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The Conference on Ulam’s Type Stability (CUTS) was held in Rytro (Poland)
on June 2-6, 2014. It was organized by the Department of Mathematics of the Ped-
agogical University of Cracow. The meeting was focused on various investigations
motivated by the notion of Hyers-Ulam stability.

The Organizing Committee of the CUTS consisted of Janusz Brzdek (chair-
man), Krzysztof Cieplinski (co-chairman), Anna Bahyrycz (vice-chairman), Mag-
dalena Piszczek (vice-chairman), Zbigniew Lesniak (scientific secretary), Jolanta
Olko (scientific secretary), and Pawel Solarz (technical assistance).

The Scientific Committee consisted of Professors: Janusz Brzdek as chairman,
Ravi P. Agarwal, Roman Badora, Krzysztof Cieplinski, Valerii Faiziev, Michal
Feckan, Soon-Mo Jung, Zbigniew Lesniak, Takeshi Miura, Mohammad Sal Mosle-
hian, Zsolt Pales, Dorian Popa, Themistocles M. Rassias, Prasanna Sahoo, Jens
Schwaiger, Marta Stefankové, Jacek Tabor and Bing Xu.

The 60 participants came from 16 countries: Austria, China, Czech Republic,
Finland, France, Germany, Hungary, Iran, Morocco, Romania, Serbia, Slovakia,
Slovenia, Turkey, United Arab Emirates and Poland.

The conference was opened on Monday, June 2 by Professor Janusz Brzdek,
who welcomed the participants on behalf of the Organizing Committee. The open-
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ing address was given by Professor Jacek Chmielinski, the Head of the Department
of Mathematics of the Pedagogical University.

During 18 scientific sessions 3 plenary lectures, 3 invited lectures and 46 talks
were delivered. They focused mainly on various aspects of Ulam’s type stability.
Most of the talks concerned functional equations, however differential, integral
and integro-differential equations were also discussed as well as some other issues.
The participants presented several methods (e.g., direct, fixed point, invariant
means, separation and multivalued) for proving stability, and some results on
superstability and hyperstability of functional equations. Moreover, some of them
dealt with the notion of convexity. On Wednesday, June 4, the special session on
discrete dynamical systems was organized by Professor Marta Stefiankova from the
Mathematical Institute of the Silesian University in Opava. Several contributions
have been also made during Problems and Remarks sessions.

On Tuesday, June 3, a regional feast was organized and on the next day after-
noon the participants visited Nowy Sacz and Stary Sacz, ones of the oldest towns
in Poland. On Thursday, June 5, a farewell dinner was held.

The conference was closed on Friday, June 6, by Professor Janusz Brzdek who
expressed his hope to continue stability meetings in the future.

Abstracts of Talks

Zayid Abdulhadi On the product combination of logharmonic mappings

In this paper, we consider the class of logharmonic mappings defined on the
unit disc U. A local and global representation will be given. Topics will be in-
cluded, mapping theorems, logharmonic automorphisms, univalent starlike loghar-
monic mappings. We obtain some sufficient conditions for the product combina-
tion of univalent logharmonic mappings to be starlike. A number of explanatory
examples are included.
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[1] Z. Abdulhadi, R.M. Ali, Univalent logharmonic mappings in the plane, Abstr. Appl.
Anal. 2012, Art. ID 721943, 32pp.
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[5] Z. Abdulhadi, D. Bshouty, Univalent functions in HH (D), Tran. Amer. Math. Soc.
305 (1988), 841-849.
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Marcin Adam Stability of the polynomial functional equation in the class of
differentiable functions

During the 15th International Conference on Functional Equations and In-
equalities (Ustron, May 19-25, 2013) we have shown that the class C?(R,R) of
p-times continuously differentiable functions has the difference property of p-th
order, i.e. if a function f:R — R is such that A} f € CP(R x R,R), where A} f
is the p-th iterate of the difference operator A, f(z) := f(z + h) — f(z), then
there exists a unique polynomial function P:R — R of (p — 1)-th order such that
f—P € CP(R,R). Inspired by some results concerning the stability of the Cauchy
functional equation (see [1]), as an application of our previous theorem we will
present some stability result for the polynomial functional equation in the class of
differentiable functions.

References

[1] J. Tabor, J. Tabor, Stability of the Cauchy type equations in the class of differentiable
functions, J. Approx. Theory 98 (1999), 167-182.

Pekka Alestalo Hyers-Ulam theorem for bounded sets and applications

We present a version of the Hyers-Ulam theorem for bounded sets [1]. The
result states that for A C R™ bounded, an e-nearisometry f: A — R" can always
be approximated by an isometry in such a way that the error term is proportional
to v/, and in many cases even to ¢.

These results are then applied to prove extension theorems for (14-¢)-bilipschitz
maps f: A — R"™, [2, 3], and more generally, for the so-called power-quasisymmetric
maps, [4, 5].

References

[1] P. Alestalo, D.A. Trotsenko, J. Viisild, Isometric approzimation, Israel J. Math. 125
(2001), 61-82.

[2] P. Alestalo, D.A. Trotsenko, J. Vaisala, The linear extension property of bi-Lipschitz
mappings, Siberian Math. J. 44 (2003), 959-968.

[3] P. Alestalo, D.A. Trotsenko, Plane sets allowing bilipschitz extensions, Math. Scand.
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[4] P. Alestalo, D.A. Trotsenko, On mappings that are close to a similarity, Math. Re-
ports 15 (2013), 313-318.

[5] P. Alestalo, D.A. Trotsenko, Linear quasisymmetric extension property on sturdy sets,
Manuscript (2014), 1-16.

