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Stability of generalized quadratic functional
equation on a set of measure zero

Abstract. In this paper we prove the Hyers-Ulam stability of the following
K-quadratic functional equation

Y f@+k-y) =Lf@)+Lfy), wy€B,

ke

where F is a real (or complex) vector space. This result was used to demon-
strate the Hyers-Ulam stability on a set of Lebesgue measure zero for the
same functional equation.

1. Introduction

The concept of the stability for functional equations was introduced for the
first time by S.M. Ulam in 1940 [33]. Ulam started the stability by the following
question

Given a group G, a metric group (G',d), a number § > 0 and a mapping f: G — G’
which satisfies the inequality d(f(zy), f(z)f(y)) < & for all z,y € G, does there
ezist an homomorphism h: G — G’ and a constant v > 0, depending only on G
and G’ such that d(f(z), h(z)) <9 for all z in G?

In 1941, Ulam’s problem for the case of approximately additive mappings was
solved by D.H. Hyers [16] on Banach spaces. In 1950 T. Aoki [3] provided a general-
ization of the Hyers theorem for additive mappings and in 1978 Th.M. Rassias [30]
generalized the Hyers theorem for linear mappings by considering an unbounded
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Cauchy difference. For more information on the concept of the stability of func-
tional equations see, for example [0 [12] [15], 17, [I8], [T9] 22| 24].

The first stability theorem for the quadratic and Cauchy functional equations
was proved in 1941 by Hyers-Ulam [I6] and in 1978 by Rassias [30] then by F. Skof
in 1983 [32] in Banach spaces. In 1984, P.W. Cholewa [9] extended Skof’s result
to an abelian group. In 1992, S. Czerwik [13], in the spirit of Hyers-Ulam-Rassias
generalized the Skof’s theorem.

Recently, the stability problem of the quadratic Cauchy type functional equa-
tions has been investigated by a number of mathematicians, the interested reader
can refer to, for example [I, [4] [7, [8] 19}, 20} 2T, 22} 23], 25}, [30].

The stability problems of several functional equations on a restricted domain
have been extensively investigated by a number of authors, for example [5] 1T, 13}
21, 29] [31].

It is very natural to ask if the restricted domain D = {(x,y) € E? : ||z||+|y|| >
d} can be replaced by a much smaller subset Q2 C D, i.e. a subset of measure zero
in a measurable space E.

In 2013, J. Chung in [10] answered to this question by considering the stability
of the Cauchy functional equation

flx+y) = f(z)+ f(y)

inaset QC{(z,y) € R?: ||z|| + ||ly|| > d}, where m(Q) =0 and f: R — R.

In 2014, J. Chung and J.M. Rassias [I1] proved the stability of the quadratic
functional equation in a set of measure zero. In 2015, M. Almahalebi in [2], proved
the Hyers-Ulam stability for the Drygas functional equation

flx+y)+ fle—y)=2f(x) + f(y) + f(~y)

for all (x,7) € Q, where Q C R? is of Lebesgue measure zero.

Throughout this paper, let E be a real (or complex) vector space and F' be
a real (or complex) Banach space.

Our aim is to prove the Hyers-Ulam stability on a set of Lebesgue measure
zero for the K-quadratic functional equation

Y fla+k-y)=Lf@)+Lfy), wyeF, (1)

ke

where f: F — F are applications and K is a finite subgroup of the group of
automorphisms of E and card C = L.

These results are applied to the study of an asymptotic behaviour of this
functional equation.

2. Notations and preliminary results

In this section, we need to introduce some notions and notations.

A function A: F — F between two vector spaces E and F is said to be
additive if A(x +y) = A(z) + A(y) for all ,y € E. In this case, it is easily seen
that A(rz) =rA(z) for all x € F and all r € Q.
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Let £ € N*\ {1} and A: E¥ — F be a function, then we say that A is
k-additive if it is additive with respect to each variable. In addition, we say that
A is symmetric if

A(xa(l)a To(2)s--- axa(k)) = A(xlv‘r% e awk);

whenever x1,xs,...,z € E and o is a permutation of (1,2,... k).

