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Abstract. Let » > 3 and m > 2 be natural numbers and E be a vector bundle
with m-dimensional basis. We find all gauge natural bundles “similar” to
the r-jet prolongation bundle J"E of E. We also find all gauge natural
bundles “similar” to the vector r-tangent bundle (JF,(E,R)o)* of E.

Introduction

Natural bundles over m-manifolds were introduced by Nijenhuis [31] as a
modern approach to geometric objects [1]. The most important results in the
theory of natural bundles over m-manifolds is the Palais-Terng finite order
theorem [32] and the Epstein-Thurston regularity theorem [7]. The sharp esti-
mation of the order of natural bundles over m-manifolds was obtained by Zajtz
[38]. From the order theorem follows that natural bundles over m-manifolds
are associated to the principal bundles of repers of higher orders.

Natural bundles on some other categories over manifolds (e.g. all manifolds,
fibered manifolds, principal fiber bundles, vector bundles, manifolds with struc-
tures) were introduced in [17]. Some sharp order estimations for some such
natural bundles can be found in [17] and [22]. A natural bundle over all mani-
folds of infinite order can be found in [24]. Classifications of some type natural
bundles over some categories over manifolds can be found in [35], [37], [3], [12],
[23], [25], [26], [30], [16], [4], [6], [27], [18], [28].

Natural bundles make possible to precise define geometric constructions.
Investigations, applications and classifications of natural operators (canonical
constructions) on sections of natural bundles (geometric objects) were (and
actually are) fundamental in the differential geometry. There are over 200
papers on this subject, e.g. [2], [3], [8]-[11], [13]-[15] [19]-[21], [33], [34], [36]
and the fundamental monograph of Koléf, Michor and Slovék [17].
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The present paper is a next contribution to the theory of natural bundles.
Let us recall the following definition (see for ex. [17], [27]).

Let F': VB,, — VB,, be a covariant functor from the category VB,, of
vector bundles with m-dimensional bases and their vector bundle maps with
local diffeomorphisms as base maps. Let Bygpm,: VB, — Mf,, be the base
functor.

A gauge natural bundle over VB, (called also a gauge bundle functor on
VB,,) is a functor F' as above satisfying:

(i) (Base preservation) Byp;,oF = Bypn,. Hence the induced projections
form a functor transformation 7: F — Byg, .

(ii) (Localization) For every inclusion of an open vector subbundle
igw: E|lU — E, F(E|U) is the restriction 7~ '(U) of m: FE —
Bygm(E) over U and Figy is the inclusion 7~ 1(U) — FE.

(iii) (Regularity) F' transforms smoothly parametrized systems of VB,,-
morphisms into smoothly parametrized systems of VB,,,-morphisms.

A gauge natural bundle F over VB,, is fiber product preserving if for
every fiber product projections F1 2 Bl xar B 22 B, in the category VI,
FE, & F(E1 xp E9) 72 F B, are fiber product projections in the category
VB, . In other words F(Ey Xy E2) = F(E1) X F(FE2) modulo the corestric-

tion of (Fpry, Fpra).

All fiber product preserving gauge natural bundles over VB,, are described
in [28]. The most important example of the ones is the r-jet prolongation gauge
natural bundle J": VB,, — VB,,. Another example is the (described in I.1)
vector (r)-tangent gauge natural bundle 7()/%: VB, — VB,, . Fiber product
preserving gauge natural bundles on VB,, with “similar to 7(/! and J” con-
structions” (Definitions 1 and 2) are also called vector r-tangent gauge natural
bundles and r-jet prolongation gauge natural bundles over VB, , respectively.

Roughly speaking, the main results are the following classification theorems.

THEOREM A
Let m > 2 and r > 3 be integers. Up to isomorphism there are only two vector
r-tangent gauge natural bundles over VI, .

THEOREM B
Let m > 2 and r > 3 be integers. Up to isomorphism there are only three r-jet
prolongation gauge natural bundles over VB, .

The above theorems will be detailed formulated later (Theorems 1 and 2
of the present paper). In particular, the two vector r-tangent gauge natural
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bundles over VB,,, and the three r-jet prolongation gauge natural bundles over
VB,, will be precisely constructed.

All manifolds and maps are assumed to be of class C*°. Manifolds are
assumed to be finite dimensional.

