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Abstract. The general solutions of a sum form functional equation containing
three unknown mappings have been obtained without imposing any regular-
ity condition on any of three mappings.

1. Introduction

Forn=1,2,...; let

Fn:{(plv"'apn): pi>0,t=1,...,m; Zpizl}
i=1

denote the set of all n-component complete discrete probability distributions with
nonnegative elements. Let R denote the set of all real numbers; I = {x € R :
0 < x < 1}, the unit closed interval; ]0,1[= {z € R: 0 < z < 1}, the unit open
interval; ]0,1]={z € R: 0<z <1} and [0,1[={z€R: 0<z < 1}.

Recently, P. Nath and D.K. Singh [8] (see also [3, 5, 6]) obtained the general
solutions of

n m n m n m

S > Fpigy) =Y Gpi) +>_ H(g) + > K(pi) > Llg;) (FE1)

i=1j=1 i=1 j=1 i=1 j=1

by assuming F', G, H, K and L to be real-valued mappings each with domain
I; without imposing any regularity condition on any of the mappings F, G, H,
K and L; but assuming (p1,...,pn) € Tn, (¢1,---,¢m) € Tm; n >3, m > 3 to

be fixed integers. During the process of finding such general solutions, they came
across three functional equations. The first one is

Z ZFl(pin) = ZFl(pi) + ZE(%’) + ZK1(pi) Z L1(g;) (FE2)
i=1 j=1 i=1 =1 i=1 =1

with (p1,...,0n) € Tn, (q1,-.-,¢m) € I'iy; n > 3, m > 3 being fixed integers and
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Fi:I1—-R,K;: I —Rand L;: I — R are mappings which satisfy the conditions

Fi(1) = (n—1)(m — 1)F1(0),
Ki(1) = —(n — 1) K1(0),
Li(1) = —=(m — 1)L1(0).

The second one is

m

ZZR(P#&) = ZFl(pi) + Zﬂ(%‘) + szﬁ(ﬁi) ZKl(Qj)
i=1 j=1 i=1 = i=1 =1 (FE3)
+c(n —m)K(0) ) Ki(pi),

i=1

where Fi: I — R, Ky: I — R are the same mappings which appear in (FE2);
¢ # 0 is a given real constant; (p1,...,0n) € Tn, (¢1,--+,Gm) ECm;n >3, m >3
being fixed integers. The third one is

m

ZZ 2(Pigj) ZF2 pi +ZF2 4 +CZK2 pi Z (FE4)

where Fy: I — R, Ky: I — R are mappings which satisfy the conditions

F5(0) =0, K>(0) =0, (1.1)
F(1)=0, Ky(1)=0; (1.2)

¢ # 0 is a given real constant (same as in (FE3)); (p1,...,0n) € Tn, (q1,--+,Gm) €
[ n >3, m > 3 being fixed integers.

The main object of this paper is to determine the general solutions of the
functional equations (FE2) without imposing a regularity condition on any of the
mappings F1: I — R, K1: I — R and Ly: I — R, assuming it to be valid for
all (p1,...,0n) € Ty (@1y-+-5qm) € Ty n > 3, m > 3 being fixed integers. To
achieve this objective, we need the general solutions of the equations (FE3) and
(FE4) (assuming only (1.1)).

2. Some known definitions and results

In this section, we mention some known definitions and results which are needed
to develop the remaining sections 3 to 5 of this paper.

A mapping a: I — R is said to be additive on I or on the unit triangle A =
{(z,y): 0<2<1,0<y<10<zxz+y <1} if it satisfies the equation
a(x +y) = a(x) + a(y) for all (z,y) € A. A mapping A: R — R is said to be
additive on R if the equation A(z +y) = A(z) + A(y) holds for all x € R, y € R.
It is known (see Z. Dardczy and L. Losonczi [2]) that if a mapping a: I — R is
additive on I, then it has a unique additive extension A: R — R in the sense that
A: R — R is additive on R and A(x) = a(x) for all z € I.

