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applications

Abstract. In this paper a new class of multi-valued mappings (multi-mor-
phisms) is defined as a version of a strongly admissible mapping, and its
properties and applications are presented.

1. Introduction

In 1976, L. Gérniewicz (see [3]) introduced the notion of strongly admissible
multi-valued mappings and proved that the composition of strongly admissible
mappings is also a strongly admissible mapping. In 1981 it was L. Gérniewicz (see
[3,14,[5L6]) as well that introduced the notion of a morphism, i.e. some other version
of strongly admissible mappings. Morphisms, as opposed to strongly-admissible
mappings, together with metric spaces create a category on which a functor of Cech
homology is extended. In 1994, W. Kryszewski (see [8]) introduced the notion of
a morphism essentially different from the morphism in the sense of Gérniewicz in
regard to some important applications of their properties. In this paper a new type
of morphisms (multi-morphisms) is defined and its properties and applications are
presented.

2. Preliminaries

Throughout this paper all topological spaces are assumed to be metrizable.
Let X and Y be two spaces and assume that for every € X a non-empty and
compact subset ¢(z) of Y is given. In such a case we say that ¢: X — Y is
a multi-valued mapping. For a multi-valued mapping ¢: X — Y and a subset
ACY, welet

e MA)={re X o) C A}
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If for every open U C Y the set ¢~ 1(U) is open, then ¢ is called an upper
semi-continuous mapping; we shall write that ¢ is u.s.c. Let H, be the Cech
homology functor with compact carriers and coefficients in the field of rational
numbers Q from the category of Hausdorff topological spaces and continuous maps
to the category of graded vector spaces and linear maps of degree zero. Thus
H.(X) = {H,(X)} is a graded vector space, H,(X) being the g-dimensional Cech
homology group with compact carriers of X. For a continuous map f: X — Y,
H,(f) is the induced linear map f. = {f,}, where f;: Hy(X) — H,(Y) ([]).
A space X is acyclic if

(i) X is non-empty,
(if) Hq(X) =0 for every ¢ > 1 and
(ifi) Ho(X) ~ Q.

Let X and Y be Hausdorff topological spaces. A continuous and closed mapping
f: X — Y is called proper if for every compact set K C Y the set f~1(K) is
nonempty and compact. A proper map p: X — Y is called Vietoris provided for
every y € Y the set p~1(y) is acyclic.

Let u: E — FE be an endomorphism of an arbitrary vector space. Let us put
N(u) = {z € E: u™(x) = 0 for some n}, where u" is the n-th iterate of u
and F = E/N(u). Since u(N(u)) C N(u), we have the induced endomorphism
U: E — E defined by ([z]) = [u(z)]. We call u admissible provided dim E < .

Let u = {uq}: E — E be an endomorphism of degree zero of graded vector
spaces E = {E;}. We call u a Leray endomorphism if

(i) all uq are admissible,

(ii) almost all qu are trivial. For such w, we define the (generalized) Lefschetz
number A(u) of u by putting

Aw) =) (=1)"tr(dg),
q
where tr(uy) is the ordinary trace of ug (comp. [3]).

The symbol D(X,Y") will denote the set of all diagrams of the form

X2 z 1 .y,

where p: Z — X denotes a Vietoris map and ¢: Z — Y denotes a continuous
map. Each such diagram will be denoted by (p, q).

DEFINITION 2.1 (SEE [3])
Let (p1,q1) € D(X,Y) and (p2,g2) € D(Y,T). The composition of the diagrams

X P1 Z1 q1 Y P2 22 q2 T,
is called a diagram (p,q) € D(X,T)

X 2 — 2y Nppy 7o —2— T,
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where
Z1 Dgipy Z2 ={(21,22) € Z1 X Z2 0 q1(21) = p2(22)},
p=p10 fi, q=qz0 fa,
Z1 <f—1 Z1 Aq1p2 Z2 L} ZQ,
f1(z1, z2) = z1 (Vietoris map), fa(z1,22) = 22 for each (21, 22) € Z10\q, p, Z2.

It shall be written
(pa q) = (p2>Q2) © (p17 Ch)
From the Theorems (40.5), (40.6) in [3, p. 201, 202] it also results that in

Definition [2.1] the composition of the diagrams satisfies the condition

for each z € X q(p~ ' () = q2(p3 *(q1(py *(2)))). (1)

Recall that if p: X — Y is a Vietoris map then p,.: H.(X) — H,(Y) is an isomor-
phism. Let (p,q) € D(X,Y). We have the following diagram

H.(X) «— H.(Z) —"— H.(Y). (2)

DEFINITION 2.2

Let (p1,q1), (p2,q2) € D(X,Y). The equivalency relation in the set D(X,Y) is
called a constructor of abstract morphisms (it is denoted as ~,), if the following
conditions are satisfied:

(22.1) ((p1,q1) ~a (p2,q2)) = (for each z € X q1(p; '(z)) = q2(p; ' (2))),
(222) ((pla(h) ~a (p27QQ)) - ((h* Op;*l = q2« Opg*l)v
(2.2.3) Let (p3,q3), (p4,q4) € D(Y,T). Then

(plv ql) ~a (p27 q2)

o) o b q4)} — (3245) © (P1201)) ~a (12 a8) © (2, 2).