Szilard Andras Ulam-Hyers stability of integral equations with weak singularities
(joint work with Arpad Baricz and Tibor Pogany)

The main aim of our talk is to study the Ulam-Hyers stability of some sin-
gular integral equations by using fixed point techniques and the theory of Picard
operators. Our methods can be used both on timescales for dynamic equations
and for integral equations on a half-line. We apply the same methods to study the
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Ulam-Hyers stability of the Bessel differential equation and to the hypergeometric
differential equation.
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[1] S. Andras, I.A. Rus, Iterates of Cesaro operators, via fixed point principle, Fixed
Point Theory, 11 (2010), 171-178.
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[3] T.P. Petru, A. Petrusel, J.-C. Yao, Ulam-Hyers stability for operatorial equations and
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[4] D. Popa, I. Raga, On the Hyers-Ulam stability of the linear differential equations, J.
Math. Anal. Appl. 381 (2011), 530-537.

[5] D. Popa, Hyers-Ulam stability of the linear recurrence with constant coefficients, Adv.
Difference Equ. 2005 (2005), 101-107.
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Roman Badora Invariant means in the theory of stability

Let (S,4) be a semigroup. For a function f on S with values in a set Y and
a € S the left and the right translations ,f and f, be defined by the following
formulae

of (@) = fla+x), folz)=f(z+a), xeS.

A real linear functional M defined on the space B(S,R) of all real bounded
functions on S is called a left (right) invariant mean if and only if it satisfies the
following conditions:

inf f(r) < M(f) < sup f(z)
£ reS

M(af) = M(f) (M(fa) = M(f))

for all f € B(S,R) and a € S.

A semigroup S which admits a left (right) invariant mean on the space B(S,R)
will be termed left (right) amenable.

The classical result on invariant means (J. von Neumann, J. Dixmier and
M.M. Day) states that every commutative semigroup is amenable.

L. Székelyhidi, in 1985, for the first time applied the method of invariant
means in the theory of functional equations (L. Székelyhidi, Remark 17, Report of
Meeting, Aequationes Math. 29 (1985), 95-96). From this time, using the method
of invariant means, many interesting results concerning functional equations and
inequalities were proved.

In the talk we present applications of invariant means in the stability theory
of functional equations.

and
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Anna Bahyrycz On hyperstability of the general linear equation
(joint work with Jolanta Olko)

We consider the functional equation

ZAlg( aija:j) +A=0, (1)
i=1 j=1

with A,a;; € F, A; € F\ {0}, i € {1,...,m}, j € {1,...,n} for functions g
mapping a normed space into a normed space (both over the field F € {R, C}).
We present a result on hyperstability of the equation (1) and applying it we
obtain sufficient condition for the hyperstability of the wide class of functional
equations and control functions.
We also show how our outcome may be used to check if the particular functional
equation is hyperstable.

Bogdan Batko Superstability of some conditional functional equations

We present some superstability results, in the sense of Baker, of selected condi-
tional functional equations with the condition dependent on an unknown function.

Zoltan Boros Rolewicz theorem for convezity of higher order
(joint work with Noémi Nagy)

Let I C R be an open interval. Rolewicz [2] investigated functions f: 1 — R
that satisfy inequalities of the form

flz+ (1 =t)y) <tf(z) + (1 —1)f(y) + Ct1 = a(lr - yl) (1)

for every x,y € I, t € [0,1], with a non-negative constant C' and a nondecreasing
function a: [0, +oo[— [0, +oo] fulfilling lim; o4 O‘t(;) = 0. He proved that every
continuous solution f of inequality (1) has to be convex.

Following Hopf’s theses (Berlin, 1926) and Popoviciu’s monograph [1], a func-

tion f: 1 — R is called convex of order n if

[I07x1a" <3 Tny Tn4-15 f] Z 0
forall zp < 21 < ... < Zp < Tpy1 in I, where [xg, 21, ..., %0, Tni1; f] denotes the
divided difference of f at the points xg, 21, ..., Tpn, Tni1.

As a generalized and higher order version of Rolewicz’s theorem, we establish
the following result.

THEOREM

Let n € N, v(I) denote the length of the interval I, and J; =]0,v(I)[. Let the
function ¢: J; — [0, +oo| satisty lim; o4 @(t) = 0. If a function f:I — R satisfies
the inequality

[-’170,:@1, ceoy Ty Tn4-15 f] + SO(.’En+1 - LL'()) Z 0

forall g < 21 < ... < x, < Tpqq in I, then f is convex of order n.
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Janusz Brzdek On stability of a family of functional equations
(joint work with Liviu Cadariu)

We present some general stability (and hyperstability) results for the functional
equation of the following form

flpr +11y) + flgz +r2y) = f(2) + 3 _ aif(siy) + D(x,y),
=1

in the class of functions f mapping a commutative group (X,+) into a Banach
space Y (over a field F of real or complex numbers), where the function D: X2 — Y
isgiven,m € N, a1, ..., € Fand p,q,71,72, 81, - - ., Sy are fixed endomorphisms
of X.

We also provide some applications of those outcomes for characterizations of
inner product spaces and stability of *-homomorphisms of C*-algebras.

The main result has been obtained by a fixed point method.

Liviu Cadariu Fized point theory and the Hyers-Ulam stability of functional
equations

The fixed point method is one of the most popular technique extensively used
for proving properties of Hyers-Ulam stability of several functional equations. A lot
of authors follow the approaches from [2] and [5] and make use of a theorem of
Diaz and Margolis.

The aim of this talk is to present applications of some fixed point theorems to
the theory of Hyers-Ulam stability for several functional equations.
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[1] J. Brzdek, J. Chudziak, Z. Pales, A fized point approach to stability of functional
equations, Nonlinear Anal. 74 (2011), 6728-6732.

[2] L. Cidariu, V. Radu, Fized points and the stability of Jensen’s functional equation,
JIPAM. J. Inequal. Pure Appl. Math. 4 (2003), Article 4, Tpp.

[3] K. Cieplinski, Applications of fized point theorems to the Hyers-Ulam stability of
functional equations — a survey, Ann. Funct. Anal. 3 (2012), 151-164.

[4] S.-M. Jung, Hyers-Ulam-Rassias stability of functional equations in nonlinear analy-
sis, Springer, New York, 2011.