Let k € N*\{1} and A: E*¥ — F be symmetric and k-additive and let A (z) =
A(z,z,...,z) for x € E, then Ay(rz) = r*Ag(x), whenever x € E and r € Q.

In this way, a function Ay: E — F which satisfies for all A € Q and z € F
Arp(Az) = A\* A}, will be called a rational-homogeneous form of degree k (assuming
A £0).

A function p: E — F is called a generalized polynomial (GP) function of
degree m € N if there exist ap € E and a rational-homogeneous form Ay: £ — F
(for 1 < k < m) of degree k, such that

m

p(z) = a0+ 3 Ax(x)

k=1

forall x € F.
Let F'¥ denote the vector space (over a field K) consisting of all maps from E
into F. For h € E, define the linear difference operator Aj; on F'¥ by

Anf(x) = fx+h) = f(z)

for f € F¥ and z € E. Notice that these difference operators commute (A, Ay, =
Ap, Ay, for all hy,he € E) and if h € E and n € N, then A} the n-th iterate of
Ay, satisfies

150 = 3 () 4

0
forall f € F¥ and all z,h € E.

3. Hyers-Ulam stability of (1]

The Hyers-Ulam stability of was proved by M. Ait Sibaha, B. Bouikhalene
and E. Elqorachi in [I], A. Charifi, B. Bouikhalene and E. Elqorachi in [7] and
R. Lukasik in [26]. The purpose of this section is to establish this stability by
another approach, the approach based on results by Mazur and Orlicz [27] and by
Djokovié [14].

LEMMA 3.1
Let E be a vector space, F a Banach space, KC a finite subgroup of the group of
automorphisms of E and let L = card K. Let moreover f: E — F satisfy

D f@+k-y)=> flk-y)—Lf(x)

ke keK

<4, x,y € E. (2)
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Then
L

2
1AL @)~ o) < 25 wwer,
L
where g(x) = —EiL:_Ol(—l)L_i EJ(;)l f(ex,, k- ) and Kij € K are pairwise
different sets such that card KC;; = L — i for j € {1,..., (f)}, ie€{0,...,L}.

Proof. We have

ng(zuk):ﬁz)f<zk> ver

Since for all g € K,

BKi; =K,  i€{0,...,L}, ]k:E{l(L)}

i
Now, fix u,v € F and let

zi=utiv, yy= Y kv, ief{0,...,L}, ;6{1(5)}

ke

Forall pe K, i€{0,...,L}, j € {1, cee (f)} we study two different cases.

Case 1: fp~'e Kij.
In this case, we have i # L. So let k£ € {1,...7(Z._f1)} be such that IC;; =
Kiv1yr U {B~1}. Thus, we have

xi+6yij=u+iv+Zﬁl-vzu—l—(i-ﬁ-l)v—i— Z /6l'U:-Ti+1+6y(i+1)k:~
e lEK:(H,l)k

Case 2: B~ ¢ K.
Sincei £ 0, let k € {1,..., (:1)} be such that K1), = K;;U{B~'}. By a similar
calculation to the previous case, we obtain

i+ Byij = io1 + BYi—1)k-

Consequently, we get

NG
Z(_l)L71 flwi +p yz]) =0 (4)
=0 j=1perk

Now, in view of (2), (3) and () we have
ILAL f(u) — Lg(v)|

e (i £ S 3 )|

i=0 i=0 j=1 keK;
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oS (i S (5 )|

(v

{Z Flai+ o yig) = Lf(z) = Y f(u-yz‘j)] H

mae HEK

L .
S (-
=0

< 2L§

Jj=1

which ends the proof.