The condition [(2.2.1)] will be called an axiom of topological equality, the condi-
tion |(2.2.2)] — an axiom of homological equality, and the condition |(2.2.3)| - an

axiom of composition.

The set My (X,Y) = D(X,Y),., will be called abstract morphisms (a-mor-
phisms). Definition (condition |(2.2.1)| leads to the following:

DEFINITION 2.3
Let (p,q) € D(X,Y). For any ¢, € M,(X,Y) the set p(x) = q(p~'(x)), where
©q = [(p, q)]a is called an image of the point z in the a-morphism ¢,.

We denote by
p: X =, Y (3)

a multi-valued map determined by an a-morphism ¢, = [(p, ¢)]a € M,(X,Y) and
it will be called an abstract multi-valued map.
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Let TOP denote categories in which Hausdorff topological spaces are objects
and continuous mappings are category mappings. Let TOP, denote categories
in which Hausdorff topological spaces are objects and abstract multi-valued maps
(see ) are category mappings. According to Definition the category
of TOP, is well defined and TOP C TOP,. Let VECTg denote categories in
which linear graded vector spaces are objects and linear mappings of degree zero
are category mappings.

THEOREM 2.4 (SEE [9])
The mapping H,: TOP, — VECTg given by the formula

H*(QO) = G« Opgla

where ¢ is an abstract multi-valued map_determined by ¢, = [(p,q)]a is a functor
and the extension of the functor of the Cech homology H,: TOP — VECTg.

DEFINITION 2.5

Let X be an ANR and let Xy C X be a closed subset. We say that Xg is
movable in X provided every neighborhood U of Xy admits a neighborhood U’ of
Xo, U’ C U, such that for every neighborhood U” of Xy, U” C U, there exists
a homotopy H: U’ x [0,1] — U with H(z,0) =  and H(z,1) € U”, for any
zel.

DEFINITION 2.6
Let X be a compact metric space. We say that X is movable provided there exists
Z € ANR and an embedding e: X — Z such that e(X) is movable in Z.

A map ¢: X — Y is compact, if ¢(X) C Y is a compact set. Let (p,q) €
D(X,X), where p,q: Z — X. We say that p and ¢ have a coincidence point if
there exists a point z € Z such that p(z) = ¢(z).

THEOREM 2.7 ([3])
Consider a diagram

X« 7z %, X,
in which X € ANR, p is Vietoris and q is compact. Then q, o p;' is a Leray
endomorphism and A(g. o p;t) # 0 implies that p and q have a coincidence point.

3. Multi-morphisms

We recall that the composition of two Vietoris mappings is a Vietoris mapping.
Let Id be an identical map. In the set of all diagrams D(X,Y’), the following
relation is introduced:

DEFINITION 3.1
Let (pla Q1)7 (p27 QQ) S D(Xa Y)

(pla Q1) ~m (an QQ)

if and only if there exist spaces Z, Z; and Zy, Vietoris maps p3: Z — Zi,
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pa: Z — Zo such that the following diagram is commutative

X p1 Zl q1

L

Y
X2 7z 2.y

b |

X P2 Z2 92 Y,

Id

Id

that is
P =DpP10pP3 =PpP29P4, q = {q1°P3 = (¢20P4.

PROPOSITION 3.2
The relation in the set D(X,Y) introduced in Definition |3.1| is an equivalence
relation.

Proof. In the proof of reflexivity of the relation, it is enough to assume that
Z = 71 = Zy and p3 = py = Id. It is obvious that the relation is symmetrical.
It shall be now proven that the relation is transitive. Suppose that (p1,q1) ~m
(p2, q2) and (p2, q2) ~m (p3,¢3). Then from the assumption we have the following
commutative diagram

=

p1 q1
Al

TPS
Z

—
~
Y

~
u

)
S
(_
IS
e e e R e
ISH

Id Tps Id
X ¥ g 9
lld lps Id
X p3 Z3 q3 )
that is
D =DP10P3 =P20P4, q=4qg10pP3 =(q20pP4
and
p/=p20p5=p30p6, q/ZQ2Op5:Q30p6-

Let f: ZDpyps Z' = Z, 2 Z Dpyps Z' — Z', f(2,2) = 2, f/(2,72') = 2 for each
(2,2') € Z Dp,ps Z' (see Definition 2.1). We observe that f and f" are Vietoris
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maps and py o f = ps o f’. We have the following diagram

X p1 Zl g1 v

W T

S

X +—— Zlpp 2" —=— Y
lld lps lld
X P3 23 q3 Y7
where p; = p3 o f, ps = pg o f'. The above diagram is commutative. Indeed
r=propr=pio(psof)=(piops)of=(p2ops)of=p2o(psof)

=pao(pso f')=(p2ops)of =(p3sops)o f =pso(psof’)
= P3oPs

and similarly
s=qopr=qo(p3of)=(quops)of=I(qops)of=qao(psof)

=qo(psof)={(qops)of =(gzops)of =qzo(psof’)
= {3 °ps.

and the proof is complete.

