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A sharp companion of Ostrowski’s inequality for the
Riemann—Stieltjes integral and applications

Abstract. A sharp companion of Ostrowski’s inequality for the Riemann-
Stieltjes integral fab f(t) du(t), where f is assumed to be of r-H-Holder type
on [a,b] and u is of bounded variation on [a,b], is proved. Applications
to the approximation problem of the Riemann-Stieltjes integral in terms of
Riemann-Stieltjes sums are also pointed out.

1. Introduction

In [I2], Dragomir has proved an Ostrowski inequality for the Riemann-Stieltjes
integral, as follows:

THEOREM 1.1
Let f: [a,b] = R be a r-H-Hdélder type mapping, that is, it satisfies the condition

|f(x)7f(y)| §H|£L'*y|r, V:v,yé [aab]a

where, H > 0 and r € (0,1] are given, and u: [a,b] — R is a mapping of bounded
variation on [a,b]. Then we have the inequality

b— b
a+‘x_a+

o ate) ~ata) -~ [ roaut] < 1" >

}T~\b/(u>

for all x € [a,b], where, \/Z(u) denotes the total variation of u on [a,b]. Further-
more, the constant % is the best possible in the sense that it cannot be replaced by
a smaller one, for all r € (0,1].
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In [13], Dragomir has proved the dual case as follows:

THEOREM 1.2
Let f: [a,b] = R be a mapping of bounded variation on [a,b] and u: [a,b] — R be
of r-H—-Hdlder type on [a,b]. Then we have the inequality

252 + |z — =27 - Vo ()

In [7], Barnett et al. established some Ostrowski and trapezoid type inequali-
ties for the Stieltjes integral f: f(t) du(t) in the case of Lipschitzian integrators for
both Holder continuous and monotonic integrand. The dual case was also analyzed
in the same paper. In [8], Cerone et al. proved some Ostrowski type inequalities
for the Stieltjes integral where the integrand f is absolutely continuous while the
integrator u is of bounded variation. For other results concerning inequalities for
Stieltjes integrals, see [5] 9} 10} (1T}, (16} (18} 19, 211, (23] [24].

Motivated by [20], Dragomir in [15], established the following companion of
the Ostrowski inequality for mappings of bounded variation.

THEOREM 1.3
Let f: [a,b] = R be a mapping of bounded variation on [a,b]. Then we have the
inequalities:

f@)+ flatb—=z) 1 [° 1 |a— 3atb
: -5t [ o <[5+ [

b

| Vi

for any x € |a, “7“’] , where \/Z(f) denotes the total variation of f on [a,b]. The
constant % is best possible.

For recent results concerning the above companion of Ostrowski’s inequality
and other related results see [11, 2], B} 4 [6, 14} [T5] [I7), 22].

In this paper, we establish a companion of Ostrowski’s integral inequality for
the Riemann-Stieltjes integral f: f(t) du(t), where f is assumed to be of r-H-
Holder type on [a,b] and w is of bounded variation on [a,b]. Applications to the
approximation problem of the Riemann-Stieltjes integral in terms of Riemann-
Stieltjes sums are also pointed out.

2. The results

The following companion of Ostrowski’s inequality for Riemann-Stieltjes inte-
gral holds.
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THEOREM 2.1
Let f: [a,b] = R be a r-H-Hélder type mapping, where, H > 0 and r € (0,1] are
given, and u: [a,b] — R is a mapping of bounded variation on [a,b]. Then we have
the inequality

’f(x)[u(“;b)—u(a)}+f(a+b—x)[u(b) ““’ /f £) dul(t ‘

b
S R

(1)
<H

for all z € [a, 2£2], where \/ (u) denotes the total variation of u on [a,b]. Fur-
thermore, the constant 7 s the best possible in the sense that it cannot be replaced
by a smaller one, for all v € (0,1].