THEOREM 3.2
Let E be a vector space, F a Banach space, KC a finite subgroup of the group of
automorphisms of E and let L = card K. Let moreover f: E — F satisfy

D fa+key) = flk-y)— Lf(x)

ke ke

<4, x,y € E. (5)

Then there exists a unique (GP) function p: E — F of degree at most L such that
p is a solution of and

9L+1
[ f(z) = £(0) = p(z)| < 0.
Proof. According to , we have
L 2L
Ay f(u) = g(v)|| < f& u,v € E. (6)
Replacing u by u + v, we get
2L
|ALflutv) - g < 4. )
Using (6) and (7)), we obtain
9L+1

AT f(u)] < d.

L
Then by [19, Theorem II] there exists a (GP) function ¢: E — F of degree at most

L such that
L+1

2
1f (@) = a(@)|| < =74 (8)

For 0 < k < L, there is a rational-homogeneous form Ay : E — F of degree k such
that

g(a) = f(0) + Y Ax(2). (9)
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By (5) and (§), we get

Y al@+k-y) - Ly(x) — LQ(y)H

ke

<

Z(Q(fc+k~y)—f(x+k.y))H+

ke

+ 1 L(g(2) = f(2))] +

Z(Q(k~y)—f(k~y))H

ke

S fa+key)= > flk-y) - Lf(x)

ke ke
oL+l g4 oltl gy oltl 54§

<
<(3-28 1)

(10)

for all z,y € E. Now @ says, in light of , that for all z,y € F,

H +2L:Z( wkey)—Ailh-g) - EL:A] )H (11)

j=1keK j=1
< (328 4+ 1)s.

Replacing x by rz and y by ry in , where r € Q, we conclude that
L L
TS R e
j=1  keK j=1
L (12)
SE YAk

kek j=1
<(3-2t 1)

for all z,y € E. By continuity, holds for all real r and all z,y € E. Now
suppose that ¢: F — R is a continuous linear functional. Then by , we get

H +Zrﬂ¢(z< i@+k-y)

ke

- ;LAJ-@) S EL:Aj<y>))H

kel j=1
< (3-2F +1)8|¢|

for all z,y € F and all r € R.
Since a real polynomial function is bounded if and only if it is constant, from
the last inequality we surmise that, for 1 < j < L,

ng(Z(A (x+k-y) > Ak y)>

ke kek



Generalized quadratic functional equation [155]

for all z,y € E. As ¢: ' — R is arbitrary continuous linear functional, by the
Hahn-Banach theorem,

> (Aj(x—l—k-y)—LAj(:v)—ZAj(k-y)) =0, z,yeFE, 1<j<L. (13)
kel ke

Let p(z) = q(x) — q(0), then p is a (GP) function of degree at most L and by
it is a solution of equation

> (p(ferk'y)—Lp(x)—Zp(k-y)) =0, azy€ek. (14)
ke ke

Finally, by using and , we get
2L+1
If(@) = f(0) = p(@)]| < =76,  z€F.

Let p’ be another (GP) function solution of (1) of degree at most L such that
L+1

| f(z) = f(0) = p'(z)]| < 5, z € E.

2L+2

Then, we get |p(xz) — p'(2)|| < =5—=0, v € E. A similar proof to that in [I9,
Theorem III] yields p = p'.

THEOREM 3.3
Let E be a vector space, F a Banach space, K a finite subgroup of the group of
automorphisms of E and let L = cardKC. Let f: E — F be a function satisfying

S o+ k) - L) —Lf(y)H <5 wyck. (15)

keK

Then there exists a unique (GP) function p: E — F of degree at most L such that
p is a solution of and

L+3
|\f<ac>—f<o>—p<os>||s2L+ 5. wck.

