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Abstract. In this work we consider two hyperconvex diversities (or hypercon-
vex metric spaces) (X,dx) and (Y, dy) with nonempty intersection and we
wonder whether there is a natural way to glue them so that the new glued
diversity (or metric space) remains being hyperconvex. We provide positive
and negative answers in both situations.

1. Introduction and preliminaries

Diversity is a notion coming from the mid nineties motivated by phylogenetic
studies and the geometry of metric trees [§]. Very recently diversities have been
introduced in a general way as a kind of multi-way metrics in [3] also in relation
to phylogenetic problems. The main motivation in [3] was to construct a notion
of diversity tight span alike to the metric tight span introduced by Isbell in [9] for
metric spaces, see also [4]. Metric tight spans of phylogenetic trees turned out to
be a very useful tool in phylogenetics after [4].

Tight spans can be regarded as the minimal hyperconvex metric spaces where
a given metric space can be isometrically embedded. These tight spans exist and
are unique up to isometries for any metric space. In [3] the ideas of hyperconvex
diversity and diversity tight spans were introduced in a successful way paralleling
what it was already known for metric spaces. Further connections between metric
spaces, metric tight spans, diversities and diversity tight spans were obtained
in [3] for particular instances of diversities as the diameter and the phylogenetic
diversities. The connection between hyperconvex diversities and the metric spaces
that they induce have also been studied in [5]. In fact, one of the main problems
that the authors met in [5], which was the lack of examples and constructions of
diversities, is the motivation for the present work.

More precisely, to solve one of the main questions studied in [5] (see [5, The-
orem 2.19]) required the construction ad hoc of an example of diversity through
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gluing techniques. It is the purpose of the current work to understand better the
gluing construction from [5] and to make it as general as possible. In Section 2 we
take up the problem for hyperconvex diversities and in Section 3 for hyperconvex
metric spaces providing positive and negative results for both cases. In particular,
the example needed in [5, Theorem 2.19] is shown in Section 2 as a particular one
in a more general class.

Hyperconvex metric spaces were introduced by N. Aronszajn and P. Panitch-
pakdi in [I].

DEFINITION 1.1
A metric space (X,d) is said to be hyperconver if each family of closed balls

B(z,r(x)) with x € A C X such that
dz,y) <r(z)+r(y), zyecA (1)

has a nonempty intersection property

ﬂ B(z,r(x)) # 0.

z€A

Hyperconvex metric spaces exhibit a large number of nice properties as be-
ing injective metric spaces and absolute nonexpansive retracts. The interested
reader may check recent monographs as [6l [7] for these and more properties on
hyperconvexity and tight spans.

REMARK 1.2
We will assume that the set of centers A is actually X. It is easy to see that this
does not bring any loss of generality.

For the purposes of [3] it was needed to introduce a general notion of diversity
and to relate it to hyperconvexity.

DEFINITION 1.3
Let X be a nonempty set and let (X) denote the family of all nonempty finite
subsets of X. This set with a function ¢: (X) — [0, 00) is said to be diversity if:

(i) (A) = 0 if and only if A is a singleton;
(ii) 6(AUC) <6(AUB)+§(BUC) for A, B,C € (X).

For basic properties on diversities the reader should go to [3]. One of the most
relevant of these properties is that any diversity function § on a set X induces
a natural distance on X given by d(z,y) = é({z,y}). We will very often refer to
this metric space as the induced metric space by the diversity.

The notion of hyperconvexity for diversities was also introduced in [3].

DEFINITION 1.4
A diversity (X, 0) is said to be hyperconvez if for all r: (X) — [0, 00) such that

5(U><ZT(A)

Aed AeA
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for each finite subset 2 of (A), there is z € X with
6(AU{z}) <r(4)
for all A € (X).

Connections between a hyperconvex diversity and its induced metric space
have been studied in [3, B]. In particular it was shown in [5] that the metric
induced by a hyperconvex diversity need not be hyperconvex itself.

2. Results for structures with diversity

In [5] authors considered the construction of two metric trees equipped with
different types of diversities and asked whether their sum may happen hyperconvex
(look at the proof of Theorem 2.19 in [5]). The intersection of these two metric tree
was a singleton and each metric trees was endowed with the natural phylogenetic
or diameter diversity for metric trees given in [3] so both were hyperconvex. Then
the new diversity was defined as next proposition (for a proof see [5]) describes for
general diversities.

