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Abstract. The functional bases of the differential first-order invariants for
all non-splitting subgroups of the generalized Poincaré group P(1,4) are
constructed. Some applications of the results obtained are considered.

Introduction

The developement of the theoretical physics has required various extensions
of the four—-dimensional Minkowski space and, correspondingly, various exten-
sions of the Poincaré group P(1,3). The natural extension of this group is the
generalized Poincaré group P(1,4). The group P(1,4) is the group of rota-
tions and translations of the five-dimensional Minkowski space M (1,4). This
group has many applications in theoretical and mathematical physics [1-3].
The group P(1,4) has many subgroups used in theoretical physics [4-8]. Among
these subgroups there are the Poincaré group P(1,3) and the extended Galilei
group G(1,3) (see also [9]). Thus, the results obtained with the help of the
subgroup structure of the group P(1,4) will be useful in relativistic and non-
relativistic physics.

The papers [10-12] are devoted to the construction of the first-order dif-
ferential invariants for the splitting subgroups [4, 5, 7] of the generalized
Poincaré group P(1,4).

The present paper is devoted to the construction of functional bases of the
differential first-order invariants for the non-splitting subgroups [4, 6-8] of the
group P(1,4).

Our paper is organized as follows. In the first section we introduce some
notation and results concerning the Lie algebra of the group P(1,4) which we
use in the following. Sections 2 and 3 present our main results.
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1. The Lie algebra of the group P(1,4) and its non-conjugate subalgebras

The Lie algebra of the group P(1,4) is given by the 15 basis elements
My, = =My, (p,v = 0,1,2,3,4) and P, (p = 0,1,2,3,4), satisfying the
commutation relations

[Fu 2] =0,
(M}, P}] = guo P, — guo P,
[M;Iuﬂ M;a] = ngMLU + gl/UM;ILp - ng)M;IuT - gltUMLm

where goo = —g11 = —g22 = —¢933 = —gaa = 1, gy = 0, if u # v. Here, and in
what follows, M), = iM,,, .

In order to study the subgroup structure of the group P(1,4) we used the
method proposed in [13]. Continuous subgroups of the group P(1,4) have
been described in [4-8].

Further we will use the following basis elements:

G = Mio, L= ]\4§27 Ly = —Mél, Ly = Méla
Py :MéllaiMCILOa Ca :Mélla+M¢/z()a (a: 13273)a

1
X0:§(P(;—Pi), Xpy=P, (k=1,2,3),

Xy = %(P(; + Py).
2. The differential first-order invariants of the non-splitting subgroups of the
group P(1,4)

The group P(1,4) acts on M(1,3) x R(u) (i.e., on the Cartesian product of
the four-dimensional Minkowski space (of the independent variables xg, x1, x2,
x3) and the number axis of the dependent variable u). The group P(1,4) usu-
ally acts on M (1,3) x R(u) as a group generated by translations and rotations

of this space.
Let

3}
X = Z@xu + n(z, u)%

be one of the basis infinitesimal operators. The first prolongation of X has the
form

3

9 9
e
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Now, a function J(z, u(l)) is a first-order differential invariant if
XU g(z,u®) = 0.

Here uV) = (u, up, u1, us, us) is an element of the first prolongation R(u)(l).
Let us consider the following representation of the Lie algebra of the group
P(1,4):

0 r___0 r___0 r__ 0
PO - 8930’ Pl - 8931’ P2 - 8932’ P3 - 8933’
Pi=-2 M, =—(u,P,—,P,), 24 = .

More details about this representation can be found in [14-16].

In the construction of the differential invariants it has turned out that dif-
ferent non-splitting subalgebras of the Lie algebra of the group P(1,4) can have
the same functional basis of the first-order differential invariants. Consequently,
there is no one-to-one correspondence between non-conjugate subalgebras of the
Lie algebra of the group P(1,4) and corresponding differential invariants.

DEFINITION 1

We call two subalgebras L' and L? of the Lie algebra of the group P(1,4)
equivalent if they have the same functional basis of the first-order differential
invariants.

