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On generalized M -projectively recurrent manifolds

Abstract. The purpose of the present paper is to study generalized M-pro-
jectively recurrent manifolds. Some geometric properties of generalized M-
projectively recurrent manifolds have been studied under certain curvature
conditions. An application of such a manifold in the theory of relativity has
also been shown. Finally, we give an example of a generalized M-projectively
recurrent manifold.

1. Introduction

As is well known, symmetric spaces play an important role in differential geom-
etry. The study of Riemannian symmetric spaces was initiated in the late twenties
by Cartan [4], who, in particular, obtained a classification of those spaces. Let
(M"™,g), n=dim M, be a Riemannian manifold, i.e., a manifold M with the Rie-
mannian metric g and let V be the Levi-Civita connection on (M™, g). A Rieman-
nian manifold is called locally symmetric [4] if VR = 0, where R is the Riemannian
curvature tensor of (M", g). This condition of local symmetry is equivalent to the
fact that at every point P € M, the local geodesic symmetry F'(P) is an isome-
try [22]. The class of Riemannian locally symmetric manifolds is a very natural
generalization of the class of manifolds of constant curvature. During the last six
decades the notion of locally symmetric manifolds have been weakened by many
authors in several ways and to various extent such as: conformally symmetric
manifolds by Chaki and Gupta [6], recurrent manifolds introduced by Walker [36],
conformally recurrent manifolds by Adati and Miyazawa [I], conformally symmet-
ric Ricci-recurrent spaces by Roter [29], pseudo symmetric manifolds introduced
by Chaki [7] etc.

The notion of recurrent manifolds have been generalized by various authors to:
Ricci-recurrent manifolds by Patterson [26], 2-recurrent manifolds by Lichnerowicz
[18], projective 2-recurrent manifolds by D. Ghosh [I5] and others.
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A tensor field T of type (0, ¢) is said to be recurrent [29] if the relation

(VxT)Y1,Ys,....Y )T (Z1,2s,...,2,)
—TM.,Ys,....Y))(VxT)(Z1,Z,...,Z4) =0

holds on (M™, g). From the definition it follows that if at a point x € M, T'(z) # 0,
then in some neighbourhood of x, there exists a unique 1-form A satisfying

(VxT)(Y1,Ya,....Y,) = A(X)T(V1,Ya,....Y,).

In 1952, Patterson [26] introduced Ricci-recurrent manifolds. According to Pat-
terson, a manifold (M™, g) of dimension n, is called Ricci-recurrent if

(Vx9)(Y,Z2) = A(X)S(Y, Z)

for some 1-form A. He denoted such a manifold by R,,. Ricci-recurrent manifolds
have been studied by several authors [B 28] 29} [37] and many others. In a recent
paper De, Guha and Kamilya [12] introduced the notion of generalized Ricci re-
current manifolds which is defined as follows:

a non-flat Riemannian manifold (M™, g), n > 2 is called generalized Ricci recurrent
if the Ricci tensor S is non-zero and satisfies the condition

(Vx9)(Y, 2) = AX)S(Y, 2) + B(X)g(Y, 2),

where A and B are non-zero 1-forms. Such a manifold shall be denoted by GR,,.
If the associated 1-form B becomes zero, then the manifold GR,, reduces to a
Ricci-recurrent manifold R,,. This justifies the name generalized Ricci-recurrent
manifold and the symbol GR,, for it. Also De and Guha in [I1] introduced a non-
flat Riemannian manifold (M™,g), n > 2 called a generalized recurrent manifold
if its curvature tensor R of type (1, 3) satisfies the condition

(VxR)(Y, 2)U = A(X)R(Y, 2)U + B(X)[g(Z,U)Y — g(Y,U)Z],

where A and B are non-zero 1-forms, and V, has the meaning already mentioned.
Such a manifold has been denoted by GK,,. If the associated 1-form B becomes
zero, then the manifold GK,, reduces to a recurrent manifold introduced by Ruse
[30] and Walker [36] which is denoted by K.

Generalized recurrent and generalized Ricci recurrent manifolds have been
studied by several authors such as Ozgiir [23, 24] 25], Mallick, De and De [19],
Arslan et al [2] and many others.

On the other hand, quasi Einstein manifolds arose during the study of exact
solutions of the Einstein field equations as well as during considerations of quasi-
umbilical hypersurfaces of semi-Euclidean spaces. A non-flat Riemannian manifold
(M™,g), n > 2 is defined to be a quasi Einstein manifold if its Ricci tensor S of
type (0,2) is not identically zero and satisfies the following condition

S(X7 Y) = ag(X7 Y) + bW(X)n(Y),
where a,b € R and 7 is a non-zero 1-form such that

9(X, &) = n(X)
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for all vector fields X, n is the 1-form metrically equivalent to the vector field &.

Also Mantica and Suh [20] studied quasi-conformally recurrent Riemannian
manifolds. In [I0] De and Gazi proved that a generalized concircularly recurrent
manifold with constant scalar curvature is a GR,,. Motivated by the above studies
in the present paper we have studied a type of non-flat connected semi-Riemannian
manifold which is called generalized M-projectively recurrent manifolds.

In 1971, Pokhariyal and Mishra [27] introduced a new curvature tensor of type
(1,3) in an n-dimensional Riemannian manifold (M",g), n > 2 denoted by M
and defined by

1
s IS 0 o

—S(Y,U)Z + g(Z, U)LY — g(Y,U)LZ],

MY, Z)U = R(Y, Z)U —

where R and L denote the Riemannian curvature tensor of type (1,3) and the
Ricci operator defined by ¢g(LX,Y) = S(X,Y), respectively. Such a tensor M
is known as an M-projective curvature tensor. In the same paper the authors
studied relativistic significance of such a tensor M. The M-projective curvature
tensor have been studied by J.P. Singh [33], S.K. Chaubey and R.H. Ojha [§],
S.K. Chaubey [9], R.N. Singh and S.K. Pandey [34] and many others. Recently
De and Mallick [13] studied M-projectively flat spacetime and also the divergence
of the M-projective curvature tensor in a perfect fluid spacetime with the energy
momentum tensor of Codazzi type.