A mapping M : I — R is said to be multiplicative if M (pq) = M (p)M (q) for
alpel, gel
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A mapping £: I — R is said to be logarithmic if £(0) = 0 and £(pq) = £(p)+£(q)
for all p €]0,1], ¢ €]0,1].

REesurt 2.1 ([4])

Let h: I — R be a mapping which satisfies the equation Y i, h(p;) = d for all
(p1,---,0n) € Ty, d a given real constant and n > 3 a fized integer. Then, there
erists an additive mapping b: R — R such that h(p) = b(p) — 2b(1) + £ for all
pel.

T.W. Chaundy and J.B. Mcleod [1] considered the functional equation

ZZf(pin):Zf(pi)+Zf(qj), (2.1)

i=1 j=1

where f: I = R, (p1,...,0n) € Tn, (q1,---,qm) € Ty n and m being positive
integers.

REesuLT 2.2 ([4])

If a mapping f: I — R satisfies (2.1) for all (p1,...,pn) €Th, (q1,---,Gm) € T,
n > 3, m > 3 being fized integers, then f is of the form

f(p) = {f(O) + f(0)(nm —n —m)p + a(p) + D(p,p) ifo<p<i,
f(O) Z'prO,

where f(0) is an arbitrary real constant; a: R — R is an additive mapping; the
mapping D: Rx]0,1] — R is additive in the first variable; there exists a mapping
E: RxR — R additive in both variables such that a(1) = E(1,1) and D(pgq,pq) =

D(pq,p) + D(pq.q) + E(p,q) for all p €]0,1], ¢ €]0,1].

MobDiFIED FORM OF RESULT 2.2

If a mapping f: I — R satisfies (2.1) for all (p1,...,pn) €Th, (q1,--,qm) € T,
n > 3, m > 3 being fized integers, then f is of the form

f(p) = £(0) + f(0)(nm —n —m)p+ a(p) + D(p,p) (2.2)

for allp € I; f(0) is an arbitrary real constant; a: R — R is an additive mapping;
the mapping D: R x I — R is additive in the first variable; there exists a mapping
E: R x R — R additive in both variables such that a(1) = E(1,1) and

D(pq,pq) = D(pg,p) + D(pq,q) + E(p, q) (2.3)

forallpe I,qe I.
Using the fact that a(1) = E(1,1), it can be easily deduced from (2.3) that

a(1) + D(1,1) = 0. (2.4)

REsuLt 2.3 ([7])
Let ¢ # 0 be a given constant and Fy: I — R, Ky: I — R be mappings which
satisfy (FE4) for all (p1,...,pn) € Tn, (@15 3Gm) € Ty n > 3, m > 3 being
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fized integers. Suppose further that Fo: I — R, Ko: I — R satisfy (1.1). Then,
the mapping Ko: I — R satisfies the functional equation

[if{z(xqj) ]ZKQ ) {ZKQ ory) Kg(x)]if(z(qj) (2.5)

forall x € T and (r1,...,7m) € T, (q1,-.-,qm) € T, m > 3 being a fized
integer.

For the proof of Result 2.3, see pp. 90-91 in [7] (take F» as f and K as g).

REsuLT 2.4 ([8])

Let Fi: I - R, K1: I - R and Ly: I — R be mappings which satisfy (FE2) for
all (p1,...,on) €00, (@1y--+,G@m) € Tn; n >3, m > 3 being fized integers. Then,
the mappings K1 and Ly satisfy the equation

{Zfﬁ(n) +(n— m)Kl(O)] > Lalgy)
t=1 Jj=1
= [ itap + - ma0)] 3 10

(2.6)

forall(ri,...,rm) €T, (@1, -y qm) € T'im; m > 3 being fized integers. Moreover,
for all p € 1, any general solution (K1, L1) of (2.6) is of the form

Ki(p) = Ai(p) + K1(0) with A;(1) = —nK;(0), Ly arbitrary (2.7)
or

K arbitrary, Li(p) = Aa(p) + L1(0) with As(1) = —mL(0) (2.8)
or else K1 and Ly are related to each other as

Li(p) = c[K1(p)—K1(0)]+A3(p)+L1(0) with A3(1) = —mL1(0)+enK1(0), (2.9)

where A;: R — R (i = 1,2,3) are additive mappings and ¢ # 0 an arbitrary real
constant in (2.9).

