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Abstract. In the present paper, we prove weighted inequalities for the Dunkl
transform (which generalizes the Fourier transform) when the weights belong
to the well-known class B,. As application, we obtain the Pitt’s inequality
for power weights.

1. Introduction

A key tool in the study of special functions with reflection symmetries are
Dunkl operators. The basic ingredient in the theory of these operators are root
systems and finite reflection groups, acting on R%. The Dunkl operators are com-
muting differential-difference operators T;, 1 < ¢ < d associated to an arbitrary
finite reflection group W on R? (see [7]). These operators attached with a root
system R can be considered as perturbations of the usual partial derivatives by
reflection parts. These reflection parts are coupled by parameters, which are given
in terms of a non-negative multiplicity function k.

Dunkl theory was further developed by several mathematicians (see [6][14]) and
later was applied and generalized in different ways by many authors (see [I} [2]).
The Dunkl kernel Ej has been introduced by C.F. Dunkl in [§]. For a family
of weight functions wy, invariant under a reflection group W, we use the Dunkl
kernel and the measure wy(x)dz to define the generalized Fourier transform Fy,
called the Dunkl transform, which enjoys properties similar to those of the classical
Fourier transform. If the parameter k¥ = 0, then wg(x) = 1, so that Fi becomes
the classical Fourier transform and the T}, 1 <14 < d reduce to the corresponding
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partial derivatives B%i’ 1 < ¢ < d. Therefore Dunkl analysis can be viewed as a
generalization of classical Fourier analysis (see next section, Remark .

Let p be a non-negative locally integrable function on (0, +00). We say that
€ By, 1 <p < +oo if there is a constant b, > 0 such that for all s > 0,

+oo s
/s Mg)dtgbp;/o () dt. (1)

In the particular case when p is non-increasing, one has 1 € B,.

The weighted Hardy inequality [16] (see also [9] [13]) states that if p and ¢
are locally integrable weight functions on (0,400) and 1 < p < ¢ < +00, then
there is a constant ¢ > 0 such that for all non-increasing, non-negative Lebesgue
measurable function f on (0, 400), the inequality

( / - (: / ) ds) ey de)” < / Troriwa) @

is satisfied if and only if

ig%(/osﬂ(t) dt);</08(19(t))dt>_; < 400 (3)

.
7

([ ER) ([ G [ova)Towa) <o a

and

Hardy’s result still remains to be an important one as it is closely related to the
Hardy-Littlewood maximal functions in harmonic analysis [17].

The aim of this paper is to prove under the B, condition and using the
weight characterization of the Hardy operator, weighted Dunkl transform inequal-
ities for general non-negative locally integrable functions u, v on R%,

1

([, iAn@r) )’ <o [ @@ dna)”

where 1 < p < 2
LP(RY v(z)dvg ()
tors defined by

< ¢ < +oc and f € LY (R?). LY (R?) denote the space
with vy the weighted measure associated to the Dunkl opera-
dvg(z) == wy(x)dx  with density wy(z) = H [(€,2)|**©) ) z e RY

§ERL

R being a positive root system and (.,.) the standard Euclidean scalar product
on RY (see next section). As application, we make a study of power weights in this
context. This all leads to the Pitt’s inequality:

for 1 <p<2<g<4oo, -(2y+d) <a<0,0< < (2y+d)(p—1) and
f e Ly ,(RY), one has

([ 1B an@)” <e( [ @Pld’ dw)’.
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with the index constraint Tler(% + %) =1-1 —é, where v = 25€R+ k:(g)
This extend to the Dunkl analysis some results obtained for the classical Fourier
analysis in [4].

The contents of this paper are as follows. In section 2, we collect some basic
definitions and results about harmonic analysis associated with Dunkl operators.

The section 3 is devoted to the proofs of the weighted Dunkl transform in-
equalities when the weights belong to the class B,. As application, we obtain for
power weights the Pitt’s inequality.

Along this paper we use ¢ to denote a suitable positive constant which is not
necessarily the same in each occurrence and we write for x € R?, ||z|| = /(x, z).
Furthermore, we denote by

o E£(R?) the space of infinitely differentiable functions on R%,

e S(RY) the Schwartz space of functions in £(R?) which are rapidly decreasing
as well as their derivatives,

e D(R?) the subspace of £(R?) of compactly supported functions.

2. Preliminaries

In this section, we recall some notations and results in Dunkl theory and we
refer for more details to the surveys [I5].