From we can define a (0,4) type M-projective curvature tensor M as
follows

1
_ mwz’ U)g(Y,V) (1.2)

- S, U)g(Z,V) + 5(Y,V)g(2,U) = 5(2,V)g(Y,U)],

M(Y,Z,U, V)= R(Y,Z,U,V)

where R denotes the Riemannian curvature tensor of type (0,4) defined by

R(Y,Z,U,V) = g(R(Y,2)U,V),
and

The M-projective curvature tensor satisfies the properties of the Riemannian cur-
vature tensor. In this paper we consider a non-flat n-dimensional connected semi-
Riemannian manifold (M™,g), n > 3 in which the M-projective curvature tensor
of type (0,4) satisfies the condition

(VxM)(Y,Z,U,V)=AX)M(Y,Z,UV)

B2, D)9V V) - gv.DNg(z Y, )

where A and B are 1-forms. Such an n-dimensional connected semi-Riemannian
manifold will be called a generalized M-projectively recurrent manifold and it is
denoted by G{MP(K,,)}. If the 1-form B is zero, then the manifold reduces to
an M-projectively recurrent manifold.

The paper is organized as follows: After preliminaries in Section 2, we obtain
a necessary and sufficient condition for constant scalar curvature of a G{MP(K,,)}.
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We study a Ricci-symmetric G{M P(K,,)} and an Einstein G{M P(K,,)} in Section
4 and 5, respectively. In Section 6, we study conformally flat G{M P(K,)}, n > 3.
Next we obtain a sufficient condition for a G{MP(K,)} to be a quasi Einstein
manifold. Section 8 deals with decomposable G{M P(K,,)}. Section 9 is devoted
to study G{M P(K,)} warped product manifolds. Also a relativistic application
is shown in Section 10. Finally, we give an example of a G{M P(K,)}.

2. Preliminaries

Let S and r denote the Ricci tensor of type (0,2) and the scalar curvature,
respectively. L denotes the symmetric tensor of type (1,1) corresponding to the
Ricci tensor S, that is,

g(LX,Y)=5(X,Y). (2.1)

In this section, some formulas useful while studying G{MP(K,)} are derived.
Let {e;} be an orthonormal basis of the tangent space at each point of the semi-
Riemannian manifold, where 1 < ¢ < n such that g(e;,e;) = 0 for i # j and
g(ei,ei) = €, € = +1.

From we can easily verify that the tensor M satisfies the following prop-
erties:

i) MY, 2)U = —M(Z,Y)U,

i) MY, 2)U + M(Z,U)Y + M(U,Y)Z = 0. (2.2)
From and it follows that
(1) M(Y,Z, U7V) = _M(Za}/aUvV)v
(i) M(Y,2,UV)=-MY,Z,V,U),
(i) M(Y,Z,U,V) = M(U,V,Y, 2),
(iv) M(Y,Z,U,V)+M(Z,U,Y,V)+ MUY, ZV) =0.

Also from (|1.2)) we have

iM(Y,Z7€i,€Z') =0= f:M(ei7ei,U, V)

i=1 i=1

and

n n

Z GiM(eia Z7 U7 ei) = Z GiM(Za €4, €y U)

i=1 i=1 (2.3)

n r
=_—-|8(Z,U)— —g(Z,U
2(n—1)[ (2,0) ng( )|
where 7 =" | €;5(e;, €;) is the scalar curvature.
Let 5 ,

Therefore,

ZQ‘M(Q‘,BZ‘) =0. (24)



On generalized M-projectively recurrent manifolds [81]

3. Necessary and sufficient condition for constant scalar curva-
ture of a generalized M -projectively recurrent manifold

In this section we would like to obtain a necessary and sufficient condition
for constant scalar curvature of a generalized M-projectively recurrent manifold.
From ) and (| we get

(VXR)(K Z,U, V)

= AX)M(Y,Z,U,V) + B(X)[g(Z,U)g(Y, V) — g(Y,U)g(Z,V)]
1 3.1
+ s (xS E V) - (Oxs) v zy) Y
+(VxS)(Y,V)g(Z,U) = (Vx5)(Z,V)g(Y,U)].

Using and Bianchi’s 2nd identity we get
[AX)M(Y,Z,U,V)+ AY)M(Z, X, U V)+ A(Z)M(X,Y,U, V)]
+ [B(X){9(Z,U)g(Y,V) = g(Y,U)g(Z,V)}

+ B(Y){Q(K U)g(Z,V) —9(Z,U)g(X,V)}
B(Z ){g(Y U)g(X, V) = g(X, U)g(Y,V)}]

+2( FH(TxS)(Z V). V) -

+ (VxS (Y, V)g(Z,U) = (Vx5)(Z,V)g(Y,U)}

+{(VyS)(X,U)g(Z, V) = (VyS5)(Z,U)g(X,V)

+(Vy9)(Z, V) (X, U) = (VyS)(X,V)g(Z,U)}

F{(V29) (Y, U)g(X,V) = (V25)(X,U)g(Y, V)

+(Vz5)(X V)g(Y,U) = (VzS)(Y,V)g(X,U)}] = 0.
Contracting (3.2)) over Y and V, we get

(VxS 09EV)

