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Dedicated to Professor Dr. Andrzej Zajtz on his seventieth birthday

WYX[Z]\ ^ _a` \ b
The paper deals with the local structure of those n-dimensional

(n ≥ 5) Riemannian manifolds of harmonic conformal curvature (M, g)
which are not conformally flat and admit a non-homothetic conformal
change of metric g 7→ ḡ such that (M, ḡ) is locally symmetric.

cedgf hYi]jak0l0m0nai]o k0h

An n-dimensional (n ≥ 4) pseudo-Riemannian manifold (M, g) is called
conformally symmetric [2] if its Weyl conformal curvature tensor

Chijk = Rhijk −
1

n − 2
(gijShk − gikShj + ghkSij − ghjSik)

+
K

(n − 1)(n − 2)
(gijghk − ghjgik)

(1)

is parallel, i.e., Chijk,l = 0. Herewith and in the sequel we denote the curvature
tensor, Ricci tensor and scalar curvature by R, S and K respectively, while
the comma stands for covariant differentiation with respect to the Levi-Civita
connection.

Clearly, the class of conformally symmetric manifolds contains all locally
symmetric ones (n ≥ 4) as well as all conformally flat manifolds of dimension
n ≥ 4. In the Riemannian case there are no more examples ([4], Theorem 2).

But in general, for each n ≥ 4, there exist ([5]) conformally symmetric
manifolds with metrics of indices from the range {1, 2, . . . , n − 1} which are
neither conformally flat nor locally symmetric.

It is not hard to check (see (5)) that for every conformally symmetric ma-
nifold the condition

Sij,l − Sil,j =
1

2(n − 1)
(K,l gij − K,j gil) (2)

holds.
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An n-dimensional (n ≥ 2) pseudo-Riemannian manifold is said to be nearly
conformally flat [3] (or nearly conformally symmetric [10]) if its Ricci tensor
satisfies condition (2). Any conformally symmetric manifold is therefore nearly
conformally flat. Moreover, condition (2) shows that any n-dimensional (n ≥ 2)
manifold of harmonic curvature (Sij,k = Sik,j) is also nearly conformally flat.

The existence of essentially nearly conformally flat metrics, i.e. nearly con-
formally flat metrics which are neither conformally flat nor of harmonic curva-
ture, can be stated as follows:

Example 1 ([10], Example 1)
Let M = R

n−1 × R
1
+, (n ≥ 5) be endowed with the metric g given by

gλµdxλdxµ = ((n − 1)xn)
2

n−1 fijdxidxj + (dxn)2,

where λ, µ = 1, 2, . . . , n, i, j = 1, 2, . . . , n − 1, and f is an arbitrary non-flat
Ricci-flat metric on R

n−1 (which evidently exists since n ≥ 5 ). Then (M, g) is
essentially nearly conformally flat.

From Theorem 7 of [5] it follows that essentially nearly conformally flat
manifolds cannot be conformally symmetric ones. Nearly conformally flat ma-
nifolds (n ≥ 4) with positive definite metrics are also said to have harmonic
Weyl tensor (i.e., δC = 0, see [1], p. 435) or to be of harmonic conformal
curvature. Throughout this paper we shall use the latter name.

Let M be a manifold of of class C∞ endowed with a (not necessarily positive
definite) metric g. If ḡ is another metric on M and there exists a smooth
function p on M such that ḡ = (exp 2p)g, then g and ḡ are said to be conformally
related or conformal to each other, and such a change of metric g 7→ ḡ is called
a conformal change. If p = constant, then the conformal change of the metric
is called a homothety.

Nickerson initiated [8] investigations of Riemannian manifolds (M, g) admit-
ting a conformal change of metric g 7→ ḡ such that (M, ḡ) is locally symmetric.