PRrROPOSITION 3.3
The equivalence relation ~y, is a constructor of morphisms (see Definition|2.2) in
the set D(X,Y).

Proof. First, the axiom of topological equality shall be proven. Assume that

(p1,q1) ~m (p2,q2), where (p1,q1), (p2,¢2) € D(X,Y). From Deﬁnitionwe get
the following commutative diagram

X2 oz 2y
TId Tps Tld
X2z 15y
|
Y

Pa Id

i

X b2 Z2 q2

—

that is
P =DP10pP3 =P2°DP4, q={qd1°pP3 =G20pP4.
Let x € X. We have

q(p™"(x)) = (q1 o p3)((p1 o p3) " (x)) = 1 (ps(p5 " (P71 (%)) = @1 (py ()
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and similarly

a(p~ () = (g2 0 pa)((p2 0 p2) "} (2)) = @2(pa(py ' (p3 " (2)))) = g2 (P2 ()
Hence
a1(py " (7)) = @2(p; ' (2)).
Now the axiom of homological equality will be proven. From the properties of
homologies we get:

Px = P1x © P3x = P2x O P4x, G« = Q1% O P3x = (2% © P4x-
We have

gopy = (qops)o(props);’ = (queopsi) o (Preopse)
= (q1+ o p3.) © (p3, o p1.)
= g1 0 p7}

and similarly

G opy " = (q20Ppa)s 0 (p20pa)s" = (g2« © Pax) © (P2s © Pax) ™!

= (¢2+ 0 pas) © (P °p3.)

= g2 03,
Hence

1+ © D1, = G2x O P3. -

Now it will be shown that the relation ~.,, satisfies the axiom of composition.
Let (p1,q1), (2, g2) € D(X,Y), (p3,q3), (p4,q4) € D(Y,T) and let the diagrams
(p,q),(¥',q") € D(X,T) be the compositions of the diagrams (p1,¢1), (ps,qs) and
(p2,G2), (P4, qa), respectively (see Definition . It must be proven that

(((p1, 1) ~m (p2,42))) and ((p3,q3) ~m (Pa,@a)) = ((2,q) ~m (¥, d)).

We have the following commutative diagram

P1 Zl q1 p3 Z3 q3

oo e
! |

T
w1 A v1 U2 Z/ V2 T
T

Id J/PG Id lps

X P2 Z2 q2 Y b4 Z4 qa

that is

Uy = P1opPs = P2 ° Pe, U1 =(q10P5 =q42°Ps
and

U = P3 © P7 = P4 O Ps, V2 = (43 0 P7 = (44 O Ps.
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We make the following diagram (see Definition

X 2 — ZyNypy 73 —2— T

i I T
X' ZNp, 2 —2— T
lld lrz lld
X P Zy Dy 74— T,

where (r,s) = (u2,v2) o (u1,v1), 11 = ps X pr and r9 = pg X pg. First we need to

prove that the mappings r1, ro are well defined. For this we need to show that for
each (z,2') € Z Nyyuy 2

q1(ps(2)) = p3(pr(2')) and  ga2(ps(2)) = pa(ps(2')).

The first of the above equations will be proven as the second is proven in a similar
way. Let (z,2") € Z Ay, Z'. We have

q1(ps(2)) = vi(2) = ua(2') = p3(pr()).

It is clear that 1 and ro are Vietoris mappings. We shall now show that the
above diagram is commutative. Let f1: Z1 Ag, p, Z3s = Z1, f3: Z1 Dgips Z3 — Zs,
f21 ZQAq2p4Z4 — ZQ, f42 Z2Aq2p4 Z4 — Z4, f: ZAEIQQ A Z7 f’: ZA'UlUQ A
7' are projections (see Definition [2.1)). Note that f1, fo, f are Vietoris mappings.
We recall that by Definition we have: p=pi1o fi, ¢ =q3o f3, p = p2o fo,
¢ =qofi,r=urof, s=vyof. Let (2,2') € Z Ny u, Z'. Thus

p(ri(z,2")) = p1(f1((ps(2), p7(2")))) = P1(p5(2)) = wr(2) = ua(f(2,2")) = (2, %),
P'(ra(z,2") = p2(fa((ps(2), p8(2")))) = P2(p6(2)) = ua(2) = ua(f(2,2")) = r(z,2)

and similarly

q(r1(2,2")) = a3(f3(

=s(z,2

(ps(2),7(2")))) = az(pr(2")) = va(2") = va(f'(2,2))

)s

q'(ra(z,2") = qu(fal(ps(2),p8(2")))) = qa(ps(2')) = v2(2") = va(f'(2,2"))
= 5(2,2")

and the proof is complete.