<ﬂ( 1@@0) <Zmﬂ+mexw>

)
Z)[ 300 1y (SEV) = a(X, D)} +(n = 1)B(X)g(2,U)
B(Z)g(X ,U) B(X)g(Z, U)+B( )9(X,U) —=nB(2)g(X,U)
ﬂg%jﬂ@ﬂvx \2.0) - (Vx8)(2,0) (33
+dr(X)g(Z,U) — (VxS)(Z,0)}
+{(V29)(X.U) ~ (Vx8)(Z,U) + Ldr(Z)g(X, V) ~ 5dr(X)g(Z,U) }
+{(Vz9)(X,U) =n(VzS)(X,U) + (Vz9)(X,U) = dr(Z)g(X,U)}] = 0.
Again contracting over Z and U, we get

n

: {awx) - %A(X)} + (n? — 3n + 2) B(X)

+ o — 2)dr(X) — gdr(X) - gdr(X)} —0,

ﬂﬁ%ijﬁ
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which implies that
(n—2)

rA(X) =nA(LX) — (n—1)(n* — 3n +2)B(X) — dr(X).  (3.4)

Thus we can state the following:

THEOREM 3.1
The scalar curvature v of a generalized M -projectively recurrent manifold is con-

stant if and only if rA(X) = nA(LX) — (n — 1)(n? — 3n + 2)B(X) holds for all
vector fields X .

Now we suppose that the scalar curvature r is constant in a G{MP(K,)},
that is, dr = 0. Then from (3.4) we get

rA(X) =nA(LX) — (n—1)%(n — 2)B(X). (3.5)

Contracting (3.1) over Y and V we get

(Vx5)(Z,U)
_ ﬁA(X) [(2,0) = 29(2.0)] + (n = DB(X)g(2.U) (3.6)
+ ﬁ[(n —2)(VxS)(Z,U) + dr(X)g(Z,U)).

Using and dr = 0 in we get
(VxS)(Z,U) = A(X)S(Z,U) + [-A(LX) + (n — 1)*B(X)]g(Z,U).
This can be written as
(Vx9)(2,U) = A(X)5(Z,U) + D(X)g(Z,U),

where D(X) = [-A(LX) + (n — 1)2B(X)]. Hence the manifold is a generalized
Ricci-recurrent manifold or Ricci-recurrent manifold. Thus we have the following
theorem:

THEOREM 3.2
A generalized M -projectively recurrent manifold with constant scalar curvature is
a generalized Ricci-recurrent manifold or Ricci-recurrent manifold.

4. Ricci-symmetric generalized M -projectively recurrent mani-
fold

In this section we assume that G{M P(K,)} is Ricci-symmetric, that is, V.S =
0, that is, VL = 0. Then the scalar curvature r is constant and dr = 0. So we

have from ({3.6]

n

1A [S(2,0) = Zg(2,0)| + (n - DB(X)g(2,U) =0.  (41)
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Again, since r is constant we can use (3.5)). Putting the value of B(X) from (3.5

in we get
ﬁA(X)S(Z, U)
r rA(X) —nA(LX)
= s AXIZ D) + (- 1) | ) Jotz.v),
which implies
S(2.U) = {n i 2 (n i 2) ILX(L)?;) }g(Z, U),

where we take X so that (at least locally) A(X) # 0. In order to guarantee that
A # 0 we have to assume that M is not locally symmetric. This can be written as

S(Z,U) = xg(Z,U),

r A(LX)7 -
where A = {5 — 2 A((X))} is a scalar.
Hence the manifold M is an Einstein manifold. This leads to the following

theorem:

THEOREM 4.1
A Ricci-symmetric generalized M -projectively recurrent manifold is an FEinstein
manifold, provided that it is not locally symmetric.

5. Einstein G{MP(K,)}

This section deals with an Einstein G{M P(K,)}. Then the Ricci tensor sat-
isfies

S(Y.2) = “g(Y, 2), (5.1)
n
from which it follows that
dr(X)=0
and
(VxS)(Y,Z)=0 for all X,Y, Z. (5.2)
Using and we get from
(VxM)(Y,Z,U,V) = (VxR)(Y, Z,U,V). (5.3)

Now using in we have
(VxR)(Y,Z,U,V)
= AX)M(Y, 2,U,V) + B(X)[g(Z,U)g(Y,V) — g(Y,U)g(Z,V)].

Again using (1.2)) in (5.4]) we get
(VXR) (Ya Zv U, V)

1
2(n—1) (5.5)
+9(Z,U)S(Y, V) —g(Y,U)S(Z, V)]
+B(X)[g(2,U)g(Y, V) = g(Y,U)g(Z,V)].
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Since the manifold is Einstein, so using (5.1 in (5.5)) we obtain
_r
n(n —1)
x [9(Z2,U)g(Y,V) = g(Y,U)g(Z, V)],

(VxR)(Y, Z,U.V) = AX)R(Y, 2,0, V) + { B(X) - Ax)}

which implies

(VxR)(Y,Z,U,V)=AX)R(Y,Z,UYV) (5.6)
+D(X)[9(Zv U)g(Y7V) _g(}/a U)g(Z’ V)L .

where D(X) = B(X) — ﬁA(X). Let the 1-forms A and B be metrically
equivalent to the vector fields P and @, respectively.

From (5.6) we conclude that an Einstein G{MP(K,)} is a GK,, provided
Q# iy P

Hence we have the following;:

THEOREM 5.1

An Einstein G{MP(K,)}, n > 2 is a GK,,, provided Q # n(+_1)P.

6. Conformally flat G{MP(K,)},n > 3

Suppose (M™, g) is a semi-Riemannian manifold of dimension n and X is any
vector field on M. Then the divergence of the vector field X, denoted by div X,
is defined as divX = Y | €,9(V., X, e;), where {e;} is an orthonormal basis of
the tangent space T,M at any point p € M. Again, if K is a tensor field of
type (1,3), then its divergence div K is a tensor field of type (0,3) defined as
(leK)(Xl, [P ,Xg) = Z?:l ng((velK)(Xl, ‘e ,Xg),ei).