PROPOSITION 2.1
Let X and Y be two sets such that X NY = {0} and (X,dx) and (Y,0y) are
diversities. Then (X UY,0) is diversity where

0(4) = ox ((ANX)U{}) +0y (ANY)U{B}), AN(X\{0}) #0, AN(Y\{0}) # 0

and §(A) = 0x(A) (or §(A) =0y (A)) for AC X (or ACY ), respectively.

Proof. The proof of this proposition follows in a straightforward way after
distinguishing 27 different cases. We choose not to show the proof in this paper
but the interested reader may consult Theorem 2.19 in [5].

It is our purpose in this section to study further when given dx and dy two
hyperconvex diversities we can add them, in the spirit of the above proposition,
so that the new diversity remains hyperconvex. In the sequel we drop subindices
of diversities when no confusion arises. We begin with a positive result which
contains the case studied in Theorem 2.19 in [5] as a particular case.

THEOREM 2.2
Let (X,0) and (Y,d) be two hyperconvex diversities with X N'Y = {0}. Then
(X UY,0) with the function ¢ defined as in Proposition 18 hyperconvex.

Proof. Let us consider a function r: (X UY) — [0, 00) such that

n

6<£J1 Ak) <> r(Ag) (2)

k=1

for any finite collection of finite subsets Ay of X UY, k=1,...,n with n € N.
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If for each Z € (X UY') we have r(Z) > 6(Z U {6}), then there is nothing to
prove. Indeed, we may take Z € (X UY) and make A=ZNX and B=2NY
then

S(AUB) =35(AU{0}) +3(BU{O}) < r(A) + r(B)

and we are done. If this is not the case then, without loss of generality, we may
suppose that there is Ag € (X \ {#}) such that r(Ag) < §(Ap U {6}). Then for all
B € (Y') it must be the case that r(B) > 6(BU{6}), otherwise, from the definition
of ¢,

7(Ag) +r(B) < 6(Ag U {0}) + 6(BU{0}) = 6(Ao U B),

which contradicts .

Now we define a function 7 on (X). For A € (X) with 6 € A we define 7(A)
in the following way: let Y = (Y \ {0}), then

7(A) = min {r(A), nf (r(AUB) ~6(B U {8}),
inf (r((AU B) \{0)) = (B U{O}) .

For A € (X) with § ¢ A we define 7(A) = r(A). We claim that 7 is well-defined
and nonnegative because r(B) > §(B U {0}) for B € (Y).

We will further prove that

n

a(L_J NES 3)

k=1

for all finite collection of finite subsets Ax, k =1,...,n, of X.

Let us divide this finite family Ay, K = 1,...,n into three groups. First let
us take B;, i = 1,...,ny such that § ¢ B;. Hence r(B;) = 7#(B;). As the second
group let us take C;, j = 1,...,m9 such that 8 € C; but #(C;) = r(C;). And let
Dy, k=1,...,n3 (and clearly n; + ns + n3 = n) be the rest of subsets for which
7 properly comes from one of the infimum expressions.

First let us suppose that ny > 1. For each Dy, one may find Ej, € Y such that
one of the following inequality holds:

5(Dk U Ek) < T‘(Dk U Ek) < f(Dk) —+ 5(Ek U {9}) +e&,

5(Di U EL) = 8((Di\ {8)) U Ex) < r((Dy\ {63) U Ex) < #(Dy) + 3(Ey, U{6}) +<.

Since

0 e ﬁ Cj N ﬁ Dy,
j=1 k=1
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we have
5<UBiULjCjU LjDk>
i=1 j=1 k=1
< 5(0 B; U Lj cy) + ié(Dk)
i=1 j=1 k=1

ng

<SRBI+ 3 r(C) + S HDL) + (B U{0)) + < - 8(E, U {6)))
i=1 j=1 k=1

= 21: r(B;) + : r(Cy) + i 7(Dy) + nze.
i=1 j=1 k=1

Since € was arbitrary, this finishes the proof of in the case of ny > 1.
Now let us consider the case of no = 0. Then we have

ns
o€ () Dx
k=1
and it yields
ni n3
5( Usiuvl Dk)
i=1 k=1
ni n3
< 5( U B UDl) +) " 5(Dy)
=1 k=2
ns

= 5( G B; U D, UE1> —0(EyU{6}) +Z5(Dk UEy) — 0(Ep U{6})
i=1 k=2

<Y r(Bi) +7(D1) + 0(Ey U{0}) + & — 6(Ey U{0})
=1
+ i(F(Dk) +0(ErU{0}) +e—46(E,U{0}))
k=2

7

(Bi)+ D> 7(Dy) + nse,
i=1 k=1
which finishes the proof of also for this case.
Now let us notice that X is hyperconvex (with respect to (X,0)). So there is
a point g € X such that
7(A) = 6(AU{xo}) (4)
for all A € (X).
Now, if A € (X), then 7(A) < r(A) and so r(A4) > §(A U {xo}) too. Next let
us take B being a finite subset of Y\ {6}. Then

r(B) = r({0}) +6(BU{0}) = (%)
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and on account of (4)):
(%) > ({0, z0}) + (BU{0}) = §(BU{zp}).