[5] V. Radu, The fized point alternative and the stability of functional equations, Fixed
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Jacek Chmielinski Orthogonality equations and their stability

Some stability aspects of the orthogonality equation

(F@If W) = (zly), wyeX

and its “pexiderization”

(f@)gy) =(zly), z,yeX

will be considered. Here X, Y are inner product spaces and f, g: X — Y unknown
functions. As for the former equation, the results are surveyed, e.g., in [1].

References

[1] J. Chmielinski, Stability of the Wigner equation and related topics, Nonlinear Funct.
Anal. Appl. 11 (2006), 859-879.

Jacek Chudziak Stability problem for composite type functional equations

Composite type functional equations play a significant role in various branches
of mathematics and they have several interesting applications. Therefore there is
an objective need of considering their stability properties. The main difficulty in
such studies is caused by the fact that the classical methods of stability theory
are, in general, useless in the case of the composite equations.

In this talk we discuss various aspects of the stability problem for the Gotab-
Schinzel equation

flx+ f(2)y) = f(z)f(y)

and its further generalizations. Moreover we present some results concerning ap-
proximate dynamical systems on interval. This problem is closely related to sta-
bility of the translation equation.

Krzysztof Cieplinski On a functional equation characterizing multi-additive
mappings and its Hyers-Ulam stability

Let us recall that a function f: V"™ — W, where V is a commutative semigroup,
W is a linear space and n is a positive integer, is called multi-additive or n-additive
if it is additive (satisfies Cauchy’s functional equation) in each variable.

In the talk, we give a functional equation which characterizes multi-additive
mappings. Moreover, we present some results on the generalized Hyers-Ulam sta-
bility of this equation in normed, non-Archimedean normed and 2-normed spaces.

Marek Czerni Set stability of Shanholt type for linear functional equations

G.A. Shanholt gave in his paper [1] the definition of stability of closed sets in
finite dimensional normed space in relation to solutions of difference equation.

In this talk we consider stability of Shanholt type of normal regions on the
plane with respect to the family of continuous solutions of the linear functional
equation of the form

elf(2)] = g(x)p(x) + h(z) (1)
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with the unknown function ¢.
The given functions f, g and h will be subjected to the following conditions:

(H;y) The function f is strictly increasing, continuous mapping from interval (0, a),
0 < a < oo onto itself and 0 < f(z) < z for z € (0,a).

(Hz) The function ¢ is defined and continuous on the interval (0,a) and g(z) > 0
for z € (0, a).

(H3) The function h is defined and continuous on the interval (0, a).

It is known that if the given functions f, g and h fulfill hypotheses (Hy) — (Hs),
then the continuous solutions of equation (1) depend on an arbitray function.

We shall consider also a particular case of this type of stability and show that
such a stability implies the stability in the sense of Hyers-Ulam of equation (1) in
some special class of functions.

References

[1] G.A. Shanholt, Set stability for difference equation, Int. J. Control 19 (1974), 309—
314.

Jana Dvorakova Chaos in nonautonomous discrete dynamical systems

We consider nonautonomous discrete dynamical systems (I, f1 o) given by
sequences { f}n>1 of surjective continuous maps f,: I — I converging uniformly
to a map f:I — I and study some aspects of chaotic behavior of such systems.
Recently it was proved, among others, that generally there is no connection be-
tween chaotic behavior of (I, f1,o,) and chaotic behavior of the limit function f.
We show that even the full Lebesgue measure of a distributionally scrambled set
of the nonautonomous system does not guarantee the existence of distributional
chaos of the limit map and conversely, that there is a nonautonomous system with
arbitrarily small distributionally scrambled set that converges to a map distribu-
tionally chaotic a.e.

References
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ference Equ. Appl. 17 (2011), 479-486.
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Nasrin Eghbali An approach to the stability of fractional differential equations

Let D* be the Caputa fractional derivative, 8 > 0, f:J x C([-h,0],R) —
R, (J = [tp,0)), be a given function satisfying some assumptions that will be
specified, h > 0 and ¢ € C([to — h,to],R). Counsider the following fractional
differential equation

Dy(t)eP'] = f(t,y(t))e’, t € [tg,00), tg >0, 0 < a <1,
y(t) = ¢(t),  to—h <t <to.

(1)
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Let y € C([to — h,0),R). For every t € [tg, 00), define y; by
y(0) = y(t +0), 0 € [—h,0].

Denote by BC([tg — h,00),R) the Banach space of all bounded continuous
functions from [ty — h,00) into R with the norm ||y|lcc = sup{|y(¢)| : ¢t € [to —
h,00)}. Assume that f(t, ;) is Lebesgue measurable with respect to ¢ on [tg, c0),
and f(tg,#) is continuous with respect to ¢ on C([—h,0],R). By the technique
used in [1], we get the equivalent form of the equation (1) as

1 t
y(t) = y(tg)e PE-t0) 4 7/ t—s)* e P9 f(s, y,) ds, t > to,
(1) = y(to) oy ) (5,5) o

y(t) = ¢(1), t € [to — h,to].

The formal definition of the Hyers-Ulam-Rassias stability for the equation (2)
can be defined as follows:
For each function y satisfying

1

y(t) — y(to)e P10 — (o)

/ (b= 8)2 e B0 f(s, ) ds| < (1)

to

in which ¢ is a nonnegative function, there is a solution yq of the equation (2) and
a constant K > 0 independent of y and ¥y such that

[y (t) = yo(t)] < K1p(t).

In this talk we present some results on the stability of the equation (2).
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[1] K. Diethelm, N.J. Ford, Analysis of fractional differential equations, J. Math. Anal.
Appl. 265 (2002), 229-248.

Ajda Fosner Some results on the stability of functional equations
(joint work with Maja FosSner)

A classical question in the theory of functional equations is: Under what con-
ditions is it true that a map which approximately satisfies a functional equation
E must be somehow close to an exact solution of £7 We say that a functional
equation £ is stable if any approximate solution of £ is near to a true solution
of £. We will present some new results on the stability of functional equations. In
particular, we will present the stability and hyperstability of cubic Lie derivations
on normed algebras.