REMARK 2.5
Result 2.4 is a combination of Lemmas 3.3 and 3.2 in [§].

3. On the functional equation (FE4)
The main result of this section is the following:

THEOREM 3.1

Let ¢ # 0 be a given real constant and Fp: I — R, Ky: I — R be mappings which
satisfy (FE4) for all (p1,...,0n) € Tn, (q1,- -+, Gm) € Ty n >3, m > 3 being fized
integers. Suppose further that the mappings Fo: — R, Ky: I — R satisfy (1.1).
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Then, for all p € I, any general solution (Fa, Ko) of (FE4) is one of the following
forms:

{(i) Fy(p) = —c[b1(1)]*p + alp) + D(p, p) (a1)
(ii) K2(p) = b1 (p) '
{ (i) Fa(p) = 3eplt(p)]* + alp) + D(p,p) (a2)

(i) Ka(p) = pl(p) 2

{ (i) F2(p) = cp[M(p) — p] + a(p) + D(p, p) (a5)

(ii) K2(p) = u[M(p) — p] ’

where p # 0 is an arbitrary real constant; by: R — R is an additive mapping
with by (1) an arbitrary real constant; the mappings a: R = R and D: Rx I - R
are as described in the Modified Form of Result 2.2; M : I — R is a multiplicative
mapping which is not additive and M(0) =0, M (1) = 1; £: I — R is a logarithmic
mapping.

NOTE 3.2
Since £: I — R is a logarithmic mapping, so 0£(0) = 0 and 0[¢(0)]* = 0.

Proof of Theorem 3.1. Let us pay attention to equation (2.5) in Result 2.3.
We divide our discussion into two cases:

Case 1. 37" Ko(ry) =0on Ty,

In this case, by using Result 2.1, it follows that there exists an additive mapping
b1: R — R such that K5(p) = b1(p) with b1(1) = 0. This form of K3(p) is included
in (a1)(il) when b;(1) = 0.

Case 2. 7" | Ko(ry) does not vanish identically on T,

In this case, there exists a probability distribution (r3,...,r%) € I';, such that
St Ko(rf) # 0. Putting ry, =7}, t=1,...,min (2.5) and using >, Ko(r}) #
0, it follows that

Z 2(wq;) = Ka(z) + M(x Z (3.1)
where M : I — R is defined as
) = [ZKM)] i [Zm(mrr) - Kz(xﬂ (3.2)
t=1 t=1

for all © € I. Since K2(0) = 0 by assumption, it follows from (3.2) that M (0) = 0.
But since we are not assuming that K5(1) = 0, it does not follow from (3.2) that
M(1) = 1. So, the technique adopted on pp. 88-89 in [7] does not work
here. Let us write (3.1) in the form

Z{Kz(x%) — M(2)K2(q;) — g K2(2)} = 0.
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By Result 2.1, there exists a mapping EF: I x R — R, additive in the second
variable such that

Kalwq) — M@)Rao) — aFa(e) = Blsq) = —F(s1). (33)

Putting ¢ = 0 in (3.3) and using K2(0) = 0, E(x;0) = 0 for all z € I, (3.3) gives
E(x;1) =0 for all z € I. So, (3.3) reduces to the equation

Ks(zq) — M(2)K2(q) — qKa(x) = E(z;q) (3.4)

valid for all z € I, ¢ € I. Also from equation (3.4) it follows that E(0;¢) = 0 for
all g € I.

Case 2.1. E(
In this case,

xz;q) =0on I x I.
(3.4) reduces to the equation
K (zq) = M(x)Ka(q) + ¢K>(2) (3.5)

valid for all z € I, ¢ € I. The left hand side of (3.5) is symmetric in = and q.
Hence, so should be its right hand side. This fact gives rise to the equation

[M(z) — z]K2(q) = [M(q) — q|Ka(x) (3.6)

valid for allx € I, g € I.

