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Dedicated to Professor Andrzej Zajtz on his 70th birthday
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The aim of this paper is the study of a rate of convergence of

alternate Poisson integrals for Hermite and Laguerre expansions. We
state some estimates of the rate of convergence of these integrals using
the classical moduli of continuity.
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Let Lp(exp(−z2)), p ≥ 1 denote the set of functions f defined on R =
(−∞,∞) such that

∫

∞

−∞

|f(t)|p exp
(

−t2
)

dt <∞ if 1 ≤ p <∞

and f is bounded a.e. on R if p = ∞.
Muckenhoupt in [2] studied Poisson integrals and alternate Poisson inte-

grals for Hermite polynomial expansions. He considered the Poisson integral
A(f)(r, x) of a function f ∈ Lp(exp(−z2)) for Hermite expansions defined by

A(f)(r, x) = A(f ; r, x) =

∫

∞

−∞

P (r, x, z)f(z) exp
(

−z2
)

dz, 0 < r < 1, x > 0,

where

P (r, x, z) =

∞
∑

n=0

rnHn(x)Hn(z)√
π 2nn!

=
1

√

π(1 − r2)
exp

(−r2x2 + 2rxz − r2z2

1 − r2

)

and Hn is the nth Hermite polynomial, n = 0, 1, . . . .
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The alternate Poisson integral is defined by

F (f)(x, y) = F (f ;x, y) =

∫ 1

0

T (x, r)A(f ; r, y) dr

=

∫

∞

−∞

(
∫ 1

0

T (x, r)P (r, y, z) dr

)

f(z) exp(−z2) dz,

x > 0, y ∈ R,

(1)

where

T (x, r) =
x exp

(

x2

2 ln r

)

(2π)
1
2 r(− ln r)

3
2

.

Muckenhoupt obtained the following result.

If f ∈ Lp(exp(−z2)), then F (f ;x, ·) ∈ Lp(exp(−z2)) for x > 0 and:

(a) ‖F (f ;x, ·)‖p ≤ ‖f(·)‖p, 1 ≤ p ≤ ∞,

(b) ‖F (f ;x, ·) − f(·)‖p → 0 as x→ 0+ for 1 ≤ p <∞,

(c) limx→0+ F (f ;x, y) = f(y) almost everywhere, 1 ≤ p ≤ ∞,

(d) ∂2F
∂x2 + ∂2F

∂y2 − 2y ∂F
∂y

= 0 in Ω = {(x, y) : x > 0, y ∈ R},

where ‖ ‖p denotes the norm in Lp
(

exp(−z2)
)

.

By Lp(zα exp(−z)), p ≥ 1, α > −1 we denote the set of functions f defined
on R+ = [0,∞) such that

∫

∞

0

|f(t)|ptα exp (−t) dt <∞ if 1 ≤ p <∞

and f is bounded a.e. on R+ if p = ∞. In [2] the Poisson integral of a function
f ∈ Lp(zα exp(−z)) is also considered. This integral is defined by

B(f)(r, x) = B(f ; r, x) =

∫

∞

0

K(r, x, z)f(z)zα exp(−z) dz, 0 < r < 1, x ≥ 0

with the Poisson kernel

K(r, x, z) =

∞
∑

n=0

rnn!

Γ(n+ α+ 1)
Lα

n(x)Lα
n(z)

=
(rxz)−

α

2

1 − r
exp

(−r(x+ z)

1 − r

)

Iα

(

2(rxz)
1
2

1 − r

)

,
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where Lα
n is the nth Laguerre polynomial, n = 0, 1, . . . and Iα is the modified

Bessel function ([1]),

Iα (s) =

∞
∑

n=0

sα+2n

2α+2nn!Γ(α+ n+ 1)
.

We define the alternate Poisson integral by

G(f)(x, y) = G(f ;x, y) =

∫ 1

0

U(x, r)B(f ; r, y) dr

=

∫

∞

0

(
∫ 1

0

U(x, r)K(r, y, z) dr

)

f(z)zα exp(−z) dz,

x > 0, y ≥ 0,

where

U(x, r) = T

(

x√
2
, r

)

.

It was proved in [2] that if f ∈Lp (zα exp(−z)), then G(f ;x, ·) ∈Lp(zα exp(−z))
for x > 0 and:

(a) ‖G(f ;x, ·)‖p ≤ ‖f(·)‖p, 1 ≤ p ≤ ∞,

(b) ‖G(f ;x, ·) − f(·)‖p → 0 as x → 0+ for 1 ≤ p <∞,

(c) limx→0+ G(f ;x, y) = f(y) almost everywhere in [0,∞), 1 ≤ p ≤ ∞,

(d) ∂2G
∂x2 + y ∂2G

∂y2 + (α+ 1 − y)∂G
∂y

= 0 in Ω = {(x, y) : x > 0, y ≥ 0}.