The present paper deals with similar problems. It contains at generic points
(Theorem 2) a full description of the local structure of those n-dimensional
(n ≥ 5) (Riemannian) manifolds of harmonic conformal curvature (M, g) which
are not conformally flat and admit a non-homothetic conformal change of met-
ric g 7→ ḡ such that (M, ḡ) is locally symmetric. Theorem 2 bases on the
following result:

Theorem 1
Let (M, g), dim M ≥ 4, be of harmonic conformal curvature. If (M, g) is not
conformally flat and it admits a non-homothetic conformal change of metric
g 7→ ḡ = (exp 2p)g such that (M, ḡ) is conformally symmetric, then dim M ≥ 5
and (M, ḡ) is a locally reducible locally symmetric manifold.
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Throughout this paper, all manifolds under consideration are assumed to
be connected and of class C∞. Their metrics, unless stated otherwise, are
assumed to be positive definite.
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In the sequel we need the following results:

Lemma 1
The Weyl conformal curvature tensor satisfies the well-known equations:

Chijl = −Cihjl = −Chilj = Cjlhi , (3)

Chijl + Chjli + Chlij = 0, Cr
ijr = Cr

irl = Cr
rjl = 0, (4)

Cr
ijl,r =

n − 3

n − 2
(Sij,l − Sil,j −

1

2(n − 1)
(K,lgij − K,jgil)). (5)

Lemma 2 ([6], p. 89-90)
Let ḡij = (exp 2p)gij . Then we have:

Γ̄i
jk = Γi

jk + δi
jpk + δi

kpj − pigjk , (6)

C̄h
ijl = Ch

ijl , (7)

where Γ denotes Christoffel symbols, pi = p,i and ph = ghrpr.

Lemma 3
Let ḡij = (exp 2p)gij . Then we have:

C̄r
ijk;r = Cr

ijk,r + (n − 3)prC
r
ijk , (8)

where the semicolon denotes covariant differentiation with respect to ḡ.

Proof. Differentiating (7) covariantly, using (6) and Lemma 1, we obtain

C̄h
ijk;l = Ch

ijk,l + δh
l prC

r
ijk − 2plC

h
ijk − phClijk − piC

h
ljk − pjC

h
ilk

− pkCh
ijl + gilp

rCh
rjk + gjlp

rCh
irk + gklp

rCh
ijr .

(9)

Equation (8) follows from (9) and Lemma 1. This completes the proof.

Lemma 4 ([4], Theorem 2)
Let (M, g) be a Riemannian conformally symmetric manifold. If it is not con-
formally flat, then (M, g) is locally symmetric.



p�q0��sut v wyx z|{Yw[v }�~

Lemma 5 ([11], Theorem 3)
Let (M, g) be a pseudo-Riemannian conformally symmetric manifold. If it
admits a conformal change of metric g 7→ ḡ such that (M, ḡ) is conformally
symmetric, then both (M, g) and (M, ḡ) are conformally flat or the conformal
change of metric is a homothety.

Remark 1
It is known ([12], p. 286) that a Riemannian manifold is locally decomposable
if and only if it admits a symmetric parallel tensor field of type (0, 2) which is
not a multiple of the metric tensor.

If (M, g) is locally decomposable and dim M = n, then coordinates (x1, . . . ,

xr1 , xr1+1, . . . , xr1+r2 , . . . , xn) can be locally chosen so (see [13], p. 414 ) that
its metric takes the form:











gi1j1

gi2j2

. . .

gitjt











, (10)

where i1, j1 = 1, . . . , r1, i2, j2 = r1+1, . . . , r1+r2, . . ., it, jt = 1+
∑t−1

l=1
rl, . . . , n,

and the tensors gs (s = 1, . . . , t) given by g1 = [gi1j1(x
1, . . . , xr1)], g2 =

[gi2j2(x
r1+1, . . . , xr1+r2)], . . . are irreducible. M can be therefore locally writ-

ten in the form M1 × . . . × Mt and its metric is the direct sum of the metrics
on Mi’s. Obviously, if one or more of the Mi’s are 1-dimensional, then, by a
renumeration of coordinates, (10) can be modified so that (M1, g1) is Euclidean
and that all gk (k = 2, . . . , m ≤ t) are irreducible and no one of the Mk’s is
1-dimensional. Moreover, (10) implies

[gij ] =

[

gab

gAB

]

, (11)

where a, b = 1, . . . , r, A, B = r + 1, . . . , n, gab are functions of x1, . . . , xr only,
and gAB depend on xr+1, . . . , xn only. Clearly, in a matrix of the form (11) the
tensors g1 and g2 can be reducible.