I.  The vector r-tangent gauge natural bundles over V1,,,

1. The vector ()-tangent gauge natural bundle over V3,,,

Given a VB,,-object p: E — M, the vector (r)-tangent bundle TR of
FE is the vector bundle

TCIE = (J5(E, R)o)*
over M, where
Ju(E,R)o = {jz7v | v: E — R is fiber linear, v, =0, x € M}.
Every VB,,-map f: E; — FE covering i : M7 — M5 induces a vector bundle
map T f: T E, — TMIE, covering f such that

ST (W), € >=<w,jz(E o f) >,

we T:g'r‘)flEl, ]E(x)g c J};l(EQ,R)(), T € Ml.

The correspondence T)ft: VB, — VB,, is a fiber product preserving
gauge natural bundle.

2. Ancther construction of 7°(™) £

Let p: E — M be a VB,,-object. For any m-manifold M and x € M we
have a canonical unital associative algebra homomorphism t(zr) :JI(M,R) —

gl((J5(M,R)o)*) given by
£ (G W) (gm) = w(iz(v)),
jin e Jo(M,R)g, jivy € Jo(M,R), w € (J5(M,R)g)*. We have a vector bundle
TOIE = | Hom, (J7C(E), (J7 (M, R)o)")
zeM
over M. Here Homtgnq-)(J"C;o’fl(E), (JE(M,R)o)*) is the vector space of all

module homomorphisms over JI(M,R) — gl((JZ(M,R)p)*) from the
(free) JI(M,R)-module J"CF(E) of r-jets at x of germs at z of fiber
linear maps F — R into the gl((JL(M,R)g)*)-module (J.(M,R)q)*. Every
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VB,,-map f: Fy — FE5 covering i : M7 — Ms induces a vector bundle map
T TR — TR, covering S such that

TR @) 50 )7) = @z (E 0 £z (r 0 D),

@ € Hom, (JC/HE), (T3 (M1, R)o)*), @ € My, jj,& € J?‘c;‘g;:{l(EQ),
Tj(ayY € J" (M2, R)o.

The correspondence TfL: VB, — VB,, is a fiber product preserving
gauge natural bundle.

LEMMA 1 ~
We have a natural isomorphism Tt =T fl

Proof. Define a base preserving vector bundle map ©: Tl g — TR

by
Ow)(7z8)(7y7) = TVE) W) (i) € R,

we TR, jre e JresodU(E), jry € JI(M,R)o, x € M, where &: E — R
is considered as VB, ,-map £: E — M x R, £(v) = (p(v),£€(v)), v € E and
where 7: M — R is considered as the fiber linear map v: M x R — R,
v(m,t) = y(m)t, m € M, t € R. Using trivializations of E it is easy to see that
O is a vector bundle isomorphism.

3. The vector [r]-tangent gauge natural bundle over V15,,,
Given a VB,,-object p: E — M we have the vector bundle
T E = E® (J7(M,R)o)*

over M. Every VB,,-map f: Ey — FE3 covering f: M; — M> induces (in
obvious way) a vector bundle map Tt Trflp, — T, covering [

The correspondence T/ VB, — VB,, is a fiber product preserving
gauge natural bundle.

L. Another construction of 7°I"1 /1
For any m-manifold M and x € M we have a canonical unital associative
algebra homomorphism ¢l JI(M,R) — gl((JL(M,R))*) given by
() @) = (e

jry € JU(M,R), w € (JL(M,R)p)*. Using tI) instead of ¢ we can con-
struct similarly as in Section 2 a fiber product preserving gauge natural bundle
T VB, — VB, .
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LEMMA 2 B
We have a natural isomorphism Tt =TT,

Proof. The proof is quite similar to the one of Lemma 1.

5. TMfl £ Tlrlfl

LEMMA 3
The gauge natural bundle Tt VB, — VB, and TV VB, — VB,, are
not isomorphic.

Proof. Let f: R™™ — R™" be a VB3, ,-map given by
flx,y) = (z,y+2'y), a=( ... 2" eR", yeR™

Clearly Tcgr]f ! f=1id and Tér)f ! f #id. That is why there is no base preserving
vector bundle isomorphism ©: T("fIR™" —, TUIIR™™ commuting with f.

6. The vector r-tangent gauge natural bundles over V1,,,

DEFINITION 1

We say that a fiber product preserving gauge natural bundle F': VB,, — VB,
is a vector r-tangent gauge natural bundle if modulo isomorphism F' can be
constructed similarly as T by using eventually another canonical unital
associative algebra homomorphism ¢, : J5(M,R) — gl((JZ(M,R)q)*) instead
of ti.