Let W be a finite reflection group on RY, associated with a root system R.
For o« € R, we denote by H,, the hyperplane orthogonal to a. For a given 5 €
RN\, e g Ha, we fix a positive subsystem R, = {a € R: (a,3) > 0}. We denote
by k a non-negative multiplicity function defined on R with the property that k is
W-invariant. We associate with k the index

y= ) k(=0

§ERy

and a weighted measure vy given by

dvg(z) = wg(x)dz, where wg(x) = H (€, ) 2RO 2 e R
§ERL

Further, we introduce the Mehta-type constant ci by

ck = (/Rd e Iy w () dx)il.

For every 1 < p < 400, we denote respectively by L} (R?), Liyu(Rd), Ly, (RY)
the spaces LP(R?, dvg(z)), LP(R?, u(z)dvy(x)), LP(RY, v(z)dvg(z)) and L (RT)med
the subspace of those f € LY (R?) that are radial. We use respectively || || &,
[ llp.k205 [ [|p.k.0 as & shorthand for [ [[1r ra), | HL?u(]Rd)v | ”Lgyv(Rd)'

By using the homogeneity of degree 2v of wy, it is shown in [I4] that for
a radial function f in Li(R?), there exists a function F on [0,+00) such that
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f(x) = F(||z|), for all z € RY. The function F is integrable with respect to the
measure 72774=1dr on [0, +00) and we have

Rd f(@) dvi(z) = /OJroo (/Sd*1 J(ry)ws(ry) da(?J))Td_ldr
= +oo W ('r-y) da‘(y) F(T)Tdild’[' (5)
[
’ +oo s
= dj /0 F(r)r -1y,

where S9! is the unit sphere on R? with the normalized surface measure do and

-1
Ck

dy, = /S = (6)

The Dunkl operators T;, 1 < j < d, on R associated with the reflection
group W and the multiplicity function k are the first-order differential-difference
operators given by

of f(@) — fpa(z)) d d
T;f(z) = 87j(¢)+ > k(a)ajW, feERT), z eRT,
aERy
where p, is the reflection on the hyperplane H, and o; = («,€;), (e1,...,e€q)
being the canonical basis of RY.

REMARK 2.1

In the case k = 0, the weighted function wy = 1 and the measure v, associated
to the Dunkl operators coincide with the Lebesgue measure. The T} reduce to
the corresponding partial derivatives. Therefore Dunkl analysis can be viewed as
a generalization of classical Fourier analysis.

For y € C?, the system

Tju(x’y) :yju(‘r’y)v 1<j<d,
u(0,y) =1
admits a unique analytic solution on R?, denoted by Ej(z,y) and called the Dunkl
kernel. This kernel has a unique holomorphic extension to C¢ x C?. We have for
all A € C and 2,2’ € C4, Ex(z,2') = Er(7,2), Ex(\2,2') = E(z,\2') and for
z,y € RY | Ep(z,iy)| < 1.
The Dunkl transform F is defined for f € D(R?) by

Fr(f)(@) = e » FW)By(—iz,y) dvy(y),  x€R™
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We list some known properties of this transform:

i) The Dunkl transform of a function f € Li(R?) has the following basic pro-

perty
IFk(Hllso < N1 ll15-

ii) The Dunkl transform is an automorphism on the Schwartz space S(R9).

iii) When both f and F(f) are in L}(R%), we have the inversion formula

f@)= | FelH)@)Esliz.y)dvi(y), xR

iv) (Plancherel’s theorem) The Dunkl transform on S(R?) extends uniquely to

an isometric automorphism on L2 (R?).

Since the Dunkl transform F(f) is of strong-type (1,00) and (2,2), then by in-
terpolation, we get for f € LY (R?) with 1 < p < 2 and p’ such that % + i =1,
the Hausdorfl-Young inequality

IFR ()l ke < ellf

The Dunkl transform of a function in L}(R?)"%? is also radial. More precisely,
according to ([I4] proposition 2.4]), we have for z € R, the following results:

pk-

/S  Buliz.yhun(y) doly) = duj, g (),

and for f be in L}(R4)red

+oo
Fi(f)(z) = /0 ( gd—1 Ey(—irz, y)wi(y) da(y))F(T)T27+d_1dr
+o0 - (7)
= dk/o jfy.;_g_l(7’||:c||)F(7,)7,27+d,1dT’

where F' is the function defined on [0,+00) by F(||z||) = f(x) and Jygd_y the

normalized Bessel function of the first kind and order v + % — 1 given by

J . a_,(x)
27+5-1T A ed o M e 20,

j’Y+%—l(>\$) = ’ (’V T 2) ()\x)'v-%—%—l 1 x 7&
1 if Az = 0,

A € C. Here Jw+%71 is the Bessel function of first kind,

(st 2y+d—2
Joa_4(t)= / cos(tcos0)(sin§)=7747 df
T A T(v+ 4 -3 o 8)
=C et /2 cos(t cos 0)(sin 0)27 742 dp,
0
where C, —
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3. Weighted Dunkl transform inequalities

In this section, we denote by p’ and ¢’ respectively the conjugates of p and ¢
for 1 < p < g < 4+00. The proof requires a useful well-known facts which we shall
now state in the following.