Lemma 6
In the metric (11), the only components of the Weyl conformal curvature tensor
and its covariant derivative which may not vanish are those related to

Cabcd = Rabcd −
1

n − 2
(gbcSad − gbdSac + gadSbc − gacSbd)

+
Q + N

(n − 1)(n − 2)
(gbcgad − gacgbd) ,

(12)
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CABCD = RABCD −
1

n − 2
(gBCSAD − gBDSAC + gADSBC

−gACSBD) +
Q + N

(n − 1)(n − 2)
(gBCgAD − gACgBD),

(13)

CaABc = −
1

n − 2

((

Sac −
1

n − 1
Qgac

)

gAB

+

(

SAB −
1

n − 1
NgAB

)

gac

)

,

(14)

CABCD,a =
1

(n − 1)(n − 2)
Q,a(gBCgAD − gACgBD) , (15)

Cabcd,A =
1

(n − 1)(n − 2)
N,A(gbcgad − gacgbd), (16)

CaABc,d = −
1

n − 2
(Sac,d −

1

n − 1
Q,dgac)gAB , (17)

CaABc,D = −
1

n − 2
(SAB,D −

1

n − 1
N,DgAB)gac , (18)

Cabcd,e = Rabcd,e −
1

n − 2
(gbcSad,e − gbdSac,e + gadSbc,e − gacSbd,e)

+
1

(n − 1)(n − 2)
Q,e(gbcgad − gacgbd),

(19)

CABCD,E = RABCD,E−
1

n− 2
(gBCSAD,E − gBDSAC,E + gADSBC,E

−gACSBD,E)+
1

(n − 1)(n − 2)
N,E(gBCgAD − gACgBD),

(20)

where a, b, c, d, e = 1, 2, . . . , r, A, B, C, D, E = r+1, . . . , n, and Q and N denote
the scalar curvatures of the metrics [gab] and [gAB ], respectively.

The proof is obvious.

Lemma 7
Let (M, g) be conformally symmetric with a possibly indefinite metric. If the
metric can be locally written in the form (11), then (M, g) is locally symmetric.

The proof follows easily from equations (15)-(20).

The following two results seem to be well known:
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Lemma 8
Let M = M1 × M2 be an n-dimensional (n ≥ 4) pseudo-Riemannian mani-
fold, where M1 and M2 are of constant sectional curvature, dim M1 = r ≥ 1,
dim M2 = s ≥ 1 and r + s = n.1 Denote by Q and N the scalar curvatures
of M1 and M2, respectively. Then M is conformally flat if and only if the
condition

s(s − 1)Q + r(r − 1)N = 0 (21)

holds.

Lemma 9
Let M = M1×M2× . . .×Mt be a pseudo-Riemannian manifold, Mi (dim Mi =
qi ≥ 1, i = 1, 2, . . . , t) being Einstein manifolds with scalar curvatures Qi. De-
note by Q the scalar curvature of M and let q = dim M . Then M is Einsteinian
if and only if

1

q
Q =

1

qi

Qi (i = 1, 2, . . . , t).

Lemma 10
Let (M, g) be an n-dimensional (n ≥ 2) Riemannian locally symmetric manifold
whose curvature tensor satisfies the condition

vrR
r
ijl = Blgij − Bjgil (22)

for some covector fields v and B. If (M, g) is locally irreducible and if at least
one of the covector fields v or B does not identically vanish, then (M, g) is of
constant sectional curvature.