Consider the case when the mapping x — M (z) —z, « € I, vanishes identically
on I. This means that M(x) = x for all x € I. Making use of this form of
M: I — Rin (3.5), we obtain the equation

Ks(2q) = 2K2(q) + K2 () (3.7)

valid for all € I, ¢ € I. The general solution of (3.7), for all p € I, is Ky(p) =
pl(p), where £: I — R is a logarithmic mapping. Thus, we have obtained (ao)(ii).

Now consider the case when the mapping z — M(z) — z, x € I, does not
vanish identically on I. In this case, there exists an element xy € I such that
[M () — xo] # 0. Putting z = ¢ in (3.6) and using [M(xg) — x0] # 0, we get
Ks(q) = p[M(q)—q] for all g € I, where u = Ko (z0)[M (z0) —z0] . If p = 0, then
Ks(q) = 0 for all ¢ € I. Then Y ;" | Ko(r}) = 0 contradicting > -, Ko(r}) # 0.
Hence p # 0. So

Ks(q) = p[M(q) — 4] (3.8)

for all ¢ € I; i # 0 being an arbitrary real constant. Now, by assumption K5(0) =
0 (see (1.1)). Hence, from (3.8), it follows that M (0) = 0. Also, from (3.5) and
(3.8), it follows that M is multiplicative, that is,

M(zq) = M(z)M(q) (3.9)

for all x € I, ¢ € I. Thus we have to consider only those forms of M which are
multiplicative and satisfy the condition M (0) = 0. Since M (0) = 0, therefore the
possibility of M (z) = 1 is ruled out. Also, [M (zg) —x0] # 0. It follows, from (3.8)
that
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The possibility that o = 0 is ruled out because, in this case, (3.10) gives K5(0) # 0
contradicting the assumption K5(0) = 0.

Now we discuss the case when o = 1. In this case, (3.10) gives K5(1) # 0.
Now, (3.8) gives M (1) # 1. But from (3.9), M (z)[M (1) —1] = 0 holds for all z € I.
Hence M(z) = 0. Consequently, (3.8) gives K2(q) = —pug which is contained in
(a1)(ii) (choose by1(q) = —pg with by (1) = —p).

Now, we have to discuss the case when zy €]0, 1], keeping in mind that K5(0) =
0 (by assumption) and K3(1) = 0 because we have already discussed above the
case when K5(1) # 0. Now, from (3.8), 0 = K(1) = p[M(1) — 1], p # 0. So,
M(1) = 1. Hence, we get (a3)(ii) with M(0) =0 and M (1) = 1.

Now we prove that M: I — R is not additive. To the contrary, suppose
that M: I — R is additive. Then, for all (r1,...,7y) € [y, using (a3)(ii) and
M (1) =1, we have

m

> alr) = (YoM 1) = uh1(1) = 1) =0

t=1

contradicting > ;- Ko(rj) # 0. So, M: I — R is not additive. In particular,
M (q) = q is ruled out because if M(q) = ¢, then Ka(q) = 0 contradicting (3.10).

Case 2.2. E(x;q) does not vanish identically on I x I.

In this case, there exists an element (z*;¢*) € I x I such that E(z*;¢*) # 0.
Since E(z;1) = 0 and E(z;0) = 0 for all x € I; E(0;q) = 0 for all g € I, it follows
that E(z*;1) =0, E(2*;0) = 0 and E(0;¢*) = 0. Hence, we must have z* €]0, 1]
and ¢* €]0,1[. So, (z*;¢*) €]0,1]x ]0,1[. Now we prove that

r=[B(@*;¢")] T H{M (@@ )M (q")Ka(r) + M(z*)E(q*;7) + E(z*; q"r)

~ M(zg" ) Kalr) — Bla*q'ir) 340
holds for all » € I. Using (3.4), we have
Ko((z"q")r) = M(27q") Ka(r) + rM (") K2(q") + rq" Ko (%) (3.12)
+rE(@"q7) + E(zq"r) '
and
Ka(x*(q"r)) = M(z")M(q")Ka(r) + rM (") K2(q") + M (") E(q";7) (3.13)

+ ¢ rKo(z*) + E(x™; ¢*r).