In this section we assume that the manifold G{M P(K,)}, n > 3 is conformally
flat. Then divC = 0, where C denotes the Weyl’s conformal curvature tensor and
‘div’ denotes divergence. Hence we have (see [14]),

(Vx9)(Y, 2) = (Vz9)(X,Y) = [9(Y; Z)dr(X) — g(X,Y)dr(Z)]. (6.1)

2(n—1)
Now using (1.2)) in (1.3) and then contracting over Y and V' we get

n 1
m(vxs)(z’ U) - =1

= 5o T AX[SEY) - LeZ U] + (0= DBEX)9(2,0),

dr(X)g(Z,U)

from which it follows that

(Vx8)(¥.2) = AX{S(¥.2) - Zg(¥, 2)}

n 2(n —1)? (6.2)

n

BIX)(Y,2) + ~dr(X)g(Y, 2).
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Using (6.2) in (6.1) we obtain

2(n —1)?

AX) {8V, 2) - Zg(v.2)} + B(X)g(Y, Z)

L dr(X)g(v, 2) ~ AZ{S(X, V) - Lo(x.v)}

2(n —1)? 1 (6:3)
20 paygxy) - Larzyg(x.y)
1
= Y. Z X)—9(X,Y Z)].
2@7DM7)W()9(,MNH
Now contracting (6.2) over X and Z, we get
_2n r 4(n —1)2
ar(y) = == [A(LY) - EA(Y)] + - B(Y), (6.4)
Replacing Y by X in (6.4) we obtain
_2n r 4(n—1)32
ar(x) = = [A(LX) - EA(X)} + = B(X). (6.5)
Contracting ([6.3) over Y and Z, we get
_2n r 4(n—1)3
dr(X) = — [A(LX) - EA(X)} — ——-B(X). (6.6)
From (6.5) and it follows that

B(X) =0.

Then the G{MP(K,)}, n > 3 is reduced to a MP(K,). Thus we have the
following:

THEOREM 6.1
A conformally flat G{MP(K,)}, n >3 is a MP(K,).

7. Sufficient condition for a generalized M-projectively recur-
rent manifold to be a quasi Einstein manifold

From (6.2) we have

r
(VxS)(Y,2) = AX){S(Y.2) - g(v.2)
2(n — 1) 1 (7.1)
+————B(X)g(Y, 2) + ~dr(X)g(Y, 2).
A vector field P on a manifold with a linear connection V is said to be con-
circular if

VxP =aX +w(X)P (7.2)
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for every vector field X, where « is a scalar function and w is a closed 1-form ([32],
pages 322, 10 and the table on page 323). If the manifold is a semi-Riemannian
manifold and a concircular field P satisfies additional assumption that g(P, P) = 1,
then g(Vx P, P) = 0 and consequently

w(X) = —aA(X), (7.3)
where A defined by

A(X) =g(X, P) (7.4)
is the 1-form associated with the vector field P.

Using ([7.2]) and ([7.3]) we get
9(aX,Y) — g(@A(X)P,Y) = g(VxPY),
which implies
alg(X,Y) — A(X)A(Y)] = g(Y, Vx P). (7.5)

Now, we have
(VxA)(Y) = X(A(Y)) - A(VxY),

which implies
(VxA)(Y) = X(g(Y,P)) — g(VxY, P).

Since (Vxg)(Y, P) = 0, so, we have

(VxA)(Y) =g(Y,VxP). (7.6)
Now, since P is a unit one, using in we get
(VxA)Y) =alg(X,Y) = A(X)A(Y)]. (7.7)

Using in we get
(VxA)(Y) = ag(X,Y) + w(X)A(Y).

Let (M™,g) be a G{MP(K,,)} with corresponding 1-forms A and B in (1.3)),
the vector field P defined by g(X, P) = A(X) for any vector field X is a concircular
vector field [32] with a constant function o and g(P, P) = 1, and w is a closed 1-
form and the scalar curvature r of this manifold is constant. We assume that
G{MP(K,)} admits the associated vector field P defined by (7.4), with a non-
zero constant . Now we can state and prove the following theorem:

THEOREM 7.1

If in a« G{M P(K,)} with constant scalar curvature the associated unit vector field
P is a unit concircular vector field whose associated scalar is a non-zero constant,
then the manifold reduces to a quasi Finstein manifold.

Proof. The Ricci identity for 1-form A reads

Vx(VyA) = Vy(VxA) = VixyjA = R(X,Y).A,



On generalized M-projectively recurrent manifolds [87]

and
(R(X,Y).A)(Z2) = -AR(X,Y)Z).

Applying Ricci identity to (7.7) we obtain
AR(X,Y)Z) = o*[g(X, Z2)A(Y) — g(Y, Z) A(X)].

Putting Y = Z =¢; in and taking the summation over i, 1 < i < n, where
{e;} is an orthonormal basis of the tangent space at each point of the manifold,
we get

A(LX) = —(n —1)a*A(X), (7.8)

where L is the Ricci operator defined by
g(LX,Y)=5(X,Y),

which implies
S(X,P)=—(n—1)a?A(X). (7.9)

Now,
(VxS)(Y,P)=X(S(Y,P))— S(VxY,P)—S(Y,VxP). (7.10)

Applying in we get
(VxS)(Y,P) = —(n — )a?X (A(Y)) + (n — 1)a®A(VxY) = S(Y,VxP).
This can be written as
(VxS)(Y,P) = —(n—1)a*(Vx A)(Y) — S(Y,Vx P). (7.11)

Using in , we have
(VxS)(Y,P) = —(n—1)®[g(X,Y) — A(X)A(Y)] — S(Y,VxP). (7.12)