Proof. Obviously, (M, g) is an Einstein manifold with constant scalar cur-
vature and its curvature tensor satisfies the condition

Rhij
kRhijl = τgkl (23)

where τ = constant. Transvecting (22) with Rlji
q and making use of (23), we

easily obtain

τvq =
2

n
KBq . (24)

On the other hand, condition (22) yields

1

n
Kvl = (n − 1)Bl

which, together with (24), implies

1Throughout this paper, 1-dimensional manifolds are ass med to be of constant sectional
curvature.
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(

τ −
2

n2(n − 1)
K2

)

vl = 0. (25)

Assume that vi does not vanish at least at some point of M . Since τ and
K are constants, (25) gives

τ =
2

n2(n − 1)
K2.

But, by (23), we have RhihkRhijk =‖ R ‖2 = nτ , which, together with the last
result, implies

‖ R ‖2=
2

n(n − 1)
K2. (26)

Now, let T be given by

Thijl = Rhijl −
K

n(n − 1)
(gijghl − ghjgil).

Then, in view of (26), we get ‖T‖2 = 0. Thus, T = 0, which completes the
proof in the case v 6= 0. If Bi does not identically vanish, then the proof is
quite similar.

�0dg�Yk0nY��� � ��l0�0nYk0�H�0k0�0���0� ���H��h0o �]k0� l0�

We are now in a position to prove Theorem 1.

Proof of Theorem 1. By (2) and (5), we get

Cr
ijl,r = 0, (27)

which, in view of (8) and (7), yields

prC̄
r
ijl = 0. (28)

But (28), together with

C̄
hij

lC̄hijk = µḡlk .

which holds for every 4-dimensional manifold [9], implies µpl = 0. Hence, C̄ = 0
at some point. Since C̄ is parallel, it vanishes therefore everywhere, a contra-
diction. Thus dim M ≥ 5.

Assume that (M, ḡ) is locally irreducible. By (7) and Lemma 4, (M, ḡ) is
locally symmetric and, in consequence, it must be Einsteinian. Thus, in view
of (28), we have

prR̄r
ijl =

1

n(n − 1)
K̄(plḡij − pj ḡil),
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which, by Lemma 10, shows that (M, ḡ) is of constant sectional curvature.
Consequently, (M, ḡ) is conformally flat, a contradiction. The last remark
completes the proof.

Lemma 11
Let (M, g), dim M ≥ 5, be of harmonic conformal curvature admitting a non-
homothetic conformal change of metric g 7→ ḡ = (exp 2p)g such that (M, ḡ) is
conformally symmetric. Assume that (M, ḡ) is in some coordinate neighbour-
hood U decomposable into M1×M2, dim M1 = r ≥ 1, dim M2 = s = n−r ≥ 1.
(The metric of (M, ḡ) is therefore in U of the form (11)). If one of the M ′

is,
say M1, is either irreducible or Euclidean and there exists a point in U at which
the gradient of p does not vanish in the direction of M1 (i.e. pa = p,a 6= 0 for
some a ∈ {1, 2, . . . , r}), then

(i) M1 is of constant sectional curvature (with constant scalar curvature)
and M2 is Einsteinian with parallel curvature tensor.

(ii) Condition (21) holds, where Q and N denote the scalar curvatures of M1

and M2, respectively.

Proof. Both M1 and M2 are locally symmetric since M1 ×M2 does so (cf.
Lemma 7). On the other hand, because of (28), equations (12)-(14) imply

paC̄a
BDd = 0, paC̄a

bcd = 0, pAC̄A
BCD = 0, pAC̄A

bdE = 0, (29)

whence, by (14), S̄ab = 1
r
Qḡab, ∇̄C̄ = 0 and pa 6= 0, we get

S̄BD =
1

n − 1

(

N −
s − 1

r
Q

)

ḡBD . (30)

The last result shows that M2 is Einsteinian and that condition (21) holds.
Moreover, (12) yields

C̄abcd = R̄abcd −
1

n − 2

(

2

r
Q −

Q + N

n − 1

)

(ḡadḡbc − ḡacḡbd),

which, because of (29), implies

paR̄a
bcd −

1

n − 2

(

2

r
Q −

Q + N

n − 1

)

(pdḡbc − pcḡbd) = 0. (31)

But from the last result, we have

1

r
Q −

r − 1

n − 2

(

2

r
Q −

Q + N

n − 1

)

= 0,
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which shows that in the case dim M > 1 equation (31) takes the form

paR̄a
bcd =

1

r(r − 1)
Q(pdḡbc − pcḡbd).

