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Abstract. This paper is devoted to the study of a multi-step method with
divided differences for solving nonlinear equations in Banach spaces. In
earlier studies, hypotheses on the Fréchet derivative up to the sixth order
of the operator under consideration is used to prove the convergence of the
method. That restricts the applicability of the method. In this paper we
extended the applicability of the sixth-order multi-step method by using only
hypotheses on the first derivative of the operator involved. Our convergence
conditions are weaker than the conditions used in earlier studies. Numerical
examples where earlier results cannot be applied to solve equations but our
results can be applied are also given in this study.

1. Introduction

Grau et. al. in [I2], studied a sixth-order multi-step method defined for each
n=0,1,2,... by
Yn = Tp — AV F(2),
Zn = Yn — Brle(yn% (1)
Tn4l = Zn — BEIF(Zn)7
where A, = [un,vn; F], Bn = 2[yn, Tn; F| — [un, vn; F|, up = z, + F(x,) and
vp = xp — F(2,), for approximating a solution 2* of the equation
F(l‘) =0, (2)
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where F': D C By — By is a Fréchet differentiable operator between Banach
spaces By, By and [.,.; F| is a divided difference of order one on D?. Due to the
wide applications, finding a solution for is an important problem in applied
mathematics. Most of the solution methods for solving are iterative and for
iterative methods order of convergence is an important issue. Convergence analysis
of higher order iterative methods require assumptions on the higher order Fréchet
derivatives of the operator F'. That restricts the applicability of these methods.

Notice that in [I2] By = By = R’ (i a natural integer). However, we study
method in the more general setting of a Banach space. We also provide com-
putable radius of convergence and error bounds on |z, — z*|| based on Lipschitz
constants not given in [I2]. The study of the local convergence in this way is also
important because it provides the difficulty in choosing the initial points. Other-
wise as in the earlier studies the choice of the initial point is a shot in the dark.
Throughout this paper L(Bs, B1) denotes the set of bounded linear operators be-
tween By and By and B(z,p), B(z, p) stand, respectively for the open and closed
balls in By with center z € B; and of radius p > 0.

Convergence analysis in [12] is based on the assumptions on the Fréchet deriva-
tive F' up to the order six. In this study we use only assumptions on the first
Fréchet derivative of the operator F' in our convergence analysis, so that the
method can be applied to solve equations but the earlier results cannot be
applied [11, 2, 3, @, 5, [18, 6] [7, [ 8], [0, [T, 12} 13} (14 [15, 16} 17, © [19, 20, 21, 22] (see
Example .

The rest of the paper is structured as follows. In Section 2 we present the local
convergence analysis of the method . We also provide a radius of convergence,
computable error bounds and a uniqueness result. Numerical examples are given
in the last section.

2. Local convergence

The local convergence analysis of is based on some parameters and scalar
functions. Let a > 0, 8 > 0 be parameters and wy: [0, +00)? — [0, +00) be
a continuous nondecreasing function satisfying wy(0,0) = 0. Define parameter
by

ro =sup{t > 0: wp(at,ft) < 1}. (3)

Let o: [0,70) — [0,+00), w,w;: [0,79)*> — [0,+00) be continuous and nonde-
creasing functions. Define functions g; and h; on the interval [0, rg) by

w1 (o (t)t, o(t)t)
1 — wo(at, Bt)

i(t) =
and

Suppose that
wl(0,0) < 1. (4)
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We have by ({4]) that

hi(0) = % —1<0,  (w(0,0)=0)

and by hi(t) = 400 as t — ry . The intermediate value theorem assures the
existence of a solution for equation hy(t) = 0 in (0, ). Denote by r; the smallest
such solution. Define also functions p and h, on [0, ry) by

p(t) = wolg1(t)t,t) + w((g1(t) + a)t, o(t)t)
and
hy(t) = p(t) — 1.
Suppose that
w(0,0) < 1. (5)

We get
hp(0) = wp(0,0) + w(0,0) —1 <0

and h,(t) — +oo as ¢ — r5. Denote by r, the smallest solution of equation
hp(t) = 0. Let ¢: [0,7,) = [0,400) be a continuous and nondecreasing function.
Define functions g2 and hg on the interval [0,7,) by

_ e(g1(2)t)
92(t) = (1 + W)gl(t)

and
ha(t) = g2(t) — 1.
Suppose that

©(0) )
14+ 2% N0000,0) < 1.
( + 1= p(0) w1(0,0)
We obtain that h2(0) < 0 and ha(t) — +00 as t — 7, . Denote by ro the smallest
solution of equation h2(t) = 0 on the interval (0,7,). Let w: [0,79)% — [0, +00)
be a continuous and nondecreasing function. Define functions g3 and hs on the
interval [0,rp,) by
t)t

g3(t) = (14‘1_7;0(?5) g

and

hg(t) = gg(t) — 1.
Suppose that

(1 + lf(;)()o)) (1 + go(O))oJl(O, 0) < 1. (6)

We get by (6) that h3(0) < 0 and hs(t) — +oo as t — r;. Denote by 73 the
smallest solution of equation h3(t) = 0. Define the radius of convergence r by

r =min{r;, i =1,2,3}. (7)
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Then, for each t € [0,r) we have

0<gi(t)<1 (8)
and
0<p(t)<1 (9)
Define parameter R* by
R* = max{ar, fr,r}. (10)

The local convergence analysis of method follows under the previous nota-
tion.