Using (7.3)) in (7.2) we get
VxP=aX - aA(X)P.
This yields
VxP =a(X - AX)P).
Therefore,
SY,VxP)=S5(Y,aX) - S(Y,aA(X)P).
Hence
S(Y,VxP)=a[S(X,Y) - AX)S(Y, P)]. (7.13)
Applying (|7.13]) in , we obtain

(VxS)(Y,P) = = (n—1)a’[g(X,Y) — A(X)A(Y)]

—a[S(X,Y) - A(X)S(Y, P)]. (7.14)



[88] Uday Chand De, Prajjwal Pal

Using (7.9) in (7.14)), we get
(VXS)(Yv P) = _(n - 1)0‘39(Xa Y) - OéS(X, Y)
Putting Z = P in (7.1)) we have

(VxS)(Y, P) = AO{S(Y, P) = Zg(¥, P)}
2 - 1)2 . (7.15)
Now using and in yields
—(n—1)a’g(X,Y) —aS(X,Y)
= —(n—1)a2A(X)A(Y) — %A(X)A(Y) (7.16)
n 2(n—1)?2

—— B(X)A(Y) + %dr(X)A(Y).

Also we assume that the scalar curvature of the G{MP(K,)}, is constant.
Hence

dr = 0. (7.17)
Now using and in we get
_ 1 a2
B(X) = (= 12(n=2) [r+n(n—1)a”]A(X). (7.18)

Using (7-17) and (718) in (7-I6) we get

S(X,Y) = —(n— Da2g(X,Y) + [a”TE”_;l) + - (nr_ 2)}A(X)A(Y). (7.19)

Since « is a non-zero constant, (7.19) can be written as

S(X.Y) = pg(X,Y) + gAX)A(Y),

where p = —(n — 1)a? and ¢ = [anéﬁgl) + a(ng)] are two non-zero constants as
« is a non-zero constant. Hence the manifold is a quasi Einstein manifold. Thus
the theorem is proved.

8. Decomposable G{MP(K,)}

A semi-Riemannian manifold (M", g) is said to be decomposable or a product
manifold ([32]) if it can be expressed as MY x My ™7 for some p in the range
2 < p < (n—2), that is, in some coordinate neighbourhood of the semi-Riemannian
manifold (M™, g), the metric can be expressed as

ds® = gijdx'da? = gapda®da® + gzﬂdxadxﬁ, (8.1)
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where gq, are functions of z!,z2,

.,2zP denoted by z and g4 are functions of
Pt P2 . 2" denoted by z*. Here a,b,c,... run from 1 to p and a, 3,7, ...
run from p+ 1 to n.

The two parts of are the metrics of MY, p > 2 and My~ 7, n—p > 2 which
are called the components of the decomposable manifold M"™ = M? x M; 7.

Let (M™, g) be a semi-Riemannian decomposable manifold such that M?, p > 2
and My ™", n —p > 2 are components of this manifold.

Throughout this section each object denoted by a ‘bar’ is assumed to come
from M; and each object denoted by ‘star’ is assumed to come from Ms.

Let X,Y,Z,U,V € x(M;) and X*,Y*, Z* U*,V* € x(My). Then in a de-
Composable semi-Riemannian manifold M” = Mf x My7P 2 <p<n-2 the

following relations hold [3§]:
R(X*Y,Z,U)=0=R(X,Y*, Z,U*) = R(X,Y*, Z*,U*),

(Vx-R)(Y,Z,U,V)=0= (VgR)(Y,Z U V*) = (Vx-R)(Y,Z*,U,V*),
R(X,Y,Z,U)=R(X,Y,Z,U)
R(X*,Y*,Z*,U*) =R* (X*,Y*,Z*,U*),

S(X,Y)=5(X,Y);  S(X*Y*)=8(X"Y"),

(VS)(V.2) = (V)(V,Z);  (Vx-S)(Y*, 2%) = (V. 8")(Y*, 2°),
where the meaning of X, Y and Z is different on each side, that is, the left
hand side of S(X,Y) = S(X,Y) means the value of the Ricci tensor S on M for
XY, Z € X(Mi) and right hand side means the value of the Ricci tensor S on
M, for X,Y,Z € x(M,). Similarly for X*, Y* and Z*, and r = 7 + r*, where 7,
r and r* are scalar curvatures of M, M7 and Ms, respectively.

Let us consider a semi-Riemannian manifold (M™, g), which is a decomposable
G{MP(K,)}. Then M" = MY x M7, 2<p<n-2.

Now from , we get

M(Y,Z,UV)=MY,Z,U,V), (8.2)
M(Y*7Z*7U*7V*) :M*(Y*7Z*5U*7V*)7
MY*, Z,UV)=0=MY,Z* U\ V*)=M(Y,Z*U,V)

=M(Y,Z,U*V),
MY,z U*V) = —ﬁ[S(Z*,U*)g(Y, V) +S(Y,V)g(Z*,U")], (8.3)
M(Y*,Z,U,V*) = _ﬁ[s@, D)g(Y*,V*) + S(Y*,V*)g(Z,U)], (8.4)
MY*, Z,U* V)= ﬁ[S(Y*,U*)g(Z, V)+S(Z,V)g(Y*,U"),
M(Y,2%,0,V*) = ﬁ[S(Y,U)g(Z*,V*) 1+ 8(2*, V(Y T)],

(Vx-M)(Y,Z,U,V)=0= (VM) (Y* Z*U* V*).
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Again from (1.3]), we get
(VxM)(Y,

AN
(=l
<<I
|
=
>
=
-
=
<I
| ~—

AXYM(Y,Z,U,V)+ B(X)[g(Z,U0)g(Y,V) —g(Y,U)g(Z, V)] =0, (8.5)
and
Bpp) (0@ ) =0

for every p € My, p* € My and v € T« M,. Also for every (p,p*) € M from (1.3
we obtain