We have the following classification theorem.

THEOREM 1
Let m > 2 and v > 3 be integers. Up to isomorphism T"I: VB, — VB,

and T VB, — VB,, are only vector r-tangent gauge natural bundles over
VB, .

Proof. Suppose that for any m-manifold M and =z € M
o J(M,R) — gl(J7(M, R)o)")

is a canonical unital associative algebra homomorphism. By the invariance of
to with respect to (7'zt,...,7ma™) for ¢ # 0 we deduce that

to(Go=")((G52")") (Jo*) = 0
for & # (1,1,0,...,0). Then we can write

to(jga")(w)(jg?) = aw(jg(z'2?))
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for all w € (J§(R™,R)g)*, where a = to(j5zt)((55 (x122))*)(j5x?). Then by the
invariance of ¢y with respect to 0-preserving diffeomorphisms we have
to(Joy)(w)(omn) = aw (o (vn))
for all w € (JJ(R™,R)o)* and all jiv,jin € J5(R™,R)y. But ¢ is an algebra
homomorphism. Then
aw(js ((a*)*2?)) = to(j5 ((«1)*))(w) (G5 2)
= to(jgz") (to (o) () (Jg =°)
= ato(jga') (@) (g (¢'2?))
= d*w(js((z!)*2?)).

(r)

If r > 3 then a2 =@, i.e. a =1 or a = 0. Hence t, = t; ortxzt;[f].

Il. The r-jet prolongation gauge natural bundles over V1,,,

7. The (usual) r-jet prolongation gauge natural bundle J™ over V13,,,

Given a VB,,-object p: E — M the (usual) r-jet prolongation J"E of E
is a vector bundle

J'E ={jro| oisalocal section of E , z € M}

over M. Every VB,,-map f: E; — FEs covering i: My — M, induces a
vector bundle map J"f: J"E1 — J"E3 covering f such that

" f(20) = Gy (foo of7h, jeo € JTE; .

The functor J": VB,, — VB,, is a fiber product preserving gauge natural
bundle.

8. Another construction of J”

Let p: E — M be a VB,,-object. For any m-manifold M and x € M we
have a canonical unital associative algebra homomorphism t7™: J2(M,R) —
gl(Jr (M, R)) given by

t"™ (an) (G2) = da(ym),
jin e Jo(M,R), jiy € Ji(M,R). We have a vector bundle

J'E = | Homym (J7C(E), T (M, R)
rzeM



Higher order jet prolongations type gauge natural bundles over vector bundles 117

over M. Here Hom,r.m (J"CS/Y(E), JI(M,R)) is the vector space of all mo-
dule homomorphisms over t2: JI(M,R) — gl(JI(M,R)) from the (free)
JI (M, R)-module J"C/(E) of r-jets at  of germs at z of fiber linear maps
E — R into the gl(J7(M,R))-module J,(M,R). Every VB,,-map f: E; —

E5 covering i: M, — Ms induces a vector bundle map j’“f: j’“El — j"Eg
covering f such that

7 F(@)(f €)= 7 (fidz) 0 B(5(€ 0 f).

® € Homypm (J7CIY(Er), J5 (M1, R)), @ € My, 55,6 € JC30 (Ea).

The correspondence J”: VB,, — VB, is a fiber product preserving gauge
natural bundle.

LEMMA 4 -
We have a natural isomorphism J™ = J".

Proof.  The proof is similar to the one of Lemma 1. We define an isomor-
phism ©: J'E — J"E by

0(jz0)(Jz€) = jz(§ 0 0),
jro € JLE, jié € JTCTN(E),

9. The vertical r-jet prolongation gauge natural bundle J" over VB,,,

Given a VB,,-object p: E — M, the vertical r-jet prolongation J} E of E
is a vector bundle

JJE={jlo| o: M —E,, x€ M}

over M. Every VB,,-map f: E; — FEs covering i: My — M, induces a
vector bundle map Jy f: Jy By — JE2 covering f such that

Jof (i) = Gjm(foao [ jio€ B
The functor J: VB,, — VB, is a fiber product preserving gauge natural
bundle.
10.  Another construction of J

For any m-manifold M and x € M we have a canonical unital associative
algebra homomorphism ¢7>"°: J7(M,R) — gl(JI(M,R)) given by

T,mM,0
tm’ )

(G Gey) = n(2)Jzy s
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joy € JL(M,R), jin € Jr(M,R). Using t%™° instead of ¢™ we can con-
struct similarly as in Section 9 a fiber product preserving gauge natural bundle
JI VB, — VB,

LEMMA 5 .
We have a natural isomorphism J =J; .