Proof. Using the integration by parts formula for Riemann-Stieltjes integral, we
have

a+b>
u _
and

b
[ b= o) s dutt

:f(a+b—gc)[u(b)— ‘“Lb / F£(t) dut

Adding the above equalities, we have

atl b
|7 @ = s+ [ farb=a)— ) au)
:f(m)[u(a;_b)—u(a)}—&—f(a—l—b—x)[u(b)—u a+b /f t) du(t

It is well known that if p: [¢,d] — R is continuous and v: [¢,d] — R is of

bounded variation, then the Riemann-Stieltjes integral fcd p(t) dv(t) exists and the
following inequality holds

d

d
/MWW*@@@WVM- 2)

t€le,d]

Applying the inequality (2) for v(t) = u(t), p(t) = f(z) — f(t) for all t € [a, %$2];
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and then for p(t) = f(a+b— ) — f(t), v(t) = u(t) for all t € (“£2,b], we get

a+b

s [u(* )u(a)}Jrf(aera:)[u(b)u(a;b)}/abf(t)du(t)

a+b
2

atb b
- [T v - sonao+ [ et o0 - fo1dut)

o b (3)
< ‘ / [f (@) = ()] du(t)| + /i [fla+b—x) — f(t)] du(t)
b
< o, ]If (t)]- \/ o ]If(a+b z) = f®)] -\ ()
t€la, &L atbp atb

As f is of r-H-Hoélder type, we have

swp 1)~ fO1 < swp [Hlz— 1]
te[avaT-H?] te[a,“T*'b]

= Hmax{(x —a)’, (a;b —z)r}

= Hmax {(2 —a), (22— 2)}]"

b—a 3a+b7"
’H{ 1 +‘x* 1 H

and

sup |fla+b—z)— f)| < sup [Hla+b—z—t[]
te[ 242 ,b] te[ 242 b]

a;b)r,(b—a—b—i—x)r}

:H[max{(:c—a)»(a;b _m)HT

e ek

:Hmax{(a—i—b—x—

Therefore, by (3], we have

f(z){u(a;rb)f ()}+f(a+b x) a+b /f t) du(t

atb
SH[b;aer 3aszT-\;/(u)+H{b4 Ii3a4+bH \b/(u)

a+b

2

:H[b;a—i— . SaZ—bHr.\Z/(u)-
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To prove the sharpness of the constant 1 for any r € (0,1], assume that (1) holds
with a constant C' > 0, that is,

‘f(x) [(“E2) )] + ra b2 fule) —u( 50)] - /abf(t)du(t)‘

]r-\b/<u>.

a

_3a+b
4

gH[C’(b—a)—&-‘x

Choose f(t) =t", r € (0,1], t € [0,1] and u: [0,1] — [0, 00) given by

_Jo, t € (0,1],
u(t) = {—1, t=0
As
lf(@) = f)|=la" =y [ <[z —y|", Vzel0,1], re(0,1], (4)

it follows that f is r-H—-Holder type with the constant H = 1.
By using the integration by parts formula for Riemann-Stieltjes integrals, we
have

1 1
/0f(t)dU(t):f(l)U(l)*f(U)U(O)*/O u(t)df(t) =0 and \/(u) = 1.

0

Consequently, by (4, we get
x r— - T —1.
— 4 b ) 2

For v = %, we get 2% < (C+ i)r, which implies that C' > %, and the theorem is

completely proved.
The following inequalities are hold:

COROLLARY 2.2
Let f and u be as in Theorem . In choose

1. = = a, then we get the following trapezoid type inequality

f@[u(457) ~ @] + 70 [ue) ~ o (52)] - [ )

b—ay® |\
SH( 2 ) Vw.

2. x = QTH’, then we get the following mid-point type inequality

(u(t) — (@) (57 - /abf(t) auto| <1 ("5 V.
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We may state the following Ostrowski type inequality:

COROLLARY 2.3
Let f be as in Theorem[2.1 Then we have

f@)+ fla+b—x) 1 b—a 3a+b
2 b—a/af(t)dt‘SH{ 1 +‘x* 1

for all x € [a, “EL]. The constant + is the best possible in the sense that it cannot
be replaced by a smaller one, for all v € (0,1].

COROLLARY 2.4
Let u be as in Theorem and f: [a,b] — R be an L-Lipschitzian mapping on
[a,b], that is,

where L > 0 is fized. Then, for all x € [a, %rb], we have the inequality

a+b

‘f(:c)[u( : )u(a)}+f(a+bz)[u(b)u(a;bﬂ/abf(t)du(t)‘

<t -2 Voo

The constant i is the best possible in the sense that it cannot be replaced by
a smaller one.