(Vx«M) oy (Y™, 25U V") = (V- M"),- (Y*, 2, U", V*) (8.6)

and the value of (Vx«M) - (Y™, Z*,U*,V*) does not depend on p € M; for
every p € M; and p* € Ms.
If possible let B(X™*) = 0 for all X* € x(Mz), then from (8.5) we get

AXYM(Y,Z,U, V) =0. (8.7)
Using (8.2)) in (8.7) we get
AXYM(Y,Z,U,V)=0. (8.8)

If My is not M-projectively flat, that is, ]\7[]50 # 0 for some pg € My, then from

and (88.8)) it follows that
Apy (0B v) =0 (8.9)
for every p € My, p* € My and for every v € T« Ms. Hence (1.3)) yields
(VX*M)(ﬁ,p*)(Y*a Z*a U*, V*) =0

for every p € My and p* € M,. It follows that if M; is not M-projectively flat,
then
Ay (XM (Y™, 27,07, V") =0 (8.10)
for all p € M; and p* € M,.
Now we assume that

(VXM)(Ya Z,U, V) = A(X)M(Y’ Z, U’V)

= (8.11)
where A and B are 1-forms. Putting (8.11) in (1.3) we get
A(X) — AX)M(Y, Z,U,V
A(X) ~ A(X)IM(Y, 2,0, V) 512)

+ [B(X) = B(X)][g(Z,U)g(Y,V) = g(Y,U)g(Z, V)] = 0.

Contracting (8.12)) over Y and V, and using (2.3) we obtain
n

5 ) A — AX)M(Z.0) + (n = DIBX) = BX)lg(2,0) = 0. (8.13)
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Again contracting (8.13) over Z and U and using (2.4) we get

B(X) = B(X) (8.14)
for all X € M. From (8.14) in (8.12)) it follows that
A(X) = A(X)

for all X € M, provided M(Y,Z,U,V) # 0, that is, if the manifold is not M-
projectively flat manifold. Thus the 1-forms A and B in (1.3)) are uniquely de-
termined, provided that the manifold is not M-projectively flat manifold. Hence

from (8.10) we obtain
Ay (X*) =0 (8.15)

for all p € M; and p* € Mos.
From (8.8)) we conclude that either

(I) A(X*) =0 for all X* € x(My), or
(IT) M, is M-projectively flat.
Also from (|1.3)), we obtain

(VX*M)(Y*’ Za U7 V*)
= AXM(Y*, Z,U,V*) (8.16)
+ B(X")[g(Z,U0)g(Y*,V*) —g(Y*,U)g(Z,V*)].

Now we consider the case (I). From (8.16)), it follows that
(Vx-M)(Y*,Z,U,V*) =0,
which implies by the virtue of that,
(Vx=S)(Y*,V*)=0. (8.17)

Hence the component Ms is Ricci symmetric. Using (8.4)), (8.6)), , (8.10) and
(8.15) and A(X*) =0, B(X*) =0 for all X* € x(My), from (1.3]), we have

(Vx-M)Y™*,Z*,U",V*)=0

and hence

1
2(n—1)
L (Vx-S) (Y U2V + (Ve S) (Y, V) (27, U7)
—(Vx=8)(Z",V*)g(Y™",U")] =0,

which yields by the virtue of (8.17) that

(Vx-R)(Y", 2%, U", V") = [(Vx-8)(Z",U")g(Y™, V")

(Vx-R)(Y™*,Z*,U*,V*) =0,

that is, the component M, is locally symmetric. Similar result can be proved for
M;. Thus we can state the following;:
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THEOREM 8.1

Let (M™, g) be a semi-Riemannian manifold which is not M -projectively flat, such
that M = MY x My ? for some 2 <p<n-—2. If (M",g) is a G{MP(K,)} and
B(X*) =0 for all X* € x(My), (resp.B(X) =0 for all X € x(M)), then either
(I) or (II) holds.

(I) A(X*) =0 for all X* € x(Ms) (resp. A(X) =0 for all X € x(My)), and

hence My (resp. My) is Ricci symmetric as well as locally symmetric.
(I1) My (resp. Ms) is M-projectively-flat.
Also from we get
(VxM)(Y,z*,U* V)
= AX)M(Y,Z*,U*,V

)
+B(X)[g(2*,U")g(Y, V) = g(Y,U")g(Z*,V)].
Using in we get

(8.18)

1
2(n—1)
— B(X)g(Z*,U")g(Y, V).

- A(X)[

J
/CQ
N*
S
s
i
<
+
/C_Q\
B
<

J9(2. UM} (8.19)

Now assume that S(Z*,U*) =0 and ¢g(Z*,U*) # 0. Then from (8.19) we get

(VeS) (Y, V)= AX)S(Y,V) —2(n - 1)B(X)g(Y,V),
which implies
(VxS)(Y,V) = C(X)S(Y,V) + D(X)g(Y,V),

where C(X) = A(X) and D(X) = —2(n — 1)B(X) are two non-zero 1-forms.
Therefore M; is a generalized Ricci-recurrent manifold if M is Ricci-flat. Thus
we have the following:

THEOREM 8.2

Let (M™, g) be a semi-Riemannian manifold such that M = MY x My 7,2 <p <
n—2. If M" is a G{MP(K,)} and Ms is Ricci flat, then My is a generalized
Ricci-recurrent manifold.