The symbol ‖ ‖p is used here to denote the norm in Lp(zα exp(−z)).
This note contains some estimates of the rate of convergence of the alternate

Poisson integrals F (f), G(f). We state these estimates using the moduli of
continuity, severally for F (f) and G(f).
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In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.

First we prove

Lemma 1

Let x > 0. For each y ∈ R the following equalities hold

F (1;x, y) = 1,
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F (z − y;x, y) = y
(

exp(−
√

2x) − 1
)

,

F ((z − y)2;x, y) = y2
(

1 − 2 exp(−
√

2x) + exp(−2x)
)

+
1

2

(

1− exp(−2x)
)

.

Proof. Using equality (3.9) in [2]

∫ 1

0

T (x, r)rn dr = exp
(

−(2n)
1
2 x
)

, n = 0, 1, . . .

and [3, Lemma 2.3]

A(z − x; r, x) = −x(1 − r),

A((z − x)2; r, x) = (1 − r)

(

x2(1 − r) +
1

2
(r + 1)

)

we obtain from (1) and by elementary calculations the assertion of Lemma 1.

Similarly, using the formula established in [2]

∫ 1

0

U(x, r)rn dr = exp(−
√
nx), n = 0, 1, . . .

and [3, Lemma 2.4]

B(z − x; r, x) = (1 − r)(1 + α− x),

B((z − x)2; r, x) = (1 − r)
(

x2(1 − r) + 2(α+ 2)rx− 2(α+ 1)x

+ (α+ 2)(α+ 1)(1 − r)
)

,

where α > −1, we can prove

Lemma 2

Let x > 0 and α > −1. For each y ∈ R+

G(1;x, y) = 1,

G(z − y;x, y) = (1 + α− y) (1 − exp(−x)) ,
G((z − y)2;x, y) = y2

(

1 − 2 exp(−x) + exp(−
√

2x)
)

+ 2(α+ 2)y
(

exp(−x) − exp(−
√

2x)
)

+ 2(α+ 1)y (exp(−x) − 1)

+ (α+ 2)(α+ 1)
(

1 − 2 exp(−x) + exp(−
√

2x)
)

hold.
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In this part we shall give some estimates of the rate of convergence of the
integrals F (f) and G(f). We shall use the classical modulus of continuity
defined by

ω(f, δ) = sup
0≤t≤δ

x ∈ Q

|f(x+ t) − f(x)|,

where Q = R or Q = R+, respectively.
Let C(Q) be the set of all continuous functions on Q = R or Q = R+.

By C1(Q) we denote, for Q = R or Q = R+, the set of all continuously
differentiable functions on Q.

Theorem 1

Let f ∈ C(R) ∩ Lp(exp(−z2)). Then

|F (f ;x, y) − f(y)| ≤ 3ω (f, µx(y))

for x > 0 and y ∈ R, where

µx(y) =

(

y2
(

1 − 2 exp(−
√

2x) + exp(−2x)
)

+
1

2

(

1 − exp(−2x)
)

)
1
2

.

Proof. First we suppose that f is continuously differentiable on R. We
have

f(z) = f(y) +

∫ z

y

f ′(τ) dτ.

Hence by equality (3.7) in [2]

∫

∞

−∞

P (r, y, z) exp(−z2) dz = 1,

Definition 1, Lemma 1 and the Hölder inequality, we obtain

|F (f ;x, y) − f(y)|

=

∣

∣

∣

∣

∫ 1

0

T (x, r) (A(f ; r, y) − f(y)) dr

∣

∣

∣

∣

≤
∫ 1

0

T (x, r) |A(f ; r, y) − f(y)| dr

≤
∫ 1

0

T (x, r)

(
∫

∞

−∞

P (r, y, z) exp(−z2) |f(z)− f(y)| dz
)

dr

≤ sup
z ∈ R

|f ′(z)|
∫

∞

−∞

(
∫ 1

0

T (x, r)P (r, y, z) dr

)

exp(−z2)|z − y| dz
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≤ sup
z ∈ R

|f ′(z)| (F (ϕ;x, y))
1
2 (F (1;x, y))

1
2

= sup
z ∈ R

|f ′(z)|µx(y)

for x > 0, y ∈ R, where ϕ(z) = (z − y)2.
Let f ∈ C(R) ∩ Lp(exp(−z2)). We have

f(y) − fδ(y) =
1

δ

∫ δ

0

(f(y) − f(y + τ)) dτ,

f ′

δ(y) =
1

δ
[f(y + δ) − f(y)] ,

where

fδ(y) =
1

δ

∫ δ

0

f(y + τ) dτ, δ > 0, y ∈ R.