References
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Attila Gilanyi On the stability of monomial functional equations

Let X and Y be linear normed spaces, and let n be a positive integer. A func-
tion f: X — Y is called a monomial function of degree n if it satisfies the functional
equation

Ay f(x) —nlf(y) =0, z,y € X,

where A denotes the (forward) difference operator. It is well-known and easy to see
that this class of equations contains the Cauchy equation and the square-norm (or
parallelogram or Jordan—von Neumann or quadratic) equation as a special case.
The stability of equations belonging to the class have been investigated by several
authors. In this talk, we give a short summary of their results and we present
some conditional stability theorems for monomial equations.

Ioan Golet Hyers-Ulam-Rassias stability in fuzzy normed spaces
(joint work with Liviu Cadariu)

The concept of fuzzy sets was introduced by Zadeh [5] in 1965. Since then,
many authors have expansively developed the theory of fuzzy sets. Kramosil and
Michalek [4] have introduced the concept of fuzzy metric spaces. George and
Veeramani [1] modified this concept of fuzzy metric spaces and defined topologies
induced by fuzzy metrics. Many authors have proved fixed point theorems in fuzzy
metric spaces.

In the same time fuzzy norms have given appropriate generalizations of deter-
ministic normed spaces and have opened the way for new applications.

Recently, considerable attention has given to the Hyers-Ulam-Rassias stability
of functional or differential equations. This study is encouraged by the particular
applications in the information theory, computer science etc. The fuzzy normed
spaces has also offered a proper framework for the study of Hyers-Ulam-Rassias
stability of some classical functional equations.

In this paper we use a fixed point result in fuzzy normed space as a tool for
investigating the Hyers-Ulam-Rassias stability of a quadratic functional equation.

References

[1] A. George, P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and
Systems, 64 (1994), 395-399.

[2] 1. Golet, On generalized fuzzy normed spaces and coincidence point theorems, Fuzzy
Sets and Systems 161, (2010), 1138-1144.

[3] O.Hadzi¢, E. Pap, Fized point theory in probabilistic metric spaces, Kluwer Academic
Publishers, Dordrecht, 2001.

[4] 1. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica 11
(1975), 326-334.

[5] L.A. Zadeh, Fuzzy sets, Information and Control 8 (1965), 338-353.



Conference on Ulam’s Type Stability, Rytro, Poland, June 2-6, 2014 [149]

Eszter Gselmann Characterization of derivations through their actions on cer-
tain elementary functions

The main aim of this talk is to provide characterization theorems concerning
real derivations.
We say that an additive function f:R — R is a derivation if

flzy) =2 f(y) +yf(x)

is fulfilled for all z,y € R.
The additive function f:R — R is termed to be a linear function if f is of the
form

flz)=f(Q1)- =, z €R.
This talk will be devoted to answering affirmatively the following problem in

some cases. Assume that &R — R is a given differentiable function and for the
additive function d: R — R, the mapping

z — d(¢(x)) — ¢ (x)d(x)

is regular (e.g. locally bounded, measurable, continuous at a point) on its domain.
So it true that in this case d admits a representation

d(z) = x(x) +d(1) - z, z €R,
where x: R — R is a real derivation?

Eliza Jablonska Fized points almost everywhere and Hyers-Ulam stability
(joint work with Janusz Brzdek)

In 2011 J. Brzdek, J. Chudziak, Z. Pales [1] and J. Brzdek, K. Ciepliniski [2]
proved fixed point theorems for some operators and derived from it several results
on the stability of a very wide class of functional equations in single variable. In
2012 L. Céadariu, L. Gavruta, P. Gavruta [3] generalized these results.

Here we generalize results from [3]; more precisely, we prove a fixed point
theorem almost everywhere and apply it to obtain some stability results.
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Wojciech Jablonski Stability and completeness

Many authors examined stability of various functional equations since the time
when S.M. Ulam [4] has posed his problem of stability of the equation of a homo-
morphism. We discuss these aspects of stability which concerns completeness of
a target space (cf. [1], [2] and [3]).
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Zdenék Kocan Dynamics on intervals, graphs and dendrites
(joint work with Veronika Kurkova and Michal Malek)

Let us consider some properties of discrete dynamical systems such as the
existence of an horseshoe, the positivity of topological entropy, the existence of
a homoclinic trajectory or the existence of maximal omega-limit sets. We survey
the known relations between the properties in the case of interval, graph and
dendrite maps. In particular, we point out differences between the dynamics on
intervals and on dendrites.
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175.

[3] Z. Ko¢an, V. Kurkova, M. Malek, On the ezistence of mazimal omega-limit sets for
dendrite maps, Commun. Nonlinear Sci. Numer. Simul. 17 (2012), 3169-3176.

[4] Z. Kocan, V. Kurkovd, M. Mélek, Horseshoes, entropy, homoclinic trajectories, and
Lyapunov stability, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 24 (2014), 1450016,

9pp.

Zbigniew Lesdniak On stability of an operator type equation of order n
(joint work with Janusz Brzdek and Stevo Stevic)

We consider an n-th order linear operator type equation with constant coeffi-
cients

Pl — P L7 4+ (D) L+ (=) = 0,

where £: X — X, X is a complete extended normed vector space and 6 is the
zero of X. We show that, under suitable assumptions, the equation is stable in
the Hyers-Ulam sense. To obtain this result we use the Diaz-Margolis fixed point
theorem.
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Renata Malejki On stability of a generalization of the Fréchet equation
(joint work with Anna Bahyrycz)

We present some stability and hyperstability results for the functional equation
Aif(zt+y+z)+ Ao f(x)+Asf(y)+Aaf(2) = As f(a+y) + As f(x+2) + A7 f(y+2),

which is a generalization of the Fréchet equation (A4; = ... = A7 = 1) stemming
from one of the characterizations of the inner product spaces. As the main tool in
the proofs we have used a fixed point theorem for the function spaces.

Alpar Richard Mészaros Ulam-Hyers stability of elliptic PDEs in Sobolev
spaces
(joint work with Szilard Andras)

In this talk we analyse the Ulam-Hyers stability of some elliptic partial dif-
ferential equations on bounded domains with Lipschitz boundary. We use direct
techniques and also some abstract methods of Picard operators.