The set of the class of the abstraction of the above relation will be denoted by
the symbol
My, (X,Y)=D(X,Y)/~,. -

The elements of the set M,,(X,Y) will be called multi-morphisms and denoted
by: ©m,®¥m,---. The following denotation is assumed

©m = [(0,@)]m (we write (p,q) € ©m),



The multi-morphisms and their properties and applications [13]

where the diagram (p, q) is representative of the class of the abstraction [(p, ¢)]m
in the relation ~,,.

It shall be noticed that if the two diagrams (p1,¢1), (p2,¢2) € D(X,Y) are in
a relation in the sense of Kryszewski (see [§]), then

(P1,q1) ~m (P2, q2)-

An example that the inverse conclusion is not true will be provided now. Let R
be a real number set and let [0, 1] C R be an interval.

ExXAMPLE 3.4
Let ¢: [0,1] — [0, 1] be a map given by

0 for z < %,
Y(x) =<10,1] for z = 3,
1 for z > %

The mapping v is u.s.c. and of compact and convex images. It shall be noticed that
1) does not have a continuous selector, that is, there does not exist a continuous
mapping f: [0,1] — [0,1] such that for every = € [0,1] f(z) € ¢¥(z). Let I'y, =
{(z,y) €0,1] x [0,1]; y € ¥(z)}. Then the set I'y, is homeomorphic with the set
[0, 1]. It results in the following commutative diagram

0,1 +%— T, —%— [0,1]

oo T

0,1 +%— 1, —%— [0,1]

lld lp lld
0,1] «2— [0,1] —— [0, 1],

where p(x,y) = « (Vietoris map) for every (z,y) € I'y. It should be noticed that

(pa p) ~m (Id7 Id),

but the diagrams (p, p), (Id, Id) € D([0,1],]0,1]) are not in a relation either in the
sense of Kryszewski or in the sense of Gérniewicz (see [4]). Let’s assume that there
exists a continuous mapping (not necessarily a homeomorphism) h: [0,1] — T'y
such that poh = Id. Then for every z € [0,1] h(x) € p~'(z). Let ¢: I'y, — [0,1] be
given by formula ¢(x,y) =y for every (z,y) € I'y. Then the mapping f: [0,1] —
[0, 1] given by formula f = g o h would be a continuous selector of the mapping v
but it is impossible.

The above example shows that the relation ~,, is essentially different from
the relations ~j and ~,. For single-valued mappings, there is the following fact:
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PROPOSITION 3.5
Let f: X =Y be a continuous mapping and let (p,q) € D(X,Y), where

X+— 7 "5V
Then the following conditions are equivalent:
(3.5.1) g=fop,
(3.5.2) (p,q) ~m (Id, f),
(3.5.3) q(p~t(x)) = f(x) for each x € X.

Proof. [(3.5.1)[=1(3.5.2)|
There is the following commutative diagram:

p q

p q

o ]
b |

Id P Id
X 4 x A
Hence (p, q) ~m (Id, f).
[(3.5.2)|=1(3.5.3)]
This implication is the result of the axiom of topological equality (see Proposi-
tion .
[(3.5.3)|=1(3.5.1)]

Let (p,q) € D(X,Y) such that for each z € X q(p~'(z)) = f(z) and let z € Z.
Then there exists a point 71 € X such that z € p~1(x;). Hence we get

a(z) = f(z1) = f(p(2)),
and the proof is complete.

From the last fact it results that the relation ~,, orders single-valued multi-
morphisms and separates them from multi-valued multi-morphisms.

4. The homotopy of multi-morphisms

First, we define the homotopy diagrams in the set D(X,Y) and prove that
there is an equivalence relation. At the beginning we prove the following fact:

PRrROPOSITION 4.1
Let (p1,q1), (p2,q2) € D(X,Y), where

X P1 Zl q1 }/’ X P2 ZQ 92 Y.
Then there exists (p,q), (p,q') € D(X,Y) such that

(p1,q1) ~m (p,q)  and  (p2,q2) ~m (0, ¢).
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Proof. Let Z = Zy Ap,p, Za (see Definition 2.1)) and let
f1: 2 = 7y, fi(z,22) = 21, f2: Z = Zs, fa(21,22) = 22

for each (21, 22) € Z. We observe that f; and fs are Vietoris maps and p; o f; =
p2 o fa. Let

p=piofi =p20 fa, q=q o fi, ¢ =gqofo (4)

We have the following commutative diagrams:

q2

X2 7z 2y X 2 7 Y
de Tfl Tld Tld Tf2 /!\Id
Xl gz 9.y X P 7 Ly
J/Id J/Id l[d lld de l]d
X«P? 7z 1.,y X 7 .

Hence we get
(P, 1) ~m (p,q) and  (p2,q2) ~m (p,q)

and the proof is complete.