Now let us take B being a finite subset of (X UY)\ {#}. Then B is a sum of
B’ C Y and A C X. Repeating previous considerations for A U {0} instead of
a singleton {6}:

r(B) = r(AUB') > §(AU{0,z0}) + 8(B' U{0}) = (B U {zo}).

Next we consider B € (X UY) which contains §. Then B = AU B’, where
AC X (and 0 € A) and B’ C Y \ {#}. Therefore,

r(B) = r(AU B') > #(A) + 6(B' U {6})
> §(AU {z0}) + 8(B' U{6}) = §(AUB' U {ao})

Clearly, if B C 'Y contains 6 the set A is equal to a singleton {6}.
Finally we have shown that there is xo € X such that for each C' € (X UY)
we have

r(C) > 6(C U{xo}),
and X UY is also hyperconvex.

We wonder next about what happens if the intersection of two hyperconvex
diversities is larger than a singleton. In particular, we consider the case where the
intersection is a metric segment [a,b]. A natural approach here would be to follow
the gluing of metric spaces technique. One very natural way to glue two metric
spaces (X,d) and (Y,d) (we denote respective metrics the same) with a metric
segment [a,b] as intersection is to define d on X UY by:

d(z,y) = Cg}j}l})} [d(z,c) +d(c,y)], z€X\[ab], yeY\a,b] (5)

(we will regard this distance function from now on as the gluing metric. Compare
[2, Definition 1.5.23 and Lemma 1.5.24]).

Consider now (X,0x) and (Y,dy) two given diversities with X N'Y being
a metric segment. Assume both diversities coincide on this intersection segment.
Then, following (5)), a natural option to glue éx and dy would be to define ¢ on
(X UY) by: if either AC X or A CY, §(A) is the corresponding one; if A is not
as above but AN [a,b] = @, then

6(A) = min [6x((A\Y)U{p}) + oy ((A\ X) U{p})];

pe[a,b]
otherwise,
5(4) = min [5x((A\Y)UP U{p}) +0y((A\ X)U P, U {p})
p€la,b]

for disjoint Py, Py € ([a,b]) such that P U P, = AN Ja,b] and for each p € P. We
close this section with an example showing that such a function does not define
a diversity in general.
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EXAMPLE 2.3
Consider the points a = (0,0) and b = (0,2) in R%. Let X be a metric segment
joining points 1 and x5 in R? with length 4 and such that

d(z1,29) = d(x1,a) + d(a,b) + d(b,xz2) =1+ 2+ 1.

Then X being a metric tree is obviously hyperconvex with respect to the diameter
diversity (see [3] for details).
As the set Y let us consider the rectangle of R?:

Y ={(z,y) eR?’| z € [0,1] Ay € [0,2]}

with the distance induced by the maximum norm. Y is an admissible subset of
a hyperconvex space (R?, dyay) (more on this kind of subsets the reader may find
in [6, Section 5.1] or [7, Section 3]), so it is hyperconvex with respect to the metric
and the diameter diversity. Then [a,b] = {(0,z): z € [0,2]} C Y is a metric
segment being the intersection X NY.

As a subset A one may consider {z1,y} while B = {z2,y}, where y = (1,1) €
Y. Hence

0(A) =d(z1,a) +d(a,y) = 2,
§(B) = d(x2,b) + d(b,y) =

At the same time AN B = {y} and
6(AUB) = 0({x1,22,y}) = d(z1,22) + d(a,y) =5

so the condition (ii) of Definition 1.2 does not hold, and (X UY, §) is not a diversity.

3. Results for metric spaces

In this section we take up the same problem as above but for hyperconvex
metric. That is, we want to study when the gluing of two hyperconvex metric is
hyperconvex. It is trivial to check that two R-trees glued through a common set
by the metric given by is again a metric tree and so hyperconvex. In our first
approach to this problem we will consider the case where the two hyperconvex
metric spaces X and Y intersect at exactly a metric segment [a, b] which happens
to be unique for both spaces, that is, there is no other metric segment connecting
a and b neither in A nor B. We begin with the following technical lemma.