The novelty of our approach consists in the fact that we are working in Sobolev
spaces and we do not need to know the explicit solutions of the problems or the
Green functions of the elliptic operators. We show that the Ulam-Hyers stability
of linear elliptic problems do not say much information in plus, it mainly follows
from standard estimations for elliptic PDEs, Cauchy-Schwartz and Poincaré type
inequalities and Lax-Milgram type theorems.

We obtain powerful results in the sense that working in Sobolev spaces, we
can control also the derivatives of the solutions, instead of the known point-wise
stability for the moment (see [2]). Moreover, our results for the nonlinear problems
generalize in some sense some recent results from the literature (see for example
3).

These results can be found in our recent paper [1].
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Timea Nagy Second order non-linear ODEs with non-local initial conditions.
Ezistence and Ulam-Hyers stability
(joint work with Szilard Andras)

In this talk our aim is to study some non-linear second order ODE systems
with non-local initial conditions. The model problem is the following system

x//(t) = _fl(tvm(t)ay(t))v y”(t) = _f2(t7x(t)»y(t))7 te I,
2(0) = aplz], 2'(0) = aufz], y(0) = Folyl, ¥'(0) =Py,
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where a5, 6;:C[0,1] — R, ¢ € {0,1} are linear and continuous operators. In the
model I C R is a bounded interval and fi, fo:I x R? — R are Carathéodory
functions. Under certain assumptions on the data functions we are able to show
existence of the solutions and Ulam-Hyers stability of the above system. For this
analysis we use some fixed point techniques and the core of the approaches relies
on vector valued metrics and converging to zero matrices. These techniques were
first used for first order non-linear systems with non-local initial conditions (see
[1, 2]) and the works [3, 4] motivate this type of study for second order cases.
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Kazimierz Nikodem Strong convexity and separation theorems

Let D C R™ be a convex set and ¢ be a positive number. A function f: D — R
is called:
— strongly convezr with modulus c if

flta+ (1 —t)y) <tf(@) + (1 —0)f(y) —ctl =tz —yl|? @yeD, teo1];
— approximately concave with modulus c if

fltz+ (1 —t)y) > tf(x) + (L =) f(y) — ct(l —t)llz —ylI*, 2,y€ D, tel0,1];
— c-quadratic if

fltz+ (1 —tyy) =tf(x)+ (1 —t)f(y) —ctQ —t)|z —y|*, w,yeD, tel0,1].

A relationship between the above notions (for n = 1) and the generalized con-
vexity in the sense of Beckenbach is shown. Characterizations of pairs of functions
that can be separated by strongly convex, approximately concave and c-quadratic
functions are given. As corollaries some Hyers-Ulam stability results for the above
classes of functions are obtained.
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Andrzej Olbrys On separation by h-conver functions

Let X will be a real linear space, and let D C X be an open and convex set.
The concept of h-convexity was introduced by VaroSanec [2] in the following way:

DEFINITION

Let J C R be an interval, (0,1) C J and let h: J — R be a non-negative function.
We say that f: D — R is an h-convex function, if f is non-negative and for all
x,y € D and s € (0,1) we have

f(sz+ (1 =s)y) < h(s)f(x) + h(1—s)f(y).

In our talk we establish the necessary and sufficient conditions under which two
functions can be separated by h-convex function, in the case, where the function
h is super-multiplicative. This result is related to the theorem on separation by
convex functions presented in [1]. As a consequence of our main theorem we obtain
the stability result for h-convex functions.
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Jolanta Olko On stability of the general linear equation
(joint work with Anna Bahyrycz)

Consider the general linear functional equation of the form

ZAlf(Zaij) + A= 0,
i=1 j=1

where A,a;; € F, A; e F\ {0}, i € {1,...,m}, j € {1,...,n} in the class of
functions mapping a normed space into a Banach space (both over the same field
R or C).

We give sufficient conditions for the generalized Hyers-Ulam stability of the
equation. Moreover, we present some applications to particular functional equa-
tions of this type and different control functions.
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Lahbib Oubbi Ulam stability of an equation with several parameters

We deal with the Ulam-Hyers stability of the functional equation
> flaiwo + bix;) + f<$0 -y bﬂi) — f(z0) =0, (1)
i=1 i=1

where m > 2 is an integer, (a;)i=1,..,m and (b;)i=1,.._m are scalars so that
St a; =0and b; # 0 for every i = 1,...,m. We first show that a mapping f
satisfies (1) if and only if it is additive. We then show the Ulam-Hyers-Géavruta
stability of the equation (1). Furthermore, using the classical fixed point theorem,
we establish the Ulam-Hyers-Cadariu-Radu stability of (1). As corollary, we get
the Ulam-Hyers-Rassias stability of (1). Finally, whenever the considered spaces
are algebras, we combine (1) with some other equations such as f(zy) = f(z)f(y)
or f(zy) = anxf(y) + asf(z)y and get the stability of different types of mappings
(among which the ring derivations and the ring homomorphisms) with respect to
the obtained systems of equations. The results obtained here are natural general-
izations of the ones obtained in [1] and [2].

References

[1] M. Eshaghi Gordji, N. Ghobadipour, C. Park, Jordan *-homomorphisms between
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Zsolt Pales Stability of generalized monomial functional equations

Given a groupoid (X, ), we define the powers of an element z € X by

1 n+1

T =, x =xzoz", meN.

The groupoid as well as the operation ¢ is called power associative if, for all x € X,

for all n,k € N,
2"F = " o 2P
Given £ > 2, the groupoid as well as the operation ¢ is said to be {-power symmetric
if, for all z,y € X,
(zoy)t =zt oyt

Obviously, commutative semigroups are power associative and ¢-power symmet-
ric for every £ > 2. On the other hand, there exist non-associative and non-
commutative structures that are still power associative and 2-power symmetric.