From the last fact it results that every two different multi-morphisms have
a common Vietoris mapping. It means that only continuous mappings qi, ¢
decide about the differential of multi-morphisms (p1,¢1) € ©m and (p2, ¢2) € Vm.
With the recent Proposition we can introduce the following definition of homotopy
diagrams.

DEFINITION 4.2
Let (p1,q1), (p2,q2) € D(X,Y), where

X p1 Zl q1 K X D2 Z2 q2 Y.

We say that the diagrams (p1,q1) and (pe, ¢2) are homotopic which is denoted by

(pl’ 91) ~HD (pz, q2)

if there exists a space Z and Vietoris maps p3: Z — Z; and py: Z — Zs such that
the following conditions are satisfied:

(4.2.1) p1 ops =psopy,

(4.2.2) g1 o p3 ~p g2 o py that is, the mappings ¢; o ps, g2 0o ps: Z — Y are
homotopic.

PROPOSITION 4.3
The homotopy relation introduced in the Definition |4.2| is an equivalence relation
in the set of all diagrams D(X,Y).
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Proof. Let (p,q) € D(X,Y), where

X 2 7z 21y

It is clear that the relation is reflexive that is, (p,q) ~gp (p,q). Indeed, it
is sufficient to adopt p3 = py = Id: Z — Z. It is also evident that the re-
lation is symmetric. We shall now show that the relation is transitive. Let

(plvql)a (p27q2)a (p37 Q3) € D(X7 Y)7 where

X p1 Z1 q1 K X p2 Zg q2 Y, X p3 Z3 q3 Y
Assume that
(p1,q1) ~ap (P2,q2) and  (p2,q2) ~up (P3,3)-

We have the following diagram

X P1 Zl q1 Yy

Tld TP?,

X« Zz

lld lpz;

X p2 Z2 q2 Y

Tld TPS

X "y

o |n

X P3 23 g3 Y,

where
" =P10pP3 = P20 P4, T/:P20p5:p30p67

g1 9P3 ~h G2 © P4, g2 ©Ps ~h 43 © Pe-
Let
[:ZDpups Z'— Z, f(2,7) =2, [ Z Dy 2 — 7', f(2,2) =2

for each (z,2') € Z Ay, p; Z'. We observe that f and f’ are Vietoris mappings and
pao f=pso f. We get the following diagram
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X p1 Z1 q1 v
Tld TPS
X Z

R

X > ZNpp 7'

b

X A
lld lpe
X Zs SLLENS

where
s = (p10]03)0f = (p20104)0f =p20(]940f) :p20(p50f/) = (PQOPS)Of/ = (psopﬁ)of/-

Let p; = p3o f, ps = pe o f/, then p; o p; = p3 o ps. We define a homotopy
h: Z A 7' x [0,1] =Y given by the formula

Paps
/ 1
h(Z,Z’,t): hl(f(Z,Z)72t) fort € [?72]7
ho(f'(2,2),2t = 1) fort e [5,1],

where hy: Z x [0,1] = Y is a homotopy between the mappings g1 o p3 and g2 o py
and hy: Z' x [0,1] = Y is a homotopy between the mappings ¢s o ps and g3 o pg.
Let (z,2') € Z Ny, ps Z'. We observe that for ¢ = 1

hl(f(za Z,)v 1) = QQ(p4(f(Z,Z/>)) = Q2(p5(f/(z7 z/))) = h2(f/(z’zl>70)'
Hence the map h is well defined. Furthermore, we have
h('zv Z’,O) = hl(f(zu Z/),O) = q1(p3(f(2, Z/))) = QI(p7(sz/))
and
h(zv Z/’ 1) = hQ(f/(Z’ Z/)v 1) = Q3(p6(fl(za Z/))) = QS(pS(Za Z/))
and the proof is complete.

Another simple fact does not require proof.

PROPOSITION 4.4
Let (p1,q1), (p2,q2) € D(X,Y) and let (p1,q1) ~m (p2,q2), then (p1,q1) ~mD
(p2>Q2)-

PROPOSITION 4.5
Let (p1,q1), (p2,q2) € D(X,Y), where

X p1 Zl q1 K X D2 22 q2 Y.
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If (plaQ1) ~HD (p27q2)7 then q1x opl_*l = 2% Op2_*17 where
H,(X) «2— H. (7)) -2 H,(Y), H.(X) «2— H.(Z)) 2 H,(Y).

Proof. From the assumption there exist Vietoris maps p3: Z — Z; and
pa: Z — Zo such that p; o ps = py o py and q1 o p3 ~p g2 0 py. With property
homology we get

P1x © P3sx = P2x O P4x and 1% © P3sx = (2% O Pdx-
We have
P1x = P2x O P4x © pg*l and d1x = G2« © P44 © p?;c}'

Finally, we get

@1x 0 P1," = (q24 © Pax 03, ) © (P24 O Pas 0 p3,})
= (g2« © pax 0p3,) © (D3 0 1 013
= g2« 0 Py,
and the proof is complete.

Now, using the Propositions [£.3] and [£.4] we can define homotopy multi-
morphisms.