Proof. The proof is quite similar to the one of Lemma 4.

M. The [r]-jet prolongation gauge natural bundle 71”1 over V1,
For any m-manifold M and x € M we have a canonical unital associative
algebra homomorphism gl JI(M,R) — gl(JI(M,R)) given by
() () = de ) = (@) + @)y (@)igl,

jry € JI(M,R), jn € JL(M,R). Using tg[[]’m instead of t7;™ we can con-
struct similarly as in Section 9 a fiber product preserving gauge natural bundle
JI: VB, — VB, .

12. J7, J7 and J"] are not equivalent

LEMMA 6
The gauge natural bundles J": VB, — VB, and J: VB,, — VB, are not
isomorphic.

Proof. Let f: R™™ — R™" be a VB3, ,-map given by
fla,y) = (z,y+aly), a=(... 2" eR", yeR™
Clearly Jif # id and (J7)of = id. That is why there is no base preserving

vector bundle isomorphism ©: J"R™" — JI'R™" commuting with f.

LEMMA 7
The gauge natural bundles JU VB, — VB, and g VB, — VB, are not
isomorphic.

Proof. The proof is quite similar to the one of Lemma 6.

LEMMA 8
Let m > 2. The gauge natural bundles J"): VB,, — VB, and J": VB, —
VB, are not isomorphic.

Proof. Tt follows from some result from [29]. More precisely, the vector
space of all VB,, ,-natural affinors on J"E is one dimensional and the vector
space of all VB, ,-natural affinors on J ["lE is two dimensional.
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13.  The r-jet prolongation gauge natural bundles over V1,

DEFINITION 2
We say that a fiber product preserving gauge natural bundle F': VB,, — VB,
is a r-jet prolongation gauge natural bundle if modulo isomorphism F' can

be constructed similarly as J” by using eventually another canonical unital
associative algebra homomorphism t,: J,(M,R) — gl(J7(M,R)) instead of

tm.
We have the following classification theorem.

THEOREM 2

Let m > 2 and r > 3 be integers. Up to isomorphism J": VB,, — VB,
Jy VB, — VB, and JU VB, — VB, are only r-jet prolongation gauge
natural bundles over V13,, .

14. A preparation

LEMMA 9
For any a € R we have a canonical unital algebra homomorphism

(597 JT(M,R) — gl(J7(M,R))
given by
t27 (Gay)(Gam) =z (v m) + em(z)jzy — an(z)y(x)jp1,
where jin, jry € JL(M,R), dim(M) =m, v € M. If a ¢ {—1,0} we have a
canonical isomorphism ay: JL(M,R) — JI(M,R) given by
. a+1 . .
a5 (J37) = ———Jz7 +(@)j51

such that t3*7(jin) o ay = ay o tL™(jin) for any jin € Ji(M,R). Roughly
speaking, for o ¢ {—1,0} homomorphism t5%> is canonically isomorphic to

o
Proof. It is easy to verify.

15.  Proof of Theorem 2
Let for any m-manifold M and x € M
Lot J(M,R) —> gl(JL(M,R))

be a canonical unital associative algebra homomorphism. Clearly, ¢, is uniquely
determined by the values

to(Jov) (o) € Jo (R™,R)
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for any jiv,j3om € J§(R™,R) with 4(0) = 0. By the invariance of to with
respect to O-preserving diffeomorphisms and the rank theorem and m > 2 we
can assume that

Joy = jox!
and
Jon =3¢l or jon = jga’.
By the invariance of ¢y with respect to (rix!,..., 7na™) for 71,...,7m € Ry

we deduce that
1.2

to(Goz") (G5 2?) = o (@' 2?)
and
t(G52) (G5 1) = piga’
for some o,p € R. Then by the invariance of t; with respect to 0-preserving
diffeomorphisms we have

to(jo€)(Jom) = 0o (€n)
and
to(j0€) (o 1) = pioé
for all j5&€ € J5(R™,R) and jjn € J§(R™,R) and with £(0) = n(0) = 0. Then,
since ¢¢ is an unital homomorphism, it is easy to verify (using the assumptions
onr, m) that c = p=0or 0 =1 and p is arbitrary. Therefore t, = t7;""° or
ty =15 fora=p—1.
Using Lemma 9 we end the proof.
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