THEOREM 2.1

Let F: Q C By — B be a continuously Fréchet differentiable operator and let
[.,;F]: Q% — L(B1,B2) be a divided difference of order one on Q2 for F. Sup-
pose there exists x* € Q and function wy: [0,+00)? — [0,+00) continuous and
nondecreasing with wo(0,0) = 0, such that for each x,y € ),

F(z*) =0, F'(z*) is invertible (11)

and
IF" (%)~ ([, y; F] = F'(z*))]| < wollle = 2*[|, lly — 2*[])- (12)
Let Qo = QN B(x*,1r9). There exist a > 0, 8 > 0, functions w,w;: [0,79)% —

r
[0, 4+00), @o,¢: [0,79) = [0,400) continuous and nondecreasing such that for each
T,Y,u € QO;

1" ()" (2,9 F] = [u, %5 F)|| < wa (| =l [ly — 2*]]), (13)
1" (")~ ([, 93 F] = [u, 25 FD|| < w(llz =l lly = 2], (14)
[z, 2" F]Il < wo(llz — 2)), (15)
[F' (@), 2% || < o([le —2*])), (16)
B(z*,R") C Q, (17)

I+ [z, " 7F]|| <a,

1= [z, 2™ Fl| < B

and conditions . @ hold, where ro, v, R* are defined by . @ and .,
respectively. Then, the sequence {x,} generated for xo € U(x*,r)—{x*} by method
is well defined, remains in B(x*,r) for each n = 0,1,2,... and converges to
x*. Moreover, the following estimates hold

1yn — 27|l < gr([lzn — 2*D)llzn — 27| < flon — 2™ <, (18)
lzn = 2"l < g2(llzn — 2" an — 2™ < [on — 27|, (19)
[#ni1 — 2| < gs(llzn — " [Dllwn — 27 < flzn — 27|, (20)

where the functions g; for i =1,2,3 are defined previously. Furthermore, if there
exists Ry > r such that

wO(Rl,O) <1l or wo(O,Rl) <1,

then the limit point x* is the only solution of equation F(x) = 0 in Q1 := QN
B(x*,Rl).
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Proof. The estimates (L8)—(20)) shall be shown using induction. First we show
that Ag is invertible, so yq is then well defined by the first substep of method

for n = 0. Using , and , we have that

|F' (%)~ (Ao — F'(z))]]
< wo(l[ro — 2" — F(zo)l[; lwo — 2™ + F(z0)|)
< wo(l[( + [wo, 25 F])(wo — 2™)||, (I — [x0, 2™ F])(zo —2™)[)  (21)
< wolallzo — 2], Bllzo — z7|)
< wp(arg, Bro) < 1.

By and the Banach perturbation lemma [2] [3], we deduce that Ag is invertible

and
1

ALF! < 22
140" < T allo =2, Bllwo =) @2)
We can write by method that
-z =z —x*—AilF T
Yo 0 ( 0) (23)

= Ay F'(2)F' (2%) Y ([uo, vo; F] — [z, 2™ F])|lzo — 2.

In view of @, (for i = 1), , , and , we get in turn that

lyo — 1| < 145 F @) [ ' (@)~ ([uto, v0: F) — [wo, 2™ F) o — ”|
wr(luo = zoll, llvo = 2*[1) o — 27|

I —wolaleo — 2] Bllzo — )

wr([F (o), [ F (o)1)
= 1= wolallzo — 2*Il, Bllwo — =)
(o, a*; F(wo — &), w0, a*; Fl(wo — 2)]) (24)
1 —wo(allzo — 2|, Blzo — 2]
wi(vo(lleo — & |Dlleo — &, volzo — 2* ) o — =)
I~ wo(alzo — [, Bllzo — z°)

= g1([lwo — 2 |)|lzo — || < [lzo — 27|
<r,

which shows for n =0 and yo € B(z*, ), where we also used

luo = 27| = llwo — ™ + F(zo) |
= [I( + [xo, ™5 F]) (20 — z7)||
< M+ [zo, 25 F]f|lzo — ™|

< ar

and [lvg — 2*|| < || — [zo,z*; Fl||zo — *|| < Br so ug,vo € B(z*,r) (by (I7)).
Next, we must show By is invertible, which will make zo well defined by the second

substep of method for n = 0. Using , , @, , and , we get

in turn that
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[F" (%)~ (By — F'(2"))]]
< |F' (@) (lyo, zo; F] = F'(2*))|| + [ F' () (lyo, xo; F] — [uo, vo; F)|
< wo(llyo — 27|, [lzo — 2[]) + w(llyo — woll, [lzo — voll)
< wo(g1([lwo = z*[)[[wo — 2|, [[wo — =)