9. G{MP(K,)} warped product manifolds

The study of warped product manifolds was initiated by Kruckovi¢ [I7] in
1957. In 1969 Bishop and O’Neill [3] also obtained the same notion of the warped
product manifolds, while they were constructing a large class of manifolds of neg-
ative curvature. Warped product manifolds are generalizations of the Cartesian
product of Riemannian manifolds. We extend this definition to semi-Riemannian
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manifolds. Let (M, g) and (M, §) be two semi Riemannian manifolds. Let M and
M be covered by coordinate charts (U;x!, z2 S aP) and (Viy', o2, y"7P),
respectively. Then the warped product M M X f M is the product manifold
M x M which is covered by the coordinate charts (U x V;z!, 22 oP Pt =
yPHL P2 = ¢p+2 " = y™). Then the local components of the metric g with
respect to such a coordinate chart are given by

Gij fori=aand j =b,
9ij = § J9i for i = a and j = 3,
0 otherwise,

Here a,b,c,... € {1,2,...,p}and , 8,7, ... € {p+1,p+2,...,n},and i, j,k,... €
{1,2,...,n}. Here M is called the base, M is called the fiber and f is called the
warping function of the warped product M = M x f M. We denote by I‘;k,
Rijii, Sij and k the components of the Levi-Civita connection V, the Riemann-
Christoffel curvature tensor R, Ricci tensor S and the scalar curvature of (M, g),
respectively. Moreover, when € is a quantity formed with respect to g, we denote
by Q and €, the similar quantities formed with respect to g and §, respectively.
Then the non-zero local components of Levi-Civita connection V of (M, g) are
given by

ma a o a 1—ab ~
=15, By — F,@w By = —§g fbgﬁw Faﬁ ffa5/3>

where f, = 0,f = fa The local components Ry = gthﬁjk = ghl(akféj -

0; Flk + FZTﬁnk F;”I‘in]), Ok = %, of the Riemann-Christoffel curvature tensor

R of (M, g) which may not vanish identically are the following:
Ropea = Rabcd7 Raabﬁ = _fTabga,B7 Raﬂ'y(i = fRaB'y6 - f2PGa,8’y§7

where Gijr = gugjk — 9gikgjr and

Tap = ~37 (bea 57

Q=f((n—p-1)P—-tr(T)), P=

S fufy). (D) = g T,

f2 gabfafb

The non-zero local components of the Ricci tensor Sj, = g“Rijkl of (M,g) are
given by - y

Sab - Sab + (n _p)Tab7 Saﬁ = Saﬁ - anﬁ~ (91)
The scalar curvature « of (M, g) is given by

K=FkK+ ? —(n=p)n—p—1)P—2tr(T)].
Again the non-zero local components of VR and VS are given by [16]
(1) veRaLbccl = ?eRabcdy
(11) veRaabﬂ = _f?eTabgozB;
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(iil) VeRagys = —feRagys — 2P.Gagys,
(iV) VERaﬁfyg = f@eRaﬁ'y&

N 2

Jd I“ 5 A
(V) vsRaﬁ'yd = _?Raﬂﬂ/e - ?PdGaﬁ'yea

, 1. 1 .,- .
(Vl) veRabcé = _§geé(faTbc - beac) + §deabcdgeé7 fb =g bfa7 (92)

and
(1 VeSab = 6(»;"S_fab + (n - p)ﬁeTaby

)
(ii> VeSaﬂ = Qegaﬁ - %(S’a,@ - anﬁ)y
(iii) VeSas = VeSas,
) VeSaa = Ls f+3~ F(Sea + ( )T)+9f (9.3)
ePaa — 2f aela 2gae ca n—Pp)lca fa- .
Let M = M x £ M be a non-flat warped product manifold and also let M be
a G{MP(K,)}. That is,

vejw-abcd = AeMabcd + BeGabcch (94)

(iv

where Gabcd = {gbcgad - gacgbd}'

Using (1.2)) in (9.4) we have

veRabcd - [veSbcgad - veSacgbd + veSadgbc - vedegac]

1
2(n—1)

1
= Ae |:Rabcd - m{Schad - Sacgbd + Sadgbc - degac}]

2(n
+ Be{gbcgad - gacgbd}~

Now putting (9.1)), (9.2)) and (9.3]) to the above equation we get

ﬁ[{@egbc -+ (n — p)@eTbc}gad

- {6e§ac + (Tl - p)?eTac}gbd + {6e§ad + (’Il - p)veTad}gbc
- {Vesbd + (n - p)vede}gac}

= Ae |:Rabcd - {Sbc + (n - p)Tbc}gad

@e Rabcd -

|

2(n—1)
- {Sac + (n - p)Tac}gbd + {Sad + (n - p)Tad}gbc
- {de + (TL - p)de}gacH + Be{gbcgad - gacgbd}a

which implies

@eMabcd = AeMabcd + BeGabcd

=D yem - om - e o S m -

EY2EEEEY VeT‘ cYad — Vecz—‘ac veTa [ veT ac

2(n—1) [{ beYad 9bd + dgb baJac}

+ Ae{_Tbcgad + Tacgbd - Tadgbc + degac}]

+
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This can be written as

@eMabcd = Ae abed + BeGabcd7

provided that
?eTbc = AeTbc (95)

holds. Hence we can conclude that, if M = M x fM is a generalized M-projectively
warped product manifold, then M is also a G{MP(K,)}, provided (9.5) holds.
Hence we have the following:

THEOREM 9.1
If M =M x5 M is a G{MP(K,)} warped product manifold, then, provided (9.5
holds, M is a G{MP(K,)}.