LEmMMmA 3.1

Let X be a hyperconvex space such that [a,b] is the unique metric segment joining
two points a and b. Then for each x € X there is ¢, € [a,b], which coincides with
the metric projection of x in [a,b], which is a gate from x to [a,b], that is,

d(z,c) =d(z,cy) + d(cg, €) (6)

for any c € [a,b].
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Proof. Existence of the metric projection, that is, the point of minimal dis-
tance from [a, b] to z, directly follows from the compactness of [a,b]. Take ¢, as
such a point if we show that it is a gate then unicity follows. Let us suppose next
that there is ¢ € [a, b] for which (6] does not hold. Then d(z, ¢) < d(z, ¢;)+d(cs, )
and, from linear systems of equations, we can conclude that there are three positive
numbers «, 3, such that

a+p = d(z,c),
o + v =d(x,c),
ﬁ +v= d(CI,C).

Since X is hyperconvex, there is ¢ € B(x,a)NB(c, 3)NB(cy, ). From the unique-
ness of [a, b] we have ¢’ € [¢, ¢;] C [a,b] and d(¢/, z) = o < d(x, ¢;), a contradiction.

COROLLARY 3.2

Let X andY be hyperconvex metric spaces with [a,b] = X NY and such that a and
b are connected by a unique metric segment in both spaces. Consider d the gluing
metric given by on X UY. Then forx € X and y € Y there are respective c,
and ¢y as in Lemma such that

d(x7 y) = d(l‘, Cx) + d(cﬂm Cy) + d(cya y)
Next we give our positive result in this direction.

THEOREM 3.3

Let X and Y be hyperconvex metric spaces such that X NY = [a,b] and a and
b are connected by a unique metric segment in both spaces, then X UY endowed
with the gluing metric given by is hyperconvex too.

Proof. Consider a family of closed balls {B(z,7(2)): 2 € X UY} such that
d(z1,22) < r(z1) + r(z2). One may assume that centers of balls do not repeat
themselves. For each z € X UY we define ¢, in the same way as in Lemma [3.1
We consider the following three cases:

1. For each z € X UY we have that d(z,c.) < 7(z) and each pair of balls
B(e,,r(z) —d(z,c.)) and B(cz, r(Z) — d(z,cz) has a common point in [a, ).
Clearly,

B(cs,7(2) —d(z,¢,)) Na,b] C B(z,r(2)), zeXUY.

Let us notice that in this new family

{B(es,r(z) —d(z,¢;))N]a,b]: z€ XUY}

points ¢, may repeat.

Since [a, b] is hyperconvex, for this new family of balls we get a point ¢ € [a, b]
such that d(c,c,) < r(z) —d(z,¢,), so

d(e,2) < d(,c.) + d(es, ) < 1(2).
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2. For each z € X UY we have that d(z,c,) < r(z) but there is a pair of points
u, w for which

d(v,¢y) + d(cy, ) + d(cyw, w) > (V) + r(w).

First let us notice that both points v and w must belong to one set X or Y.
Otherwise, on account of Corollary we have

d(v,¢y) + d(ey, cw) + d(cw, w) = d(v,w) < r(v) + r(w),

which contradicts our assumption.

We may assume that all these points belong to X and fix one pair v, w of
them. For this pair one may find p, ¢ € [a,b] in such a way that

d(cva Cw) = d(cvyp) + d(p, q) + d(Q7 cw)

and

d(v,cy) + d(cy, p),
r(w) = d(w, cy) + d(cw, ).

Now if y € Y \ [a,b], again on account of Corollary we have that
p,q € B(y,r(y)), so also p,q € B(cy,r(y) — d(y,cy)) and the family of balls
{B(ey,r(y)—d(y,cy)): y € Y\ [a,b]} has nonempty intersection. Next let us

consider two balls B(c,,r(y) — d(y,c,)) and B(z,r(x)), where € X. Then
d(z,y) = d(x, cz) + d(ca, cy) + d(cy, y) < r(x) +7(y)

what implies
d(xv Cy) < ’I"(JJ) + T(y) - d(%ay)
and this pair of balls also has nonempty intersection.

Now hyperconvexity of X implies that the collection of balls {B(y,r(y)), y €
Y} and {B(z,r(z)), € X} has a common point.