Since Ka((z*¢*)r) = Kao(z*(¢*r)) and E(z*;¢*) # 0, equations (3.12) and (3.13)
give (3.11) for r € I.
Equation (3.11) can be rewritten as
r—[B(*; ¢ [M(@)E(q ;) + E(z";q"r) — E(a*q";r)]

= [E(x*, q*)]_l[M(LB*)M(q*) o M(m*q*)]KQ(T), (3.14)

Putting » = 1 in equation (3.14) and using E(z;1) = 0, we obtain

[M(2")M(q") — M(z"q")]K5(1) = 0 (3.15)
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for some z* €]0,1], ¢* €]0, 1].

Case 2.2.1. M(xz*)M (q*) — M (z*q*) # 0 for some z* €]0,1], ¢* €]0,1].

Then, from equation (3.15), we have K3(1) = 0. Since the left hand side of
equation (3.14) is additive in r, so the right hand side must also be additive in r,
r € I. But, the right hand side of equation (3.14) can not be additive because if
it is so then 0 # Y 1=, Ka(rf) = K»(1) = 0, a contradiction. So, this case is not
possible.

Case 2.2.2.
M(x*)M(q*) — M(z*¢*) =0 (3.15a)

for some z* €]0,1] and for some ¢* €]0,1[. Then, from (3.15), it follows that
K>(1) is an arbitrary real number. Let us put = 1 in equation (3.4). We obtain

Ka(q)[1 = M(1)] = E(1;q) + ¢K>2(1) (3.16)

for all ¢ € 1.

Case 2.2.2.1. 1 — M(1) # 0.

From equation (3.16), we obtain K»(q) = b1(q), where b1: R — R is defined
as bi(g) = [1 = M()]7[E(1;q) + ¢K3(1)]. Since ¢ — E(1;q) and g — gK(1)
are additive mappings, so ¢ — bi(q) is also additive. Now 0 # > 1" Ko(ry) =
Yo bi(ry) = b3, ) = bi(1). Thus bi(1) # 0 and also by(1) = [1 —
M(1)]71K2(1). Hence K2(1) # 0. So, solution («y)(ii) arises when by (1) # 0.

Case 2.2.2.2. 1 — M(1) = 0.

Putting 1 — M(1) = 0 in (3.16), we obtain 0 = E(1;¢q) + ¢K>(1) for all g € I.
Substituting ¢ = 1 in this equation and using the fact that E(1;1) = 0 (because
E(z;1) =0 for all z € I), we obtain K»(1) = 0.

Substituting p1 = I,po = ... =p, =0, 1 = 1,2 = ... = ¢y = 0 in (FE4);
using (1.1) and the fact that K5(1) = 0, we get F»(1) = 0. So, we have F5(0) =0,
K5(0) =0, F»(1) = 0, K2(1) = 0. These are precisely the assumptions which we
made in [7]. Now we make use of the Theorem (p-86) in [7] and take only those
solutions which satisfy (1.1), (1.2) and (3.15a). There is only one such solution,
namely, (a3)(ii) in which M: I — R is multiplicative. Making use of (a3)(ii) in
(3.4) and using the multiplicativity of M: I — R, it follows that E(x;q) = 0 for
all z € I, ¢ € I; contradicting the fact that E(x*;¢*) # 0 (Case 2.2). So, in this
case, we do not get any solution.

So far, we have obtained all possible forms of Ky: I — R mentioned in (ay)
to (a3). Now our task is to find the corresponding forms of F5: I — R needed in
(a1) to (a3).

Making use of (a)(ii) in (FE4), we obtain the equation

SO Fapigg) =Y Falp) + Y Falgy) + elba (1))
i=1 j=1

i=1 j=1
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which can be written in the form

n

DD {Fa(pigy) + clbr (D) pigy}

i=1 j=1

n m (3.17)
= {Fa(p:) + e (DPpi} + D _{Falgy) + clbr (1)]*g5}
i=1 Jj=1
Thus if we define f: I — R as
f(@) = Fy(z) + c[bi (1)]*x (3.18)

for all z € I, then (3.17) reduces to the functional equation (2.1) with f(0) = 0.
Now, from f(0) = 0, (3.18) and (2.2), («1)(i) follows. Similarly, making use of
(a2)(ii) and (a3)(ii) in (FE4) and proceeding as above, we can obtain respectively

(a2)(i) and (as)(i).