DEFINITION 4.6

Let @, ¥m € My, (X,Y) be multi-morphisms. We say that the multi-morphisms
©m and 1, are homotopic (we write @, ~gup ®nm) if there exist diagrams
(p1,q1) € pm and (p2,q2) € Py, such that (p1,q1) ~up (P2, q2).-

PROPOSITION 4.7
The homotopy relation introduced in the Definition (4.6 is an equivalence relation
in the set of all multi-morphisms M, (X,Y).

Proof. 1t is obvious that the relation is reflexive and symmetric. Transitivity
of the relation follows from Proposition [4-3] and [£-4]

Using the Proposition [£.3] and [4:4] note that, in fact, if ¢, ~gar Ym, where
©m,Ym € M, (X,Y) are multi-morphisms, then for each (p1,q1) € ¢m and

(p27q2) S ¢m
(thI) ~HD (Pz,Q2)~ (5)

Let f: X — Y be a single-valued continuous map. The symbol f,, € M,,(X,Y)
we denote a multi-morphism such that for all (p,q) € f,, and for each z € X

q(p~" (x)) = f(2).

PROPOSITION 4.8
Let f,g: X — Y be continuous maps. If f ~p g, then

fm ~HM 9m-
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Proof. Tt is clear that (Id, f) ~gp (Id,g) because for ps = py = Id (see
Definition we have Id o ps = Idops and f o p3 ~p g o ps. Hence from
Definition fm ~mMm gm and the proof is complete.

PROPOSITION 4.9
Let f,g: X = Y be continuous maps. fm ~gm gm tf and only if there exists
a space Z and a Vietoris mapping p: Z — X such that

fop~ngop.

Proof. Let fo, ~gnm gm. Then from Proposition and we have the

following diagram
1d

x L vy

Tw  m
l

X

X 2 7z
d

I j 2

1d

X X 2,

where p = Idops = Idopy and fop = fops ~p gopy = gop and the same
proof one way has been completed. Assume now that there exists a space Z and
a Vietoris mapping p: Z — X such that f op ~p g op. Then we get the diagram

X X Y
Id r
X 2z
Id r
X4 x 2y

Hence f,, ~gn gm and the proof is complete.

5. The applications

From the axiom of topological equality the correctness of the following defini-
tion results:

DEFINITION 5.1
For any ¢, € M,,,(X,Y), the set ¢(z) = q(p~*(z)) where @,, = [(p, q)]m is called
an image of point z in a multi-morphism ¢,,.

The concept of multi-contractibility of space in the context of multi-morphisms
will be now introduced.
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DEFINITION 5.2

Let X be a metrizable space and let o € X. Let C*°: X — X be a constant map
such that C*0(x) = x( for each x € X. We say that a space X is multi-contractible
to a point xg in the context of multi-morphisms (we write X € MCN,,) if

(Id, Id))ym = Idm ~ma Cr0 = [(Id, C*)]sm.
From Proposition [£.9] we get the following fact:

PROPOSITION 5.3
A space X € MCN,, if and only if there exists a metrizable space Z and a Vietoris
o

map p: Z — X such that p ~p C7°, where C{°: Z — X is a constant map, that
is for each z € Z C{°(z) = xo.

We recall that the space X is contractible to the point zp € X (we write
X € ON) if Id ~p, C*0. Tt is obvious that if X € CN then X € MCN,,. We will
give an example that the inverse theorem is not true. We know that if X € CN
then the space X is movable (see Definition . Q shall denote the Hilbert cube.

EXAMPLE 5.4

Let X C @ be a non-movable compact metric space and such that there exists
a Vietoris mapping p: @ — X (see [7]). Then X € MCN,,,. We define a homotopy
h: Q x [0,1] — X between the p and C{° (see Proposition [5.3), where zy € X
given by formula

h(z,t) = p((1 — t)z + tzo) for each (z,t) € @ x [0,1],
where zy € Q and p(z9) = x9. We observe that X ¢ C'N since X is non-movable.
Another important fact is the following:

PROPOSITION 5.5
If X € MCN,, then X is path connected.

Proof. From Proposition[5.3there exists a space Z and a Vietoris map p: Z —
X such that p ~p C7°. Let 27 € X and let p(z1) = a1 for some point z; € Z. We
define a path d: [0,1] — X between the point zy € X and the point z; € X given
by formula
d(t) = h(z,t) for each ¢ € [0, 1],

where h: Z x [0,1] — X is a homotopy between p and C7°.

Homotopy multi-morphisms can be defined according to the mathematical
literature of homotopy morphisms in the sense of Kryszewski (see [§]). Let i/ : X x
{j} = X x [0,1], j = 0,1 be an inclusion given by formula i’(x,j) = (x,j) for
each (z,7) € X x {j}.