Since pa does not identically vanish, the assertion is therefore an immediate
consequence of Lemma 10. This completes the proof.

Lemma 12
Let (M, g), dim M ≥ 5 be of harmonic conformal curvature admitting a con-
formal change of metric g 7→ ḡ = (exp 2p)g such that (M, ḡ) is conformally
symmetric. Assume that (M, ḡ) is in some coordinate neighbourhood U de-
composable into M1 × M2 × . . . × Mt, where M1 is Euclidean or irreducible
and the others of the M ′

js (j = 2, . . . , t) are irreducible and no one of them
is 1-dimensional (the metric of (M, ḡ) is therefore in U of the form (10), cf.
Remark 1). If p 6= constant on U , then (M, ḡ) is conformally flat or there is
only one of the M ′

is (i = 1, . . . , t) in the direction of which the gradient of p

does not identically vanish (i.e., there exists s ∈ {1, 2, . . . , t} such that for any
q 6= s the condition piq

= p,iq
= 0 holds everywhere on U , where (xiq ) denote

coordinates in Mi.)

Proof. Let t ≥ 3. Suppose that among M ′

is there exist at least two such
in the direction of which the gradient of p does not identically vanish on U .
Without loss of generality, we may assume (it is enough to change the nu-
meration of coordinates if it is necessary) that the metric is in U of the form
(10) and that among (xi1 ) and (xit ) there exist at least two coordinates xλ1

and xλt such that both componets pλ1
= p,λt

and pλt
= p,λt

do not vanish
identically on U . Lemma 11 shows that both M1 and Mt are of constant sec-
tional curvature (with constant scalar curvatures), N1 = M2 × . . . × Mt and
N2 = M1 × . . . × Mt−1 are Einsteinian and condition (21) holds.

Denote by Qi the scalar curvature of Mi and let qi = dim Mi. Then, in
view of (21), we have

q1(1 − q1)

t
∑

i=2

Qi + Q1

t
∑

i=2

qi

(

1 −

t
∑

i=2

qi

)

= 0, (32)

Qt

t−1
∑

i=1

qi

(

1 −
t−1
∑

i=1

qi

)

+ qt(1 − qt)
t−1
∑

i=1

Qi = 0. (33)

On the other hand, Lemma 9 implies

Qi =
1

qt

Qtqi (i = 2, . . . , t), Qi =
1

q1

Q1qi (i = 1, . . . , t − 1), (34)

which, together with (32) and (33), yields
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q1(1 − q1)Qt + qtQ1

(

1 −
t
∑

i=2

qi

)

= 0,

qt(1 − qt)Q1 + q1Qt

(

1 −
t−1
∑

i=1

qi

)

= 0.

Consequently, we have

Q1

((

1 −

t
∑

i=2

qi

)(

1 −

t−1
∑

i=1

qi

)

− (1 − q1)(1 − qt)

)

= 0,

whence it follows Q1 = Qt = 0. Thus, both M1 and Mt are Euclidean, a
contradiction. Assume now that t = 2 and that there exist pb, b ∈ {1, 2, . . . , r}
and pB , B ∈ {r+1, . . . , n}, which do not vanish on U (cf. Remark 1). Then, by
Lemma 11, both M1 and M2 are of constant sectional curvature and condition
(21) holds. Hence, in view of Lemma 8, M1 × M2 is conformally flat. Since C̄

is parallel and it vanishes on U , it does so everywhere. Consequently, (M, ḡ) is
conformally flat. The last remark completes the proof.