This implies that fδ is continuously differentiable on R. Moreover

sup
z ∈ R

|f(z) − fδ(z)| ≤ ω(f, δ), sup
z ∈ R

|f ′

δ(z)| ≤ δ−1ω(f, δ). (2)

Observe that

|F (f ;x, y) − f(y)| ≤ |F (f − fδ;x, y)| + |F (fδ;x, y) − fδ(y)| + |fδ(y) − f(y)|.

From (2) and the first part of this proof we get

|F (fδ;x, y) − fδ(y)| ≤ δ−1ω(f, δ)µx(y).

By (2) we have

|F (f − fδ;x, y)| ≤ F (|f − fδ|;x, y) ≤ sup
z ∈ R

|f(z) − fδ(z)| ≤ ω(f, δ),

|fδ(y) − f(y)| ≤ ω(f, δ).

Hence

|F (f ;x, y) − f(y)| ≤ 2ω(f, δ) +
1

δ
ω(f, δ)µx(y)

for x > 0, y ∈ R and δ > 0.
Setting δ = µx(y) we obtain the assertion of Theorem 1.

Similarly we can prove the following theorem for the operator G(f).

Theorem 2

Let f ∈ C(R+) ∩ Lp(zα exp(−z)). Then

|G(f ;x, y) − f(y)| ≤ 3ω (f, µα,x(y))
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for x > 0 and y ≥ 0, where

µα,x(y) =
(

y2
(

1 − 2 exp(−x) + exp(−
√

2x)
)

+ 2(α+ 2)y
(

exp(−x) − exp(−
√

2x)
)

+ 2(α+ 1)y (exp(−x) − 1)

+(α+ 2)(α+ 1)
(

1 − 2 exp(−x) + exp(−
√

2x)
))

1
2 .

Now we prove

Theorem 3

If f ∈ C1(R) ∩ Lp(exp(−z2)), then

|F (f ;x, y) − f(y)| ≤ |f ′(y)|
∣

∣

∣
y
(

exp(−
√

2x) − 1
)∣

∣

∣
+ 2µx(y)ω (f ′, µx(y))

for x > 0 and y ∈ R.

Proof. Let f ∈ C1(R) ∩ Lp(exp(−z2)) and ψ(z) = |z − y|. Observe that

f(z)− f(y) = f ′(y) (z − y) +

∫ z

y

(f ′(s) − f ′(y)) ds (3)

and
∣

∣

∣

∣

∫ z

y

(f ′(s) − f ′(y)) ds

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫ z

y

|f ′(s) − f ′(y)| ds
∣

∣

∣

∣

≤ ψ(z)ω (f ′, ψ(z)) .

Let δ > 0. We have

ω (f ′, ψ(z)) ≤
(

1 + δ−1ψ(z)
)

ω (f ′, δ) .

Hence we get
∣

∣

∣

∣

∫ z

y

(f ′(s) − f ′(y)) ds

∣

∣

∣

∣

≤ ψ(z)ω (f ′, δ) + δ−1 ψ2(z)ω (f ′, δ) . (4)

Applying the Hölder inequality and Lemma 1 we obtain

F (ψ;x, y) ≤
(

F
(

ψ2;x, y
))

1
2 (F (1;x, y))

1
2 = µx(y). (5)

From (3), (4), (5) and Lemma 1 we have

|F (f ;x, y) − f(y)|

= |F (f ′(y)(z − y);x, y)| +
∣

∣

∣

∣

F

(
∫ z

y

(f ′(s) − f ′(y)) ds;x, y

)∣

∣

∣

∣

≤ |f ′(y)| |F (z − y;x, y)| + ω (f ′, δ)F (ψ;x, y) +
1

δ
ω (f ′, δ)F

(

ψ2;x, y
)

≤ |f ′(y)|
∣

∣

∣
y
(

1 − exp(−
√

2x)
)
∣

∣

∣
+ ω (f ′, δ) µx(y) +

1

δ
ω (f ′, δ) µ2

x(y)
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for x > 0, y ∈ R and δ > 0.
Setting δ = µx(y) completes the proof of Theorem 3.

For G(f) we obtain a similar result.

Theorem 4

If f ∈ C1(R+) ∩ Lp(zα exp(−z)), then

|G(f ;x, y) − f(y)|
≤ |f ′(y)| |(1 + α− y) (1 − exp(−x))| + 2µα,x(y)ω (f ′, µα,x(y))

for x > 0 and y ∈ R+.
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