DEFINITION 5.6
We say that the multi-morphisms ¢y, ¥, € M, (X,Y) are weakly homotopic (we
write @, ~gapw ¥m) if there exists a multi-morphism H,, € M,,(X x [0,1],Y)
such that

Hmoi(y)n:@wu Hmoiin :d}m



The multi-morphisms and their properties and applications [21]

We observe that:

PROPOSITION 5.7
Let @y thm € My (X,Y) be multi-morphisms. If ©m ~ga Um then ©m ~gyw
Um-

Proof. From Definition there exist diagrams (p1,¢1) € ©m and (p2,q2) €
Y such that (p1,q1) ~zp (p2,q2), where

X p1 Zl q1 Y, X D2 Z2 q2 Y.

From Definition [I.2] there exists a space Z and Vietoris mappings p3: Z — Z; and
pa: Z — Zg such that

props=p2ops and qiop3~pq20ps
Let p = pyops = paopy and let r: Z x [0,1] — X x [0,1] be a Vietoris map
given by formula r(z,t) = (p(z),t) for each (z,t) € Z x [0,1]. We define a weakly
homotopy H,, € M,,(X x [0,1],Y) given by formula

Hm = hm O Nm,»
where n,, = [(r,Id)]; and hy,, = [(Id,h)]m, h: Z x [0,1] — Y is a homotopy
between the mappings ¢; o p3 and g2 o py. We have the following diagram

X x[0,1] +— Zx[0,1] 5 Zx0,1] «X Zx0,1] > V.
It is clear that
Hpoiyy =m,  Hmoih, =tn

m

and the proof is complete.
We can adopt, of course, the following definition.

DEFINITION 5.8

We say that a space X is a weakly multi-contractible to the point xy € X in the
context of the multi-morphisms (we write X € MCN,,,,) if there exists a weakly
homotopy H,, € M,,(X x [0,1], X) such that

Idy ~ayvw CrP.

We will give an example that the inverse theorem to the Proposition is not
true. We recall that a multi-valued u.s.c. map ¢: X —o Y is acyclic if for each
x € X the set p(z) is compact and acyclic. The acyclic map ¢ is determined by
a multi-morphism ¢, = (P, ¢p)lm € M (X,Y), where

X 1, Ly, (6)

Iy ={(z,y) € X xY; y € o(z)}, po(x,y) = x (Vietoris map) g, (x,y) = y for
each (z,y) € 'y, such that for each z € X
2, (p, " () = ().

In the mathematical literature it is known that if X is compact and of trivial shape
in the sense of Borsuk (see [I]) then it is acyclic.
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EXAMPLE 5.9
We define a set X C R? given by formula

X = {(z,y) € R?% y =sin(1/x), z € (0,1]} U ({0} x [-1,1]).

We know (see [2, B]) that X is compact and of trivial shape. We also know that
X is not path connected, so X ¢ MCN,, (see Proposition . Hence we have

Idm *HM Cﬁf
We define a multi-valued map H: X x [0,1] —o X given by formula:

x  fortel0,3),
H(x,t)=4qX fort=1,
zo forte (3,1].

The map H is acyclic, so the multi-morphism H,, = [(pg,qu)|m € Mn(X X
[0,1], X) (see (6))) is a weakly homotopy joining Id,, and C2°. Hence X €
MCN, ..

Note that there are three types of contractibility to the point of a metric space.
The first type of contractibility is C N, the second type is M CN,,, while the third
is MC'Nypq. On the basis of the above considerations, we can see that

CN C MCNy, C MCNppy

and any of these inclusions can not be reversed. Note that if the space X is
compact and acyclic then X € MCN,,,,. In this case, homotopy can be written
as in the Example [5.9] Contractibility of MCN,, type is more general than the
one of CN (see Example type but it remains in the class of path connected
(see Proposition [5.5)).

In the second part we will present the application to the theory of coincidence.
We introduce the following definitions:

DEFINITION 5.10
Let (p1,q1), (p2,92) € D(X,Y), where
X p1 Z1 q1 Y

)

X P2 Zg q2 Y.

We say that the diagrams (p1,¢q1) and (p2,g2) have a coincidence point

(we write (p1,q1) ~z, (P2,q2))

if there exists a metrizable space Z, Vietoris maps ps: Z — Z1, py: Z — Zs and
a point 2y € Z such that p; o p3 = ps o ps and

q1(p3(20)) = q2(pa(z0)).

We recommend the articles [3] [6] on the theory of coincidence.
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DEFINITION 5.11
Let @, ¥m € Mp(X,Y). We say that the multi-morphisms ¢,, and v, have
a coincidence point if there exist diagrams (p1,q1) € @m and (p2,g2) € ¥, such

that (p1,q1) ~z, (P2, q2)-
At the beginning we prove the following fact:

PROPOSITION 5.12
Let @, hm € My (X,Y). The multi-morphisms @, and ., have a coincidence
point if and only if there exist a point xy € X such that

@(xo) Nep(wo) # 0.