NoOTE 3.3
In the solution (aq), if b1(1) # 0, then Fy(1) = —c[b1(1)]? # 0 (because of (2.4))
and Kg(l) = bl(].) # 0.

The above observations reveal that under the conditions stated in the statement
of Theorem 3.1, there are three solutions, namely (a1) to (a3) which satisfy (1.1)

and out of these three solutions, there is one solution namely (ay) (with by (1) # 0),
in which both Fy(1) # 0, K3(1) # 0.

NortE 3.4 ([7])

Let ¢ # 0 be a given real constant and Fp: I — R, K5: I — R be mappings
which satisfy (FE4) for all (p1,...,pn) € T, (q1,---3qm) € Ty n >3, m > 3
be fixed integers. Suppose further that the mappings Fo: I — R and K5: I — R
satisfy (1.1) and (1.2). Then, any general solution (F», K3) of (FE4) is of the
form (oq)(with b1(1) = 0), (a2) and (asz); p # 0 is an arbitrary real constant;
b1: R — R is an additive mapping; the mappings a: R - R, D: R x I — R are
as described in Modified Form of Result 2.2; and the mappings M: I — R and
{: I — R are as described in the statement of Theorem 3.1.

4. On the functional equation (FE3)
In this section, we make use of Theorem 3.1 to prove:

THEOREM 4.1

Suppose the mappings F1: I — R, Ki: I — R satisfy the functional equation
(FE3) for all (p1,...,pn) € Ty, (qh...,qm) € 'y n >3, m > 3 being fizred
integers. Then, any general solution (Fy, K1) of (FE3), for all p € I, is of the
form

{() Fi(p) = Fi(0) — ¢[b1(1)]*p + (nm — n — m) F1(0)p + a(p) + D(p, p)
1

(p) = bi(p) — nK1(0)p + K1(0) (B1)
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{ (i) Fi(p) = F1(0) + (nm —n —m)F1(0)p + 5cp[¢(p)]* + a(p) + D(p, p) (82)
(ii) K1 (p) = pl(p) — nk1 (0)p + 1 (0) ?
{ (i) Fi(p) = F1(0) + (nm — n — m)Fy(0)p + cp?[M (p) — p] + a(p) + D(p, p) (85)

(ii) K1(p) = p[M(p) — p] — nk,(0)p + K, (0) ’

where p # 0 is an arbitrary real constant; by: R — R is an additive mapping with
b1(1) an arbitrary real constant; the mappings a: R — R and D: R x I — R are
as described in the Modified Form of Result 2.2; the mappings M: I — R and
£: I — R are as described in Theorem 3.1.

Proof. Let us define the mappings Fo: I = R and Ky: I — R as
Fy(p) = Fi(p) — (nm —n —m)F1(0)p — F1(0) (4.1)
and
K>(p) = K1(p) + nK1(0)p — K1(0) (4.2)
for all p € I. Then, from (4.1) and (4.2), we have (1.1) and

B(1) = Fi(1) = (n = 1)(m — DF(0), Ka(1) = Ki(1) + (n— DK1(0).  (4.3)

Also, from (FE3), (4.1) and (4.2), the functional equation (FE4) follows for all
(pla s apn) € Fn, (qla teey Q’m) € Fnb; n = 35 m 2> 3a being fixed integers'
From (4.1), (4.2) and (FE4), we obtain

ZZFl (pig;) — (nm —n —m)F1(0) — nmFy(0)

=1 j=1

—ZFl pi) — (nm —n —m)F1(0) — nFy1(0)
+ZF1 (gj) — (nm —n —m)F1(0) — mFi(0)

[ﬁ: 1(pi) +nK1(0)_"K1(0)} X [iKl(qj)+nK1(0)—mK1(o)].

j=1
This gives

m

ZZ 1 (pig) ZFl pi +ZF1 g +CZK1 pi Z

n

+c(n—m)K1(0) ) Ki(ps)

i=1

which is (FE3). So, by Theorem 3.1, the solutions (a4 ) to (ag) follow. The required
solutions (B;) to (B3) follow respectively from solutions (a;) to (a3) by making
use of (4.1) and (4.2). The details are omitted for the sake of brevity.