10. Perfect fluid Ricci symmetric G{M P(K,)} spacetime

This section is concerned with certain investigations in general relativity by
the coordinate free method of differential geometry. In this method of study the
spacetime of general relativity is regarded as a connected four-dimensional semi-
Riemannian manifold (R%, g) with Lorentz metric g with signature (+,+,+, —).
The geometry of the Lorentz manifold begins with the study of the casual character
of vectors of the manifold. It is due to this causality that the Lorentz manifold
becomes a convenient choice for the study of general relativity. Here we consider
a special type of spacetime. Perfect fluid model is a spacetime (M, g) together
with a triple (P, o,p), where P is a timelike future-pointing unit vector field, and
o and p are functions called the energy density function and the pressure function
respectively ([22, [31]). The energy momentum tensor of type (0,2) for a perfect
fluid is given by

T(X,)Y)=(c+p)AX)AY) + pg(X,Y), (10.1)

where A is the 1-form metrically equivalent to P such that A(X) = g(X, P) and
o and p are the energy density and isotropic pressure of the fluid, respectively. As
every spacetime model in general relativity, the perfect fluid model is required to
obey the Einstein field equations. The Einstein field equations without cosmolog-
ical constant is as follows

S(X,Y) — gg(X, Y) = kT(X,Y), (10.2)

where k is the gravitational constant. A semi-Riemannian four-dimensional Ricci
symmetric generalized M-projectively recurrent manifold may similarly be defined
by taking a Lorentz metric g with signature (+, 4, +, —). In this case we consider
a Ricci symmetric generalized M-projectively recurrent spacetime with the time-
like velocity vector field P such that g(P, P) = —1. So, Theorem 4.1 will also hold
in such a spacetime.
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Using (10.1])) we can express (|10.2) as
T
S(X,Y) = 59(X,Y) = k[(o0 + p)A(X)A(Y) + pg(X, Y)]. (10.3)

Taking a frame field and contracting (10.3) over X and Y we get
r = k(o — 3p). (10.4)

Since the spacetime is Ricci symmetric, it is Einstein as well. Putting S(X,Y) =

79(X,Y) in (10.3) and using (|10.4) we obtain
k
—Z(a +p)g(X,Y) = k(o + p)A(X)A(Y). (10.5)

Since g is non-degenerate, it must be o +p = 0. This implies that the fluid behaves
as a cosmological constant [35]. This is also termed as a phantom barrier [2I]. Now
in the cosmology we know that the choice 0 = —p leads to rapid expansion of the
spacetime which is now termed as inflation. Thus we can state the following:

THEOREM 10.1

A perfect fluid Ricci symmetric G{MP(K,)} spacetime represents inflation and
the fluid behaves as a cosmological constant. This is also termed as a phantom
barrier.

11. Example of a G{MP(K,)}

This section deals with an example of a G{M P(K,)}. First, on the real num-
ber space R™ (with coordinates x!, 22, ..., 2™) we define suitable semi-Riemannian
metric g such that R™ becomes a semi-Riemannian manifold (M™,g). We calcu-
late the components of the curvature tensor, the Ricci tensor, the M-projective
curvature tensor and its covariant derivative and then we verify the defining rela-

tion (|1.3).

ExaMPLE 11.1
We define a semi-Riemannian metric on the 4-dimensional real number space R*
by the formula

ds? = g;jda'da? = f(da')? + 2da'dz? + (d2®)? + k(z')v(a®)(dzh)?,  (11.1)

where i,j = 1,2,...,4. Here f = po + p123 + p2(23)2, po, p1, p2 are non-constant
functions of ! only, f > 0, v is a function of 2* and k < 0 is an arbitrary constant.
Moreover, we assume x! > 0, 3 # 0 and ¢ > 0.

Since we want M to be connected, M C {z! > 0} and M C {z* > 0}. Then
the only non-vanishing components of the Christoffel symbols, the curvature tensor
and the Ricci tensor are respectively:

V.4

1 1 1
F%l = §f.11 F%B = _Ffljl = if.?n 1—“114 = ;7 F?}z} = —k.’L'l’U, Fizl = %a
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1 1
Rizz = 5f.337 S = 5f.337

and the components which can be obtained from these by the symmetric properties.
Here ¢’ denotes the partial differentiation with respect to the coordinates. Using
the above relations, it can be easily shown that the scalar curvature of the manifold
is zero. Therefore R* with the considered metric is a semi-Riemannian manifold
M* whose scalar curvature is zero. In the view of the above relations, yields
that the non-zero components of the M-projective curvature tensor are

5 5
Mz = ﬁf'33 = 5Pz #0, (11.2)

1N\2, (.4
Mgy = —%f.z),gk(xl)%(x‘l) = —ng £0, (11.3)

and the components which can be obtained from (11.2)) and (11.3)) by the sym-
_ 1

metric properties. If, in particular, we take z' = z* and v(2?) = ﬁ = @

then (11.3) can be written as follows

12 4
Miass =~ fash(eu(at) = - 2ETED Ky so g

The non-zero covariant derivatives of the M-projective curvature tensor M are

5 5
Miz31,1 = Mi331,4 = Ef'%l = g(m)i #0, (11.5)
k
Migar1 = Migar,4 = —g(pz).l #0 (11.6)

and the components which can be obtained from and by the sym-
metric properties, where ‘,” denotes the covariant derivative with respect to the
metric tensor. Hence the Riemannian manifold (M*, g) is neither M-projectively
flat nor M-projectively symmetric.

We shall now show that this M* is a M P(K,), that is a G{MP(K,)} with
the 1-forms A # 0 and B = 0 in satisfying (L.3). Let us now consider the
following 1-forms A; and B;:

(p2).1 -

Aay={ w1 bd (11.7)
0, otherwise,

Bi(x)=0 fori=1,2,3,4, (11.8)

at any point x € R*. Now the equation (1.3)) reduces to the equation

Mi3311 = Mi331.4 = AiMiz31 = AyMizss, (11.9)
Migaiq = Migara = AxMigar = AsMyaa, (11.10)
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since, for the other cases (1.3]) holds trivially. Using (11.7)) and (11.8]) in (11.9) we
get

R.H.S. of (11.9) = A1 Mi331 + B1[g33911 — 913931]

(p2).1 5p2 5(p2).1
P2 L=
6 + 6

D2
= L.H.S. of (11.9).

In all other cases the proof is trivial. Therefore, (R*, g) is a M P(Ky).
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