Proof. Assume that the multi-morphisms ¢, and ,, have a coincidence

point. From the Definition we get (p1,q1) € om and (p2,q2) € ¥y, such
that (p1,¢1) and (pa2, g2) have a coincidence point, where

X Pp1 Zl q1 Y, X D2 Z2 q2 Y.

In turn, by Definition there exists a metrizable space Z, Vietoris maps
ps: Z — Zi, pa: Z — Zs and a point zyg € Z such that p; o ps = pa o py

and q1(p3(20)) = q2(pa(20)). Let 21 = p3(20) € Z1, 22 = pa(20) € Zo and let
xo = p1(21) = pa(22) € X. Then ¢1(21) = ¢2(22) and hence

a1 (py (20)) N q2(py ' (w0)) # 0,

so from the axiom of topological equation (see Definition 2.2) ¢ (zo)Nt(zo) # 0 and
proof one way has been completed. Assume now that there exists a point xyp € X
such that o(xo) NY(xg) # B. Then there exists (p1,q1) € @m and (p2,q2) € Pm
such that q1(p; (x0)) N q2(py ' (z0)) # 0, where

X p1 Z1 q1 }/’ X D2 Zg q2 Y.

There exist points 2y € Z;, 29 € Z5 such that

p1(2)) =p2(28) =0 and  qi(2)) = q2(29).

Let Z = Zy Dpypy, Z2, f1: Z — Z1, fo: Z — Z3 be projections (see Definition [2.1)).
It is obvious that fi and fo are Vietoris maps and pjo f; = paofo. Let 29 = (29, 25).
Then zy € Z and

01(fi(20) = a(fi((), ) = a1(2]) = @2(22) = a2(f2(21, 23)) = qa(f2(20))

and the proof is complete.

Note that the Definition Proposition and the axiom of topological
equality (see Definition show that if the multi-morphisms ,, and ), have
a point of coincidence, then for each diagram (p1,q1) € ¥, and (p2,q2) € ¥

(P1,91) ~z (P2,q2) (see Definition [5.10).

We say that a multi-morphism ¢, = [(p,q)]m € Mn(X,Y) is compact if ¢ is
a compact mapping.
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THEOREM 5.13
Let Ay, € M, (X,Y) be a multi-morphism such that A, = [(p1,p2)]m, where

X P1 Zl P2 Y

e
and p1,p2 are Vietoris maps and let A, = [(p2,01)]m € M (Y, X). LetY € ANR
and let Y, € M (X,Y) be a compact multi-morphism. Then

(0 Ayt Ho(Y) = Ho(Y)
(see Theorem is a Leray endomorphism and if A((1y, o <Km)*) # 0 then 1,

and A,, have a point of coincidence.

Proof. From the axiom of composition (see Definition and from the as-
sumption (., o Zm) € M, (Y,Y) is a compact multi-morphism and ¥ € ANR,
s0 (Y o Xm)* is a Leray endomorphism. Assume that A((,, o <Zm)*) # 0. Let
(p1,p2) € Am, (P3,q3) € tm, Where

X P1 Zl P2 Y, X P3 Z2 q3 Y.

From Proposition we get a metrizable space Z, Vietoris maps ps: Z — Z1,
ps: Z — Zs such that p = p; o py = p3 o p5 and

(psp20opa) € Ay, (P, q3 © p5) € Y.

It is clear that e
(p2 0 pa,p) € Ay

We have . .
A((’(an o Am)*) - A((¢m)* o (Am)*)

(see Theorem [2.4)) _ _
2B A (g5 0 ps)s 0 p1) 0 (pa 0 (920 pa) )

= A(((gz ops)s o (p20opa); ") #0.

Hence and from Theorem [2.7]the maps gsops and paops have a point of coincidence
and from Definition [5.11] and Proposition [5.12] there exists a point zy € X such
that

A(wo) Ntp(xo) # 0

and the proof is complete.

This paper presents only a few applications but there can be many more. In the
opinion the author, the theory of multi-morphisms is a tool to study the properties
of sets, spaces and multi-valued mappings. It is suggested that the multi-valued
mapping ¢: X —o Y determined by the multi-morphisms ¢,, € M,,(X,Y) be
denoted with

p: X =Y

and called a multi-functions. The notion of a multi-function is already present in
the mathematical literature and usually denotes any multi-valued mapping. Be-
cause of the single-valued character of multi-morphisms, the use of the name of
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a multi-function is completely justified. In the opinion of the author the multi-
functions in regard to their numerous applications construct a different class of
mappings than Kryszewski’s morphisms. It shall be noticed that every strongly ad-
missible mapping in the sense of Gérniewicz is determined by some multi-morphism
and so it is a multi-function. In the class of multi-functions the notion of homo-
topy that is an equivalence relation is introduced and its definition bases on the
homotopy of single-valued mappings. Multi-functions resulted in some kind of
multi-contractibility to a point that is essentially more general than the regular
contractibility (it can also pertain to spaces that are not movable), but it remains
in the class of path connected spaces. It is also worth noting that every single-
valued multi-function is a function, as well as the other way around, every function
is a multi-function.
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