COROLLARY 2.5
In Theorem if u is monotonic on [a,b], and f is of r-H—Hdélder type. Then,
for all x € [a, “;b], we have the inequality

‘f(x) [w(“E2) — (@] + fa+b-)fute) —u(“F2)] - /abf(t)du(t)‘
|

2

SH[bfa_i_‘z_?)aer

4

- | ute) = ()

COROLLARY 2.6
Let f be of r-H—-Hélder type and g: [a,b] — R be continuous on [a,b]. Then we
have the inequality

a+b

‘f(ff)/a i 9(8)d8+f(a+bx)/;g(s)ds/abf(t)g(t)dt’

[ e

<H

for all z € [a, “E2], where ||g||, = fab lg(t) |dt.
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Proof. Define the mapping u: [a,b] — R, u(t f g(s) ds. Then wu is differentiable
n (a,b) and u'(t) = g(t). Using the propert1es of the Riemann-Stieltjes integral,

we have
[ a0
and
b b
— [wwlde= [ gty at
REMARK 1

In Corollary [2.6, if f is symmetric about the x-axis, i.e. fla+b—z) = f(x),
then we have

f(w)/bg(S)ds—/bf(t)g(t)dt‘ < H[P 4 o= 222 gl

] For instance, choose x = a—“’ then we get

(450 [[aras— [ s al <1 ("5 ol

3. An approximation for the Riemann-Stieltjes integral

for all z € [a,

Let I, : a = 29 < 21 < ... < z, = b be a division of the interval [a,b],
hi=xi41 —m;, (1=0,1,2,...,n—1) and v(h) := max{h;| 1 =0,1,2,...,n — 1}.
Define the general Riemann-Stieltjes sum

n—1

S(f,u, In, €) = Z {f(gl)[u(xl + 412) — u(z;)] (5)
i=0
+ flzi +ziv1 — &) {u(xiJrl) - u(%)} }

In the following, we establish some upper bounds for the error approximation of the
Riemann-Stieltjes integral f; f(t) du(t) by its Riemann-Stieltjes sum S(f,w, I, §).

THEOREM 3.1
Let u: [a,b] = R be a mapping of bounded variation on [a,b] and f: [a,b] — R be
of r-H—-Hdlder type on [a,b]. Then

b
/ F(O) du(t) = S(f,u Lo, €) + R(fru, I, €),

where S(f,u,I,,&) is given in and the remainder R(f,u,I,,&) satisfies the
bound

b
1 32 + Tig1 |17
B(fu 1 < Hjv() +_ max |6 = =25\ ()

b : (6)
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Proof. Applying Theorem on the intervals [z;,2;11], we may state that
T + @
e [u(") e

+ fGoict i - 6)[ute) - (T - [T 0 )

2 7
1 37 +x N
T i+1 1"
At fe - =52 -V

foralli € {0,1,2,--- ,n—1}.
Summing the above inequality over ¢ from 0 to n — 1 and using the generalized

triangle inequality, we deduce

‘R(fa u, In, §)|
{f(fi) [U(w> - u(l’i)}

+ flws + i1 — &) [U(fﬂz‘+1) - U(%)} - /:M f(®) du(f)}‘

|
—

n—1 Tig1
1 3z + xit1 1"
S el 57 Yoo
n—1%Ti41
1 3552 + I'H»l
<H su Phi + ] (
i:O,l,..I.),n—l 4 ; y
However,
L 32 + Tit1 )" 1 3x; + Tiq1|]"
Zhs Obg T Li41 ] < [7 h 3 + Tiy1 :|
imon {4 it 1 < | gv(h) +sup 1
and
n— 1:81+1
=0 x;

which completely proves the first inequality in (@
For the second inequality, we observe that
3x; + x; 1

g — —————= 1 ZH) Szhi

— 1}, which completes the proof.

for all i € {0,1,2,
COROLLARY 3.2

In Theorem additionally, if f is symmetric about the x-axis, then we have
S(f,u, I, &) reduced to be

S I €) = 3 F(€)u(ris1) — ). (7)

=0
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Then

b
/ F(8) du(t) = S(fou, I, €) + R(fru, I, €),

where S(f,u,I,,&) is given in and the remainder R(f,u,I,&) satisfies the
bound in
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