�"dg 7� k0nY��� �Yi]jam0nai]m0ja��ja�0�0m0� i

We are now in a position to prove the following result:

Theorem 2
(i) Let (M1, g1) be of constant sectional curvature K (K = constant), F a

positive non-constant function on M1, and (M2, g2) a locally symmetric
Einstein manifold whose scalar curvature N = −s(s − 1)K, where s =
dim M2. If (M2, g2) is not of constant sectional curvature and dim M1 +
dim M2 ≥ 5, then M = M1 × M2 with the warped product metric g =
F 2g1 + F 2g2 = (exp 2 log F )(g1 ⊕ g2) is of harmonic conformal curvature
and it admits a non-homothetic conformal change of metric g 7→ ḡ such
that (M, ḡ) is locally symmetric. Moreover, (M, g) is neither conformally
flat nor locally symmetric.

(ii) Let (M, g), dim M ≥ 4 be of harmonic conformal curvature admitting
a non-homothetic conformal change of metric g 7→ ḡ = (exp 2p)g such
that (M, ḡ) is conformally symmetric. If (M, g) is not conformally flat,
then dim M ≥ 5 and for each point x ∈ M satisfying (grad p)(x) 6= 0
coordinates can be chosen in a neighbourhood of x so that the metric of
M takes the above stated warped product form with properties described
in (i).

Proof. (i) Obviously, coordinates can be locally chosen so that the metric
of M can be written as
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[gij ] = e−2p

[

ḡab

ḡAB

]

, (35)

where ḡab(x
1, . . . , xr) denote the components of g1, ḡAB(xr+1, . . . , xn) the com-

ponents of g2, r = dim M1 = n− s and p = − logF 6= constant is a function of
x1, . . . , xr only. Thus,

[ḡij ] = e2p[gij ]. (36)

Since (M1, g1) is of constant sectional curvature (with constant scalar curva-
ture), (M2, g2) is a locally symmetric Einstein manifold and condition (21)
holds, (M, ḡ) is locally symmetric and equations (12)-(14) imply C̄abcd =
C̄aABc = 0 and

C̄ABCD = R̄ABCD −
1

s(s − 1)
N(ḡBC ḡAD − ḡBDḡAC). (37)

Moreover, one can easily check that condition (28) is satisfied. Hence, in view
of (36), (7), (8) and ∇̄C̄ = 0, we obtain (27), which shows that (M, g) is of
harmonic conformal curvature. On the other hand, by virtue of (36) and the
definition of g it follows that (M, g) admits a non-homothetic conformal change
of metric g 7→ ḡ such that (M, ḡ) is locally symmetric. Because of (37) and (7),
(M, g) is not conformally flat and, by Lemma 5, it cannot be locally symmetric.
The last remark completes the proof of (i).

(ii) Theorem 1 shows that dim M ≥ 5 and (M, ḡ) is a locally reducible
locally symmetric manifold. Consequently, its metric has locally the form (10),
where (M1, g1) is either Euclidean or irreducible, and any other (Mi, gi) is
neither reducible nor of dimension 1.

Denote by U a coordinate neighourhood in which gradp does not vanish
identically. Whithout loss of generality we may assume (it is enough to renu-
merate the coordinates if it is necassary) that (M1, g1) with g1 given by [ḡab],
a, b = 1, 2, . . . , r, is either Euclidean or irreducible, and that pc(x) 6= 0 for some
x ∈ U and c ∈ {1, . . . , r}. Obviously, the metric (10) can be written in the
form (11), whence, by Lemma 11, it follows that (M1, g1) is of constant sec-
tional curvature (with constant scalar curvature), (M2, g2) is Einsteinian with
parallel curvature tensor and condition (21) holds. Moreover, Lemma 12 shows
that p is a non-constant function of x1, . . . , xr only.

Assume now that (M2, g2) is of constant sectional curvature. Then, because
of (37) and C̄abcd = C̄aABc = 0, the Weyl conformal curvature tensor C̄ would
vanish on U . Since C̄ is parallel by assumption, it would vanish everywhere
on M , a contradiction. Hence, in view of (35), (M, g) has in U the required
warped product form with F 6= constant and properties described in (i). This
completes the proof.

Remark 2
The main part of Theorem 2(i) is due to A. Derdziński (cf. [1], p. 442).
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Remark 3
In the case B 6= 0 the assertion of Lemma 10 follows also from a result of
Grycak (cf. [7], Theorem 1).
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