On a sum form functional equation containing three unknown mappings [79]

5. On the functional equation (FE2)
In this section, by making use of Theorem 4.1, we prove:

THEOREM 5.1
Let F1: 1 - R, K1: I — R and L1: I — R be mappings which satisfy the func-
tional equation (FE2) for all (p1,...,pn) €Th, (@1y---3qm) ETim;n >3, m >3
being fized integers. Then, for allp € I, any general solution (F1, K1, L1) of (FE2)
is of the form

Fi(p) = F1(0) + (nm —n —m)F1(0)p + a(p) + D(p, p)
Ki(p) = Ai(p) + K:1(0) (S1)
L1 an arbitrary real-valued mapping

Fi(p) = F1(0) + (nm —n —m)Fi(0)p + a(p) + D(p, p)
K1 an arbitrary real-valued mapping (S2)
Ly(p) = As(p) + L1(0)
(B1)(0), (B1) (i) and Li(p) = c[b1(p) — nK1(0)p] + As(p) + L1(0) (Ss)
(B2)(1), (B2)(ii) and Ly (p) = c[pl(p) — nK1(0)p] + Az(p) + L1(0) (Ss)

(B3)(i), (B3)(ii) and Li(p) = c{pu[M(p) — p] — nK1(0)p} + As(p) + L1(0) (S5)

where A;: R — R (i = 1,2,3), by: R — R are additive mappings with A;(1) =
—nK1(0), A(1) = —mK,(0), A3(1) = —mL1(0) + cnK1(0); p # 0, ¢ # 0 and
b1(1) are arbitrary real constants; the mappings a: R — R and D: R x I — R
are as described in the Modified Form of Result 2.2; the mappings M : I — R and
{: I — R are as described in Theorem 3.1.

Proof. The functional equation (FE2) has, indeed, two types of general solu-
tions (Fy, K1, L1). The first type of these general solutions (Fy, K1, L) are those
whose first two components F; and K; do not form a general solution (Fy, K7) of
(FE3). There are two such solutions (S7) and (S2). The second type of general
solutions (Fy, K1, L1) are those whose first two components F; and K; do form
a general solution (Fy, K1) of (FE3). There are three such solutions (S3) to (Ss)
and each such solution (Fy, K1, L1) may be written in the form (3, L1(p)), where
B = (B:(i), Be(il)),t = 1,2,3. Both types of these solutions can be obtained by
making use of Result 2.4.

From (2.7), for all (p1,...,p,) € T, Y1y Ki(pi) = 0. So, referring to (FE2),
the mapping L; is arbitrary and also (FE2) reduces to the functional equation

it e Fu(pigy) = 2201 Fi(ps) + 3075, Fi(gy) valid for all (pi,...,pn) € I,
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(q1y---sqm) € T n > 3, m > 3 being fixed integers. By Modified Form of Result
2.2, it follows that

Fi(p) = F1(0) + (nm —n —m)F1(0)p + a(p) + D(p, p) (5.1)

for all p € I. Equation (5.1), together with (2.7), constitute the solution (S7) of
(FE2). Similarly, one can obtain the solution (S2) of (FE2). Now, referring to
(2.9), we have

> Lulay) = ¢ Y- Kalap) + (- m)Es 0)] 6:2)

Making use of (5.2) in (FE2), we get the functional equation (FE3) whose solutions
are (1), (B2) and (B3). Making use of the respective forms of K;(p) appearing in
(81)(ii), (B2)(ii) and (B3)(ii), the corresponding forms of L;(p) can be obtained.
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