PROPOSITION 3.1 (SEE [16])
Let 1 < p < 400 and v be a non-negative function on (0,+00). The following are
equivalent:

i) ve B,,
ii) there is a positive constant ¢ such that for all s > 0,

1

([ewa) ([ ([ ewa) " a)" <o o)
REMARK 3.2

1/ (see [[5]) (Hardy’s Lemma) Let f and g be non-negative Lebesgue measurable
functions on (0, +00), and assume

/Otf<s>dss/0tg<s>ds

for all ¢ > 0. If ¢ is a non-negative and decreasing function on (0, +00), then

+o0 +oo
/ f(s)p(s) ds < / g()p(s) ds. (10)
0 0

2/ Let f be a measurable function on R%. The distribution function D ¢ of fis
defined for all s > 0 by

Dys(s) = m({z € R?: |f(2)] > s}).
The decreasing rearrangement of f is the function f* given for all t > 0 by
[*(t) =inf{s > 0: Dy(s) < t}.
We have the following results:

i) Let f € LY(RY), 1 < p < +o0, then

+oo +oo
/Rd |f(2)]P dvg(z) :p/o sP 1Df(s) ds :/0 (f*@)rde. (11)

ii) (see [12, Theorems 4.6 and 4.7]) Let ¢ > 2, then there exists a constant
¢ > 0 such that, for all f € Li(R%) + L2(R?) and s > 0,

| @wrarase [ ([ row) e )
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iii) (see [5, [10, 11]) (Hardy-Littlewood rearrangement inequality)
Let f and ¥ be non-negative measurable functions on R?, then

+o00o
[ @) in (@) < /0 PO (1) dt (13)

and
/0+ OIEE [ f@iEanta). ()

Now, we begin with the proof of the following proposition which gives a necessary
condition.

PRrRoOPOSITION 3.3
Let u, v be non-negative vy-locally integrable functions on R% and 1 < p < 2 <
q < +oo. If there exists a constant ¢ > 0 such that for all f € LY (R?),

(/0%o ((]—'k(f))*(t))qu*(t)dt)% <c(/0+oo (f*(t))pKl)*(t)}_ldt)%, (15)

v

then it is necessary that

ape( [ o) ([ Q)] )T <o

Proof. Put for any fixed r > 0,

B ve(B(0,1)) =k
r= (T1 ¥ (uk(B(o,l)))2) ’

and take f = x(,r) in , where x(o,r) is the characteristic function of the
interval (0, R). For s > 0 and by and (6)), the distribution function of f is

Dy(s) = vk({z € R x(o,m () > s})

_ dk R2+d
2v+d

= v(B(0, 1))RQ’Y+dX(0,1)(3)
= T/X(O,l) (8)7

X(O,l)(s)

where

(v (B(0,1)))?

r" = v (B(0, 1))R2'y+d =1y (e (BO. ) (17)
This yields for ¢ > 0,
frt) =inf{s = 0: Ds(s) <t} = x(0,m) (1)
Observe that ' < r, hence we have
+ee * q % % : 1y -1 %
([T @morervoa) <c([ [(G) 0] « »

IN

([ 1) ]
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According to , for z € R?, we can assert that

t2'y+d— 1

1 R.
FD@) =60 [ g alloll) g

(19)

2—2~v—d 2v+d
2

R
| Teaaielion

Since cos(t|z| cosf) > cos1 > 3, for t € (0, R), ||z € (0, %) and 6 € (0, %), then
we obtain from , the estimate

= c; |z dt.

™

1 d p)
Tyigallell) > 50 el £ [ sin)ria-2 dp
’ 0

vy
i VIL(Or 4§ = 5)
20(v + §)

1
= 5C: (i)

2y+d—2

(ll=[t) =
25 r(2kd)’

which gives by , @, , and for [|z]| € (0, %)

2y+d—2

R
—2y— t) 2 2y+d
F x>clm22;d/ 7(”37“ tT2 dt
k(f)( ) k || || 0 22'Y2-%—d1_‘(2,y2 d)

-1

R
_ dck / $2v+d=1 gy (20)
Y+ P(@) 0

[\)

2

/

| 3

By the fact that
1 1
{te (0.5): EU W >s)={te©.5): Drps) >t}
we have from

(/O+°° (FR()) (1) "u* (1) dt)

Q=

Q=

Q=

(
+o0
- (Q/O - ( /{tE(Ovi)»(fk(f))*(tbs} 0 dt) ds)
(

+o0 min(Dr, (5)(s),%)
_ q/ SQ—l(/ u*(t) dt) ds)
0 0
If s < %', then by

B(o, %) c {33 eR?: |Fu(f)(z)] > %} C{zeR!: |F(f)(x) > s},
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thus using (F]) and (6], we have

D}-k(f)(s) = wk(x) d:L‘

/{meJRd: |7 (f)(@)|>s}
1
B 1
> s / PP dp = ~ (14 ((B(0,1)))?)
0
> )
r
wich gives that

(/m((fk(f))())q* @)’ > /

0

According to and , we deduce that

A woa) (16 o) )

which gives . This completes the proof.