Proof. By posing ' = f — f(0), it is easy to show that f’ satisfies

S fla+k-y)—Lf () - Lf(y)| <26, ayek. (16)
ke

First, we observe that

HLf’(y)—Zf’(k-y) <25, (17)

ke
From the above inequalities and , we have

Yo F@tkoy)=> fk-y)—Lf(2)

keK keK
By Theorem [3.2] the result follows.

< 44.
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4. Stability of equations on a set of measure zero

Let E be a vector space and F be a real (or complex) Banach space. For given
z,y,t € E and a finite subgroup K of the group of automorphisms of E, we define

Pi&yi = {(I7t)a (ZL‘ + k, : t,y), (‘T + k- yat); Vkak, € ’C}

Let Q C E2. Throughout this section we assume that 2 satisfies the condition:
For given z,y € E there exists t € E such that

Pyt CQ. (C)

In the following, we prove the Hyers-Ulam stability theorem for the generalized
quadratic functional equation in Q.

THEOREM 4.1

Let 6 > 0 and suppose that E is a vector space and F' is real (or complex) Banach
space. If f: E— F satisfies

S f(o+ky) - Lf) —Lf(y)H <5

ke

for all (z,y) € Q, then there exists a unique generalized polynomial (GP) q: E — F
of degree at most L such that

9L+3

[f(z) —q(@)| < 3-

d, x € FE. (18)

Proof. Let
D(z,y) =Y _ f(z+k-y)— Lf(z) — Lf(y).

ke
Since (2 satisfies , for given x,y € F, there exists t € E such that

ID@+k-y )| <6, [D@@+E -ty <d and [[D(z, )] <0

Thus, we have

L[S stk o) - L@ - L)

kel

— {Z <Lf(:c+k~y)+Lf(t)— Zf(x+k-y+k’~t)>}

kel ek
n LZG;C<—LJ°($+k’-t) _Lf<y>+k€z&f<w+k’-t+k'y>ﬂ

+L{Z f(a:+k’-t)—Lf(x)—Lf(t)}
ke
==Y D(+k-yt)+ Y D(x+k ty)+LD(xt).
ke k'ek
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Using the triangle inequality, we get

LY fle+k-y) - Lf(z) - Lf(y)| <3L5, x,y€F.
ke

This implies that

Y f@+k-y)—Lf(z)—Lf(y)| <35, w,yekE.
kex

Next, according to Theorem there exists a unique generalized polynomial (GP)
q: F — F of degree at most L such that

L+3

If(@) —q@)| <3- o5, zckB.

This completes the proof.

COROLLARY 4.2
Suppose that f: E — F satisfies the functional equation

> f@+key)=Lf(x)+Lfy)

kek
for all (z,y) € Q. Then holds for all x,y € F.

COROLLARY 4.3
Let € > 0 be fizxed. Suppose that f: E — F satisfies the functional inequality

[f(x+y) + fle+oly) = 2f(z) =2f(y)ll <&, zyel,

where o: E — F is an involution. Then there is a unique quadratic Q: E — F,
and an additive A: E — F such that A(o(x)) = —A(z), x € E and

1f(x) = f(0) = A(z) — Q(x)[| <16,  z € E.

Proof. By taking L = 2 and K = {I,0} in Theorem there exists a unique
generalized polynomial (GP) p(z) = f(0) — A(z) — Q(x) of degree at most 2 which
is a solution of the following functional equation

fl@+y)+ fx+o(y) —2f(x) -2f(y) =0, zyeck

We use [Theorem 6, [25]] to complete the proof.

5. Applications

In this section, we construct a set of measure zero satisfying the condition
for E = R. From now on, we identify R? with C. Using K = {I}, respectively
K = {I,—1I} for R. The following lemma is a crucial key of our construction [28]
Theorem 1.6].
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LEMMA 5.1

The set R of real numbers can be partitioned as R = F UK, where F is of the first
Buaire category, i.e. F is a countable union of nowhere dense subsets of R, and K
is of Lebesgue measure zero.

The following lemma was proved by J. Chung and J.M. Rassias in [10] and [I1].