The main result concerns the Hyers-Ulam stability of the generalized monomial

functional equation

pof(x) +pif(zoy) +. ... +ouflzoy”™) = fly), wxyelX,

where (G, ¢) is a power associative and ¢-power symmetric groupoid, f: X — Y, Y
is a Banach space over K € {R, C} and pg, p1, - . ., pn € Kwith po+p1+...+p, = 0.
The particular case when p; = et M (?) for j € {0,1,...,n} is the standard

n!
monomial equation which was considered by A. Gildnyi in 1999 in the paper [1].
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Pawel Pasteczka On negative results concerning Hardy means

A mean M:{J; | R? — Ry is called Hardy if there exists C' > 0 such that
S0 M(ay,...,a,) < CY.0° | a, for any sequence of arguments a € I*(R;). We
present some sufficient conditions for a mean not to be Hardy.

In 2004 Zs. Péles and L.-E. Persson [1] proved that a Gini Mean

P 1

a1+---+ap)p*q .

bt SR e 1) £
G ( ) (afer...JraZ ’ lpséq,

q\aQ1y -, 0p) 1=

e alln(ar) + ...+ a? In(ay,) ,

exp , ifp=gq
( al + ... +adb )

(i) is Hardy if max(p,q) < 1 and min(p,q) <0,
(ii) is not Hardy if max(p,¢) > 1 or min(p, q) > 0.

We are going to prove that the condition (i) is also a necessary one.
Moreover, we are going to precisely tell, in the family of Gaussian Product of
Power Means, the Hardy means from the non-Hardy ones.
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Magdalena Piszczek Stability and hyperstability of the Drygas functional equa-
tion
(joint work with Joanna Szczawinska)

Let X be a nonempty subset of an Abelian group and Y be a semigroup. We
say that a function f: X — Y satisfies the Drygas functional equation on X if

flx+y)+ fle—y) =2f(x) + f(y) + f(—y)

for all z,y € X such that —y,x +y,z —y € X.
We use the fixed point theorem for functional spaces to obtain the stability and
hyperstability result for the Drygas functional equation on a restricted domain.

Dorian Popa Hyers-Ulam stability of some equations and operators
(joint work with Ioan Rasa)

We present some results concerning generalized Hyers-Ulam stability for the
linear differential equation with constant coefficients and also for the linear differ-
ential operator with non-constant coefficients in Banach spaces. A characterization
of Hyers-Ulam stability of linear operators in Banach spaces was given in [3].
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Using this result we investigate the Hyers-Ulam (in)stability of some classi-
cal operators from approximation theory. For some of them we obtain the best
constant.
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Barbara Przebieracz Stability of the translation equation

The aim of this talk is to present results concerning the stability of the trans-
lation equation in some classes of functions.
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Sebaheddin Sevgin Hyers-Ulam stability of an integro-differential equation
(joint work with Hamdullah Sevli)

In [1], S.M. Jung applied the fixed point method for proving the Hyers-Ulam-
Rassias stability and the Hyers-Ulam stability of a Volterra integral equation of
the second kind. In [2], Morales and Rojas studied the Hyers-Ulam-Rassias types
of stability of nonlinear, nonhomogeneous Volterra integral equations with delay
on finite intervals. Recently in [3], Jung, Sevgin and Sevli proved that if p: I — R,
¢I - R, K:IxI— Rand ¢p:1 — [0,00) are sufficiently smooth functions and
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if a continuously differentiable function u: I — R satisfies the perturbed integro-
differential inequality

(8) 4 p0u(t) +a(t) + [ K(trulr)dr] < (o)

for all £ € I, then there exists a unique solution ug: I — R of the Volterra integro-
differential equation u'(t) + p(t)u(t) + q(¢) + fct K(t,7)u(t)dr = 0 such that

)~ w0l < exp{ ~ [ pwrar} [ o@exn { [ pryar}a

forall t € 1.
In this study, we will establish the Hyers-Ulam-Rassias stability and the Hyers-
Ulam stability of an integro-differential equation.
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Hamdullah Sevli Hyers-Ulam stability of Volterra integro-differential equations
(joint work with Sebaheddin Sevgin )

Let I be either (—o0,b], R, [a,00), or a closed interval [a,b] with —oo < a <
b < 00, let ¢ be a fixed point of I, and let p: I — [0, 00) be a continuous function.
S.M. Jung [1] proved that if a continuous function u: I — C satisfies the perturbed
Volterra integral inequality

]u(t)—/ctF(T,u(T))dT < o(t)

for all t € I, then under some additional conditions, there exist a unique continuous
function ug: I — C and a constant C > 0 such that

up(t) = / F(r,uo(7))dr and lu(t) — ug(t)] < Co(t)

for allt € I. Recently in [2] the authors jointly with S.M. Jung proved that if p: I —
R,¢:I =R, K:IxI—Rand ¢:I — [0,00) are sufficiently smooth functions and
if a continuously differentiable function u: I — R satisfies the perturbed integro-
differential inequality

W (1) + pltyult) + g(t) + / K(t,7)u(r) dr| < o(t)
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for all ¢t € I, then there exists a unique solution ug: I — R of the Volterra integro-
differential equation

o' (t) + p(t)u(t) + q(t) + / K(t,m)u(r)dr =0
such that

)~ <exp{ ~ [ pwrar} [ o@exn { [ pryar}a

forallt e 1.

In this paper, we will apply the fixed point method for proving the Hyers-Ulam-
Rassias stability and the Hyers-Ulam stability of a nonlinear Volterra integro-
differential equation.
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Stanistaw Siudut Cauchy difference operator in some Orlicz classes

Let (G, -, \) be a measurable group with a complete, left-invariant and finite

measure A. If ¢ is a convex p-function satisfying conditions # —+0asu—0,

# — 00 as u — 00, f:G — R and the Cauchy difference Cf(z,y) = f(z - y) —
f(z) — f(y) of f belongs to LY, ,(G x G,R), then there exists unique additive
A:G — R such that f — A € LY(G,R). Moreover, || f — All, < K||Cf||,, where
K=1ifAXG) >1, K =1+ (A\NG))™!if M(G) < 1. Similar result we also
obtain without associativity of - but with f € L{(G,R) and with measurability
of Cf. In this case A = 0 and the Cauchy difference C:{f € LY(G,R)| Cf €
LY (GxG,R)} — LY, (GxG,R) is linear continuous and continuously invertible
on its image, where LY (G,R) (LY, (G x G,R)) denotes the space of equivalence
classes of functions in LY (G, R) (L%, (G x G,R)). Moreover, C is compact if and
only if the domain of C has a finite dimension.