F+w(llyo — 2| + lluo — ™[I, [ F'(zo) )
< wo(g1(lwo — &*Dllwo — 2™, [[wo — ™))
+w(gi([|zo — 2™ + a)[lzo — 2", po(llzo — =™ |)[[zo — z7[])
= p([[zo — =*[]) < p(r)
<1,
so By is invertible and
E :
= 1= p(|lwo —a*|))

It follows that zp and x; are well defined by method (2). Then, by the second
substep of method for n =0, , (for ¢ = 2), (16), and , we have
in turn that

20 = (| < lyo — 2*|| + | By F' (&) |[[|F' (z*) " F(yo) |

¢(llyo — =*)) ) *
) o — 27|

1= p([lzo — )
e(g1([lzo — =™[|)[|zo — =)

L —p([lzo —2*|)
= g2(llwo — 2" [DlJwo — 2™ < [lwo — =7

1By F' (") (25)

<(1+

<(1+ Jar(llzo = @ )llo — ”|
<,

S0 holds for n = 0 and zg € B(x*,r). Then, from the last substep of method
for n =0, (for ¢ = 3) and , we get in turn that

lzy = 2| < [lzo — 2| + [ B ' F' () || F" (%) "' F (z0)

(70 — 2°1)
<(1+ Ylzo = a7
1= p(llzo — °1)
@920 — o Dllzo — o) : :
< (1+ )oalllzo — 2 Dllzo — 27|
1= p(lleo — 1)

= g3(|lwo — z"[)[|xo — 2™[| < [lzo — 27|

<r,
which shows (20) and z; € B(z*,r). The induction for (18)—(20) is completed
in an analogous way, if we replace xg, yo, %o, Vo, 20,1 By Tk, Yk, Uk, Vk, 2k, Tht1,
respectively in the previous estimates. Then, from the estimate

[2k1 — 2| < clloe — 27| <,

where ¢ = g3(||lxo — 2 * ||) € [0,1), we deduce that limg_, 0o 2 = z* and zx41 €
B(xz*,r). The uniqueness part is shown by assuming y* € Q; with F(y*) = 0.
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Define linear operator T by T' = [y*,x*; F]. Using and (21), we have in turn
that

[/ (2*)"HT — F'(2")|| < wo(0, [ly* — 2*[|) < wo(0,R) <1,
so T is invertible. If then follows from the identity 0 = F(y*) — F(z*) = T(y* —z*)
that z* = y*.

REMARK 2.2

Method is not changing if we use the new instead of the old conditions [I0} [TT].
Moreover, for the error bounds in practice we can use the computational order of
convergence (COC) [22]

I lenta—a"]]
€= _enmzerll
| el |

= foreachn=1,2,...
In =T

or the approximate computational order of convergence (ACOC)

In znt2=zniall

xT —XT
§*=M foreachn=0,1,2,...
1 H‘TnJrl*wn”

H‘Tn_wnfl H

instead of the error bounds obtained in Theorem 2.1]

3. Numerical Examples

The numerical examples are presented in this section. We choose

2,y F = / F/(y +0(x — y)) do.

In the first example, we compute the convergence radius and (COC) not given
in [12].

ExampPLE 3.1 ~
Let By = B, = R3, Q = U(0,1), 2* = (0,0,0)T. Define function F' on D for
w = (z,y,2)" by

T e—1 2 T
F(w)z(e —1,72 Y +y,z) )

Then, z* = (0,0,0)” and the Fréchet-derivative is given by

Notice that using the conditions, we ge‘f wo(s,t) = L (s+t), wy (ls, t) = Letlot
w(s,t) = $L(s+t), po(t) = (t) = 3(1+e%0),a=B=1+3(1+e%0), Ly =e—1,
L = e. The parameters are

r=0.1524, 7o =0.7499, 75 =0.0578 =7, &= 4.9984.
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The work in [I0] 1T}, [12] cannot be used in the next example, since B = By #
R*. This example is also used to show how to compute the convergence radii in
abstract space setting.

EXAMPLE 3.2 ~
Let By = By = C[0,1], @ = U(z*,1) and consider the nonlinear integral equation
of the mixed Hammerstein-type [4} [6], 20] defined by

a(t)®
5 dt,

o) = | K(s.)

where the kernel K is the Green’s function defined on the interval [0, 1] x [0, 1] by

(=), t<s,
K(s’t)_{s(l—t), s<t

The solution z*(s) = 0 is the same as the solution of equation (2)), where
F: C[0,1] — C[0,1]) is defined by

dt.

F(z)(s) = x(s) —/0 K(s,t)x(;)

! 1
H/ K(sJ)dtH <1
0 8

Notice that

Then, we have that

1
F'(z)y(s) = y(s) 7/0 K(s,t)z(t)dt,
and F'(z*(s)) =1,
1" (2") 7N (F (@) = F'()]| < é”x —yll.

We can choose wo(t, s) = wi(t,s) = w(s,t) = 52, @o(t) = ¢(t) = F and a = g =
25 The parameters are

ry = 0.6124, rp =0.1898, r3 =0.1214 =r.
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