LEMMA 5.2

Let K be a subset of R of measure zero such that CK = R\{K} is of first Baire
category. Then, for any countable subsets U C R, V' C R\{0} and M > 0, there
exists t > M such that

U+tV={u+tv: uelU,veV}CK. (19)

In the following theorem, we give the construction of a set 2 of Lebesgue
measure Zero.

THEOREM 5.3
Let Q = exp(=i)(K x K) be the rotation of K x K by %, i.e.

3 1 1 3
Q—{(p,q)eRzz gp—iqéK, 2p+\§q€K},

where K is a subset of R of measure zero such that CK = R\{K} is of the first
Baire category. Then ) satisfies the condition and is of two-dimensional
Lebesgue measure zero.

Proof. By the construction of Q, the condition is equivalent to the fact that
for every z,y € R, there exists ¢t € R such that

exp (%z)Pwyt CcKxK.
The inclusion is equivalent to

3 1 1 3
Se oyt = {\gu — 50 U + %’U 2 (u,v) € Pz,y,t} CK.

It is easy to check that the set S, is contained in a set of form U +tV. We
consider two cases

(i) K = {I}. Then

U:{\/ﬁ.l_\/ﬁ 1 1 V3 V3 1

Srgeye vt Tu R e )

In this case we find the functional equation of Cauchy

flx+y) = f(x)+ f(y).
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(ii) £ ={I,—1I}. Then

V3 1 V3 1 1 NEIRVE] 1
— N T e e Y T Ty PP :|: A :|:
U { 2 1', 21}, 2 x 2ya Q‘r 2 y7 2 (iE y)7 2(:17 y) ’

v fa bl

In this case we find the quadratic functional equation
fle+y) + fl@e—y) =2f(z) +2f(y).
By Lemma [5.2] for given z,y € R and M > 0 there exists o > M such that
Seyt CUFtV C K.
Thus, €) satisfies . This completes the proof.

COROLLARY 5.4
Let d> 0 and Q4 == {(z,y) € Q: |z + |y| > d}. Then, Qq satisfies (C).

As a consequence of Theorem and corollary, we obtain the asymptotic
behaviour of f satisfying the asymptotic condition,then there exists a sequence 4,
monotonically decreasing to 0 such that

S fotke9) = L)~ L1) | > 0, sl Jull 0. (20
ke

COROLLARY 5.5
Suppose that f: R — F satisfies the condition . Then, f is a generalized
quadratic functional.

Proof. The condition implies that, for each n € N, there exists d,, > 0 such
that

S Je+k9) - L) - L) <5, (21)
keK

for all (x,y) € 4, . From previous corollary, Q4 = {(x,y) € Q: |z|+ |y| > d,}
satisfies . Thus, by Theorem there exists a unique generalized polynomial
qn: R — F

1f(z) = gn(z)]| < 3- On (22)

for all x € R. By replacing n € N by m € N in and using the triangle
inequality, we have

L+3 L+3 9L+3
On +3- Om < 6 -
L * L -
for all z € R. For all n1,n € Nand € R, we have necessarily ¢, = gn, + ¢.(0) —
Gn, (0). Since ¢,(0) = gn, (0) = 0, we have in (23) ¢, = ¢n,. Now, letting n — oo
in , we get the result. This completes the proof.

ln() — oy ()] < 3- 2 (23)
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If we define @ C R?" as an appropriate rotation of 2n-product K2” of K, then
2 has 2n-dimensional measure zero and satisfies . Consequently, we obtain the
following.

COROLLARY 5.6
Let F be a Banach space. Suppose that f: R™ — F' satisfies the functional inequal-
ity

Y f@+k-y)—Lf(z) - Lf(y)H <e

keK

for all (z,y) € Q. Then there exists a unique quadratic mapping q: R™ — F such
that

If(x) —q(2)]| <3-

for all x € R™.
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