It is possible to prove that the relation of equivalence of subalgebras L'
and L? given by Definition 1 is the set-theoretical equivalence relation. With
respect to this equivalence relation, all non-splitting subalgebras of the Lie
algebra of the group P(1,4) split into classes of equivalent subalgebras. Each
two different classes have different functional bases of the first-order differential
invariants.

DEFINITION 2

We call two functional bases of the first-order differential invariants of the non-
splitting subalgebras of the Lie algebra of the group P(1,4) equivalent if they
belong to the equivalent subalgebras.

One of the results in this section can be formulated as follows.

ProposiTionN
The non-splitting subgroups of the group P(1,4) have 264 non-equivalent func-
tional bases of the first-order differential invariants.

Proof. Here, we only give a sketch of the proof. Following the sketch, for
the purpose of proving the Proposition, we have to use:
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the list of the non-splitting subalgebras of the Lie algebra of the group
P(1,4) [17];

the general ranks of the matrices which contain coordinates of the one
time prolonged basis elements of the subalgebras of the considered Lie
algebra;

theorem on number of invariants of the Lie group of the point transfor-
mations (see, for example, [18, 19));

Definition 1 and Definition 2.

For all non-splitting subgroups of the group P(1,4) the functional bases of
the first-order differential invariants have been constructed.

Below, for some of the non-splitting subalgebras of the Lie algebra of the
group P(1,4) we give their respective basis elements and corresponding func-
tional basis of differential invariants.

One-dimensional subalgebras

1. (L3 +eG+ k3X3, e >0, k3 <0),

le(x%—uQ)%, JQZ(JJ%—I—JJ%)%,
J3 = k3 ln(zo + u) — exs, Ji = 13 + K3 arctanﬂ,
T2
Js = x1u2_l‘2’U;1, Jg:u3x0+u,
iUl + ToU2 ug +1
2 2 2
U uy +u
J _ 3 J _ 1 2
7 ugila 8 U% ’
ou
Uy, = —, nw=0,1,23;
" Oz,
2. (P + Xo),
Jl = I, JQ = T2,
2
J3 = (20 +u)* — 23, Ji=x0—u+ g(m0+u)3—2x3(x0+u),
us Ui
Js =z U Jg = —
5 o+ +U0+1’ 6 %
U1 u3 2
Jr = ) 8 = 5 :
ug + 1 (up + 1) ug + 1
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Two-dimensional subalgebras

1. <G, L3+ dXs, d<0>7

T
J1 = x3 + darctan —, Jo = (23 + a3
T2
2 2\ 1
J3 = (x5 —u)?, Jy = (20 + u)
2
T1U2 — T2U1 Uus
JS - 7) JG == 2 b
iU + ToUs ug — 1
2 2
J. — uy +u2.
7T — p) )
U3
2. (L3 — X4, Ps),
J1 = x9 +u,
z1
J3 = :cg - :c% —u? + (2 + u) arctan —,

T2
T1U2 — T2U7
T zuq + xous’
u3 2
(UO+1)2 + ug+1°

Jr =

Three-dimensional subalgebras

1. (G+a1X1 +a3X3, P3, X4, a1 <0, ag < O>,

J1:$2,
To + U
J3 =x3 —asgl
3 =3 a3n(x0+u)+U3u0+1,
JSZEa
U2

2. (L3 — P34 apXo, X3, X4, ag <0),

Jy = (23 +23)3,

Ui us
Js3 = arctan — — ,
U9 upg + 1
2 2
uy +u
Js = L 2 Je =

(uo + 1)

Jy =20+ u—ag

(a7 +23)?,

T Us

3 Jr_s’
To+u ug+1
u%—i—u%
(uo + 1)’

Jy =21 — a1 In(zo + u),

Ui
J = _
4 ($0+u)u()+1,
w2 —uZ—1
J6: 0 23 ;
uy

T
Jo = g arctan — — g — u,

T2

u
UJQ—I—l7

(o +1)*
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Four-dimensional subalgebras

1. (G+a3X3, L3, P3, X4, as <O>7

1 TiUu2 — T2Uq
T = (22 4 22)3 Jp =12 21
1= (21 +23)7, 2= T 1ot
zo +u o o (@0 +u)?
J3 = x3 —aszIn(x u U Jis = (U +udy)—mm=
3 =x3 —azIn(zo + )+uo+1 35 4 = (uj 2)(Uo+1)2’
ud —ui -1
J5:ﬁ§
uy + uj
2. (L3, Pi, P>, P3+ X3),
J1 = zo +u,
2 2 2 2 Totu o