Let (G, -, \) be a measurable group with a complete, left-invariant and o-finite
measure A such that AM(G) = oco. If ¢ is a e-function, f:G — R and Cf €
L (G x G,R), then there exist a unique additive A: G — R which is equal to f
A a.e.

Dorota Sliwinska Symmetrization and convexity I1
(joint work with Szymon Wasowicz)

In Sz. Wasowicz’s talk the symmetrization method was presented. We use it to
prove the Hermite-Hadamard type inequalities for Wright-convex, strongly convex
and strongly Wright-convex functions of several variables defined on simplices.
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Jaroslav Smital Distributional chaos after twenty years

Twenty years ago, in [1] there was introduced the notion of distributional
chaos for continuous maps of the interval. The notion was later generalized in [2]
and [3] to continuous maps of a compact metric space. There appeared many open
problems, some of them were already solved. The most important recent result is
a proof of the conjecture, that positive topological entropy implies distributional
chaos DC2. In the talk we provide a brief survey of history, main properties of
distributional chaos, main open problems, and possible directions of other research
of the field.
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Marta Stefankova On the Sharkovsky classification program of triangular maps

For continuous interval maps there are more than 50 mutually equivalent con-
ditions characterizing maps with zero topological entropy. At the end of the 1980s
Sharkovsky proposed to verify which of the implications between these conditions
are valid in the class of triangular maps of the unit square. Since some condi-
tions are not applicable to maps of the square whereas some new conditions have
been added thereafter the contemporary list usually contains 32 conditions which
means nearly 1000 possible implications. This huge program has been recently
completed and in my talk I will give a survey of these results with emphasis on
the most recent ones.

Stevo Stevi¢ Unique ezistence of solutions of a class of nonlinear functional
equations in a neighborhood of zero

We present a unique existence result for a solution of the following system of
nonlinear functional equations with iterated deviations in a neighborhood of zero
and satisfying the Lipschitz condition

a(t) = f(t, 20V (t,2)), ... a0 (t,2))),
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where

v (t2) = gt + @it 2t + 931 (- 2, + @i, (£2(2))) -.)))
ai; € R, i =1,k j=T,m pij(t,x), i = 1,k, j = I,m;, are real functions,
f(t,x1,...,x) is a real vector function satisfying some additional conditions, and
x(t) is an unknown vector function on a subset of RY.

Leszek Szala Chaotic behavior of discrete dynamical systems with randomly per-
turbed trajectories

My talk will concern recurrence for discrete dynamical systems defined on
the unit interval I or on the cube I™ with randomly perturbed trajectories. Both
autonomous and nonautonomous case will be concerned. A review of known results
as well as some of my recent ones, showing relations between classical recurrence
(i.e. for systems without random perturbations) and the so called (f, d)-recurrence
will be presented.
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Joanna Szczawinska Selections of generalized convez set-valued functions with
bounded diameter
(joint work with Andrzej Smajdor)

Let @ € (—1,1), p,q > 0, K be a subset of a vector space X such that 0 € K
and K C pK and let (Y| - ||) be a real Banach space. Consider a set-valued
function F': K — cl(Y') satisfying the following conditional inclusion

aF(z)+(1—-a)F(y) C F(pr+qy), =yek, pr+qyek.
We prove that if the set-valued function F has a bounded diameter, i.e.
sup{diamF'(z), x € K} = M < 400,
then there exists a unique function f: K — Y such that
af(@)+(1-a)f(y)=flpr+ay), 2yeK pr+eekK

and
f(z) + F(0) C F(z), z e K.

We also apply the method used in the proof to the investigation of the stability of
the functional equation

af(z)+ (1 —a)f(y) = flpr + qy)-
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Laszlé Székelyhidi Stability of functional equations on hypergroups

In this talk we present stability results for diverse functional equations on hy-
pergroups. The functional equations involved characterize exponentials, additive
functions and moment functions. We also consider equations of mixed type. The
results depend on amenability and superstability, as well as on a combination of
these properties.

Tomasz Szostok Stability of functional equations stemming from numerical anal-
YSis

We study the stability properties of the equation

F(y) - F(z) = (y — ) Zaif(az‘fﬂ + Biy) (1)

i=1
which is motivated by the numerical integration. In [1] the stability of the simplest

equation of the type (1) was investigated thus the inequality

|F(y) — F(z) — (y —z)f(z +y)| <e

was studied. In the current paper we present a somewhat different approach to
the problem of stability of (1). Namely, we deal with the inequality

’F(Z/) F(z) zn:aif(aix—kﬁiy)’ ..

T
Yy i=1
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Jacek Tabor Stability of the elastic maps
(joint work with J6zef Tabor and Ewa Matczynska)

In our talk we study the stability of the elastic maps. Roughly speaking
[1], a function e: {-n,...,n} x {—k,...,k} — R? is called an elastic map if it
approximately satisfies the Jensen condition

e(p;rq> _ e -2% e(q)

for p,q, 24 € dom(e) such that (p,q) € N(Z?), where N(Z?) denotes the set of
neighbors in Z?2, that is points such that ||p — ¢||max < 2. We also discuss the case

when the set of neighbors is exchanged with its subset.
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Szymon Wasowicz Symmetrization and convexity 1
(joint work with Alfred Witkowski)

It is well-known that the Hermite part of the Hermite-Hadamard inequality
estimates the integral mean value of a convex function of one real variable better
than the Hadamard part. Unfortunately, this is not the case in the multivariate
case. Nevertheless, it is possible to give a refinement going in this spirit. The
presented result we prove by using the symmetrization method.
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Pawel Wojcik On a restriction of an operator to an invariant subspace

For Banach spaces we consider the bounded linear operators which are surjec-
tive and noninjective. The aim of this report is to discuss an invariant subspace
of some surjective operators. We show some general properties of such mappings.
We examine whether such operators can restrict to an involution or a projection.
Thus, we will obtain the invariant subspaces for those operators.
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Peter Volkmann Bounded perturbations of additive functions

The topic will be discussed within the scope of Pélya-Szeg6-Hyers-Ulam sta-
bility.