3. There is z € X UY \ [a,b] for which d(z,¢,) > r(z). Again, one may
suppose that all these points belong to one set, say X. Then, on account of
Corollary for each y € Y\ [a, b] the point ¢, must belong to B(c,, r(y) —
d(y, c,)) and taking these families of balls instead of { B(y,7(y)), y € Y} we
apply the hyperconvexity of X to obtain a nonempty intersection similarly
as it was done in the previous case.

So the family {B(z,7(z)) : z € X UY} has a nonempty intersection and the
sum X UY is hyperconvex with respect to the metric defined by .

Next we give an example showing that the conditions on uniqueness of the met-
ric segment [a, b] in Theorem does not leave very much room for improvement.
More precisely, this examples provides two hyperconvex metric spaces intersecting
in a metric segment which is unique for one of these spaces but the gluing metric
is not hyperconvex.
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ExAMPLE 3.4
Let us consider four points {z; : i =1,2,3,4} with the distance:

d(ml,x2) = 3, d(xl,xg) = 2, d($1,$4) 3
d($2,l’3) = 3, d($2,1‘4) = 2
( )=2.

And let X be a tight span of this metric space (see [3, Q] or [7, Section 8] for
precise definition of tight spans), then X is hyperconvex itself. First we want to
show that the metric segment [z, 9] is unique in X. Let p belong to [z, zs).
Then p may be considered as a minimal function such that

U
8
&

8
N

and moreover,
p(z1) + p(az) = 3.

We consider the following three cases:

1. p(z1) € [0,1]. Then p(x2) > 2 and

plas) 22 =p(x1) 2123 - p(x2),
p(zs) 23 —p(x1) 22 =2 — p(2),
p(z3) + p(za) > 2
what implies
p(xs) = 2 —p(x1),
p(z4) =3 —p(a1)
and p is uniquely determined.
2. p(z1) € (1,2). Then
plzs) 22—p(x1) <1 A p(zs) 23 —p(z2) 21,
p(ra) =22 —p(x2) <1 A pxs) =3 —p(a1) > 1,
p(zs) +p(zy) > 2 = {p( ): —plr2),
- p(zs) =3 — p(a1).

3. p(x1) € [2,3]. This case is similar to the first one and hence

p(x3) = 3 — p(x2),
p(z4) = 2 — p(z2).

So [x1, z2] is unique as a subset of X. Moreover, if one takes a projection of points
on the metric segment [z1, 23], we have that

P[ml,wz]('rfi) = Y3,
P[zl,zz](x4) = Y4,

where d(x1,y3) = d(y3,ya) = d(ya, v2) = 1.
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As the set Y let us consider a rectangle of R?:
Y ={(z,y) €R*| 2 €[0,3] A ye[-2,2]}

with the metric induced by the maximum norm and let z; = (0,0), zo = (3,0).
Hence the metric segment [z, 2] is an intersection X NY. Y being a subset of
a hyperconvex space (R?, dpax) is hyperconvex. For any pair (x,y) of points such
that x € X \ [x1,22] and y € Y we define

d(r,y) = min (d(x,p)+d(p,y)).

pElz1,z2]

But let us notice that at the same time for all p € [z1, 23] we have

d(xs,p) = d(z3,y3) + d(ys,p).

Similar results may be obtained for x4 (and y4).
Now let us consider y = (1.5,0.5) (then y € Y\ X) and the function r: XUY —
[0, 6] defined in the following way:

1, z € {x3, 24},
r(z) =< 0.5, z=17,
6, otherwise.

Clearly, diam(X UY) < 6 and

d(zs,x4) =2 =r(x3) +1r(24),
d(x;,y) = 1.5 < r(x;) +r(9),

so r satisfies conditions . But at the same time there is no point in X UY which
belongs to B(zs,7(x3)) N B(x4,r(x4)) N B(y,7(y)). Indeed, let us suppose that z
is such a point. Then z € Y because d(z,y) < 0.5. At the same time d(z,z;) <1,
so z = y; for i = {3,4}, a contradiction. Therefore X UY is not hyperconvex.

REMARK 3.5

One may wonder if there are examples for Theorem [3.3[ that are not R-trees.
That is, hyperconvex spaces for which at least there are two points joined by
a unique segments. Such examples are easy to build by directly gluing R-trees to
hyperconvex spaces through a given point although, however, a more interesting
example may be space X in Example

We close this work with a question.

QUESTION 8.6

In Example the metric segment was not externally hyperconvex with respect X
(see [1,[7] for definitions and properties). So it remains as an open question whether
the sum of two spaces such that their intersection is an externally hyperconvex
metric segment with respect to both of them is also a hyperconvex space endowed
with the gluing metric.
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