

i (17)
_ sin(27a(t)) 1 ly(t)|
1727 + 10yt + 14 + 60(1 + |y(t)\)’ t €[0,4],

2(0)=0, (4= gl”loy(l/?) + VI Ty(2/3),
WO =0, yd) = VI Ae(5/4) + o 1 (2[3).

Here g = 9/4, p=12/5,n =2, m =2, T =4, a; = 3/2, as = 27, f1 = V7,
52 = 11/7, pP1 = 7/10, P2 = 3/7, Y1 = 3/4, Y2 = 9/8, m = 1/2, N2 = 2/3, 91 = 5/47
92 = 2/3 and

flt2,y) = a®)]/(t+3)" (1 + [a(t)]) +1/63(1 + y>(t)) + 1/18

g(t,z,y) = sin(2mx(t)) /1727 + 1/10v/t + 4 + |y(t)]/60(1 + |y(t)]).

Since

|f(t 22, y2) — f(t,21,91)| < (1/81)[w2 — 21| + (1/63)|y2 — 1
and

9(t, w2, y2) — g(t, 21, 91)] < (1/86)|z2 — 21| + (1/60)|y2 — 31|
and we can find

n pit1

o=12-Y Ok zm: Bior ~ —28.38879 % 0
—T(pi+2) = T(y;+2) '

Jj=1

With the given values, it is found that m; = 1/81, my = 1/63, n; = 1/86,

ng = 1/60, My ~ 14.38186, My ~ 5.15674, M; ~ 7.46746, M ~ 3.61879, and
(Ml + Mg)(ml + m2) + (MQ + M4)((7’l1 + ’ng) ~ (0.86485 < 1.

Thus all the conditions of Theorem are satisfied. Therefore, by the conclusion
of Theorem the problem has a unique solution on [0,4]. Further, it is
also straightforward to prove the problem is Hyers—Ulam stable.
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6. Conclusion

We discussed the existence and stability of nonlinear sequential coupled system
of Caputo fractional differential equations with Riemann—Liouville fractional in-
tegral boundary conditions. The existence and uniqueness of solutions is relies on
Banach contraction principle, while the existence of solutions is established by ap-
plying Leray—Schauder’s alternative. Finally examples are presented to illustrate
the main results.

Competing interests. There is no competing interests regarding this research
work.
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