Pavol Zlatos Stability of homomorphisms in the compact-open topology

It seems that so far stability of homomorphisms between topological groups
was studied exclusively from the global point of view, related to the topology of
uniform convergence, dealing with approximability of everywhere defined maps
by continuous homomorphisms. We introduce a local notion of stability, related
to the compact-open topology, dealing with approximate extendability of partial
maps to continuous homomorphisms.

We prove that the characters of any locally compact abelian group are locally
stable in this sense. We also generalize a global stability result on continuous
homomorphisms between compact groups to a local version for continuous homo-
morphisms from any locally compact group to an arbitrary topological group and
show the necessity of the assumptions of the theorem through some counterex-
amples. As an application we obtain a purely algebraic result on extendability of
finite partial maps to homomorphisms.
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Some of these results can be generalized to homomorphisms between topolog-
ical universal algebras. By means of Nonstandard Analysis some of them can be
strengthened, adding them certain kind of uniformity.

References

1] J. Spakula, P. Zlatos, Almost homomorphisms of compact groups, Illinois J. Math.
48 (2004), 1183-1189.

[2] M. Magcaj, P. Zlatos, Approzimate extension of partial e-characters of abelian groups
to characters with application to integral point lattices, Indag. Math. (N.S.) 16 (2005),
237-250.

[3] P. Zlatos, Stability of group homomorphisms in the compact-open topology, J. Log.
Anal. 2 (2010), Paper 3, 15pp.

[4] P. Zlatos, Stability of homomorphisms in the compact-open topology, Algebra Univer-
salis 64 (2010), 203-212.

[5] F. Slddek, P. Zlato$ A local stability principle for continuous group homomorphisms
in nonstandard setting, submitted to Aequationes Mathematicae.



[164] Report of Meeting
Problem and Remarks

1. Problem.
Let (E,| - |) be a normed space. The function || - || is called c-convex (for
some ¢ € (0,1]) if

(1= a)lll® +ally|* = (1 — @)z + ay||* > ca(1 - a)l|lz — y]*

for all z,y € E, a € [0,1].
Let p>1, E=R?, |z|, = (|z1|P + |x2|p)%. Then | - ||3 is 1-conver. It is not
difficult to prove that for p =1 and p > 2, ||z|2 is not ¢-convex.

PROBLEM
(i) Prove or disprove that there exists r € (1,2) such that

(1) Ifpe (1,r), || - |2 is not c-conver,
(2) Ifpe(r,2), |2 is cp-conver, for some ¢, € (0,1).
(ii) If r exists, estimate r and ¢,. What about || - [|2 ?
IToan Rasa
2. Problem.

For a given p > 1 consider the fundamental Bernstein polynomials

byi(z) == (p) (1 —x)P i=0,1,...,p; x €][0,1].
i
Prove or disprove:

For each convex function f € C([0,1]) and for all z,y € [0,1],

P

,;,]»Z:o(bp”’(”””pvj<x> i ()b () — 2 (@) 5 () ;pj) >0

lToan Rasa

3. Problem. Let k(n) be defined by

THEOREM
If f € C*™)([0,1]) is a solution of the equation

ATF0) =0, Ve [o, ﬂ

then f is polynomial of degree < n — 1.
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(See D. Popa, I. Raga, J. Approx. Theory 164 (2012), 138-144).
It can be proved that k(n) < n?log2, n > 4 and

k(n)

lim —= = 0.
PROBLEM

1. Find more precise estimates of k(n).

2. For n > 4 is the result from the theorem valid if f € CI(([0,1]) with

Jjn) < k(n)?

Dorian Popa, Ioan Rasa

4. Problem.
The problem concerns the stability behaviour of the functional equation
Fly)— F(z) = (y—2)ar f(anx + f1y) + - . . + anf(anz + Bry)] (1)

which stems from quadrature rules of numerical integration. Examples of partic-
ular cases of (1) are given by

Fy) = Fx) = y - 0 f (F32), (2)
P~ F@) = (v 2@ + 0] 3)
Fly) - F(o) = (v - ) [ 7@ + 2 (T2 ) + 2 5] (4)

and many others, see for example [1].
Thus we deal with the following inequality

[F(y) = F(z) = (y — o)l fleaz + fry) + -+ anf(oanz + Buy)l| <. (5)

Substituting first « + h in place y, then x + 2h,x + h instead of y,x resp. and,
finally, « + 2h instead of y it is possible to eliminate F from (5).
What we get is an equation of the shape

|h[b1f(’}/1:]3 -+ 51h) + ...+ bnf(’)/gn+11' + 52n+1h)” S 3e

for some b;,~;, d; depending on a;, a;, B; occurring in (5).
For example if we start with the inequality

Fly) - F) - f(5Y)| -

then we get
[hA f ()] < 3e.

In this case it is possible to prove that f satisfies

Ajf (@) =
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(see [2]), which yields the superstability of (2). The same procedure may be applied
to (3).

However the stability behaviour of (even slightly) more complicated equations
stemming from numerical analysis such as (for example) (4) is unknown. It is easy
to see that, using our procedure with respect to

F(y) - F@) - - 2) [ 5@ + 57 (F32) + 50w <

we obtain
|hAG ()] < 3e

but is impossible to repeat the idea used in [2] to show that every function satis-
fying this inequality must be a true solution of A} f(x) = 0. Therefore a natural
question arises if equations of the type

hAT f(z) =0

are stable or not.
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