Jo=a5—x] —x5 —u” — ,

a2
xo+u—1
3 us

+ )
:C()‘FU*]. U()+1

2 2
I (5% T2 us
Jy = + + ;
* <x0+u+u0+1) <x0+u uo—i-l)
u? + ud +u +2(up + 1)
(uo +1)2 '

Jy =

Js =

Five-dimensional subalgebras

1. <G+a2X1; Plv PQ; P37 X4; ag <0>3

xTo +u
J1 = —asl ,
1 331+u()+1u1 as In(zo + u)

Xo +u
J p— 3
2 x2 u0+1u2
J. + (w0 +u)—2
3 = = T U ,
3 3 0 wo + 1

+ u)?

Jy = u2—u2—u2—u2—17(x0 ;
1= (ug 1 2 3 )(u0+1)2

2. <L3, P1+X2, P27X1, X3, X4>,

J1 = zo + u,
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2
X1 U U1
Jy = + +
2 (SC() +u (’I’() —+ u)(U() —+ 1) UQ —+ 1)
i) Ul + U 2
zo+u (zo+u)(up+1) wo+1) "’
us
Ja = E—
3 uyg + 1
u? + u3 2

J p— .
* (up+1)%  wo+1

Six-dimensional subalgebras

<G+CLX3, L3+dX3, Pl, PQ, Pg, X4, a <0, d<0>,

1.
u? + u3 + u2 + 2ug + 2
J1:($Q+U)2( L 2(u0f1)2 0 —1)7
2 2
To +u To + U
Jo= |21+ u + (22 + U ,
2 (1 w0 + 1 1) (2 wo + 1 2)
us

=x3 —aln(zg + u) + (onru)u 1
0

x1(ug+1)+ur(zo+u) )\ .
+ darctan (:cg(uo T1) +us(zo tu))

Js

(Pr+ X3, Po, Xo, X1, Xo, Xu),

2.
(5 us
Ji = — a3, Jy=
YT w1 s 2T w1
u? + u2 2

Js = .
3 (U() + 1)2 uyg + 1

Seven-dimensional subalgebras

(G+a3Xs, Lz, Py, P», X1, X2, X4, a3 <0),

1.
J In(zo + u) To = (w0 +u)—2
= T3 — a3 In(x u = (& U)——
1 3 3 0 ’ 2 0 ’U,()+1,
w2 —u?—u -1
J3: 0 12 2 :
us3
2. <L3—P3+Oé0X0, P17 P2) X17 X27 X3a X4a 060<O>,
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us
UO+1’

uf 4 u3 +u3 + 2(up + 1)

Jo —
? (uo + 1)

Ji=z0+u—ap

Eight-dimensional subalgebras
L. (G +a3X3, L3, P, Py, Xo, X1, Xo, X4, a3z <0),

2 2 2

J Cug—uy—uz—1

) 2 = 2 )
u3

Ji = 1

2' <L3_XO7 P17 PQ; P37 X17 X2) X37 X4>7

uf 4 u3 + u3 + 2(up + 1)
(uo + 1)?

Ji =

3. On some applications of the results obtained

The differential invariants of the local Lie groups of the point transforma-
tions play an important role in the group-analysis of differential equations (see,
for example [18-28]). In particule, with the help of these invariants we can
construct differential equations with non-trivial symmetry groups.

In our case the considered equations can be written in the following form
(see, for example [18-20]):

F(J1, Jay ..., Jy) =0,

where F' is an arbitrary smooth function of its arguments, {Ji, Ja, ..., Ji} is
a functional basis of the first-order differential invariants of the non-splitting
subgroups of the group P(1,4).

Since the Lie algebra of the group P(1,4) contains, as subalgebras, the Lie
algebra of the Poincaré group P(1, 3) and the Lie algebra of the extended Galilei
group G(1,3) (see also [9]), the results obtained can be used in relativistic and
non-relativistic physics.
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