THEOREM 3.4
Let u, v be non- negative vi-locally integrable functions on R* and 1 < p < 2 <
q < +00. Assume aF )* € B, and

ape( [ woa) ([ (G o] )T <o

then there exists a constant ¢ > 0 such that for all f € L} (R?), we have

([ An@r@an@)’ <e( [ i@r@danw)’. @

Proof. In order to establish this result, we need to show that

([ @) < ([ @or|() o] e e

v
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Take f € L¥(R?), then using and , we obtain

(/;Oo ((fk(f))*(t))qU*(t)dt)% < c(/0+oo (/Oif*(s) ds)qu*(t)dt)%.

If we make the change of variable t = % on the right side, we get

(/0+00 (@) ) <e (/Om G /0 fr() dt)qilﬁ) a)",

which gives from , and 7 that the inequality is satisfied if and only if

o ([ a) ([[(2) 0] ) 7 <o

and
1

o () (G LG o] ) (G 0] @) <

In order to complete the proof, we must verify that implies these two condi-

tions between the weights u* and ﬁ This follows closely the argumentations

of [4]. More precisely, since u* is non-increasing, then v* € B, and by , it yields

s 1 “+o0 u*(t) 1
/ u* (f)tq72 dt = / dt < bqsq/ u*(t) dt.
0 t % tq 0

Hence by , we get

and so we obtain the first condition.
To show that the second condition is satisfied, observe that by means of
a change of variable, we have

( / o “*t(j) dt)% - ( /0 éu*(t) dt)é. (24)

Now, define the function G by

o= ([ (4 1y o)) [y o] "w)?.
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then by integration by parts, we get
et o+ ([ [ o] ")~
-7 /0 ¢ /Ot () @] ) "],

3

which implies

W -nee” < [ (3 /Ot ()] @) " a
G(s) < (plp’l /0 (% /Ot K%y(l)rml)hp'dt)fd .

Since ay € By, we can invoke (EI) and we obtain

and so

(f G LG @ )" [G) o] a)” <es( [7[) 10] ")
Combining this inequality and , we deduce .

Note that (|f|")* = (/)" and (|7 (f)7)" = ((Fx(f))*)?, then applying
and for the inequality , we obtain . This completes the proof.

APPLICATION 3.5 (PITT’S INEQUALITY)
Let u(z) = ||lz||*, v(z) = ||=||?, 2 € R? with a < 0 and B > 0. Using (5] and (6),
we have for s >0

dp. 2v+d

Dufs) = m({r €RY: 2] > s}) = ve(B(0,5%)) = 5=

)

which gives for t > 0

u*(t) =inf{s > 0: Du(s)gt}:(?y—f-d)m N

t2v+d,

dy,
On the other hand, using and @ again, we have for s > 0,
d
Dy () = mlfe €RY: ol 7 > ) = n(B(O.57H)) = s,

which gives for ¢ > 0,

(%)*(t) —inf{s > 0: Dy(s) <t} = di

For these weights and 1 < p < 2 < g < 400, the hypothesis of Theorem [3.4] gives
respectively that the integrals in the B,-inequality for (jl— are finite and the

)*
boundedness condition is valid if and only if
—(2v+d) <a<0,
0<B8<(2y+d)(p—1) and { I (a4 By_1_1_1

2y+d\q " p P q
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Under these conditions and index constraints, we obtain from Theorem [3.4] and
for f € LY (R?), the Pitt’s inequality

1

el F (@) @) <e( [ el 1 @) due@) .
(/. ) <o/, )

In particular for p=¢ =2 and 0 < 8 < 2v + d, we get

2

(LIl m @ ) <e( [ 12191507 dn (o)

In the classical Fourier analysis, this inequality plays an important role for which
some uncertainty principles hold. One of them is the Beckner’s logarithmic uncer-
tainty principle (see [3]).

REMARK 3.6
The limiting case 8 =0, a = (2y+ d)(p — 2) and 1 < p = ¢ < 2 was obtained in
([T Section 4, Lemma 1]) and gives the Hardy-Littlewood-Paley inequality

([ sl sz @l dn)” < [ @pan)’.
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