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Construction of anA-manifold on a principal torus

bundle

Abstract. We construct a new example of an A-manifold, i.e. a Riemannian
manifold with cyclic-parallel Ricci tensor. This condition can be viewed as
a generalization of the Einstein condition. The underlying manifold for our
construction is a principal torus bundle over a product of Kähler-Einstein
manifolds with fibre a torus of arbitrary dimension.

1. Introduction

In this paper we would like to present a construction of a special kind of
Riemannian manifold called A-manifold.

Definition 1.1
A Riemannian manifold (M, g) is called an A-manifold iff the Ricci tensor ρ of
(M, g) satisfies

∇Xρ(X,X) = 0

for any X ∈ TM . Moreover if the Ricci tensor ρ is not parallel then (M, g) is
called a proper A-manifold.

This condition was first considered by A. Gray in [2] and then it appeared in [1]
where the problem of finding non-homogenous examples with non-parallel Ricci
tensor was given.

Recall that Einstein manifold satisfies the condition that the Ricci tensor is
a constant multiple of the Riemannian metric. It is now easy to see that every
Einstein manifold is an A-manifold. The first example of an A-manifold which is
not Einstein was given in [2]. The first non-homogeneous example was given in
[3]. The main result ([3], Theorem 3.3) can be stated as

Theorem 1.2
On a S1-principal bundle S over a Kähler-Einstein manifold, classified by the Käh-
ler class of the base, with non-vanishing scalar curvature we can construct many
Riemannian metrics gc, parametrized by a positive number c, such that (S, gc) is
an A-manifold. Moreover for some choices of c (P, gc) is a proper A-manifold.
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This article gives a generalization of this theorem and the main result (Theo-
rem 6.1) of the present work can be informally stated as

Theorem 1.3
Given a principal r-torus bundle P over a product of Kähler-Einstein manifolds
Bi, i = 1, . . . ,m, classified by Kähler classes of Bi, with positive first Chern classes
we can construct a Riemannian metric g such that (P, g) is an A-manifold.

Our construction is strongly motivated by [8] where authors prove the existence
of Einstein metrics with positive scalar curvature on principal torus bundles. Also
in [7] authors construct a principal torus bundle with total space being an A-
manifold but their construction is different and they obtain only examples with
two eigenvalues of the Ricci tensor where in the present paper we give examples
with any number of eigenvalues.

2. Preliminaries

We introduce some notational conventions used along the work. Let M , P , B
be smooth differential manifolds and k ∈ Z.

• Ak(M) – set of differential k-forms on M .

• If p : P → B is a fibre bundle we will refer to it by writing only P for brevity.

• For a (1, 1)-tensor field S denote by ∇S(X,Y ) the covariant derivative
∇XS(Y ).

• [X,Y ] denotes the Lie bracket of two vector fields.

In the rest of this section we prove a theorem which will help us to construct
some A-manifolds in the last section of this work.

Let (M, g) be a Riemannian manifold and t∗ = {ξ1, . . . , ξk} be a set of linearly
independent Killing vector fields on M such that g(ξi, ξj) = const, [ξi, ξj ] = 0 and
t∗ gives a decomposition of TM into distribution spanned by t∗ and its orthogonal
complement. Define TiX = ∇Xξi, i = 1, . . . , k.

Lemma 2.1
Tensor Ti satisfies, for i, j = 1, . . . , k,

Tiξ
j = 0, LξiTj = 0.

Proof. For any ξi, ξj ∈ t∗ we have g(ξi, ξj) = const, hence for any X ∈ TM
we have X(g(ξi, ξj)) = 0 and

0 = g(∇Xξi, ξj) + g(ξi,∇Xξj) = −g(X,∇ξjξi)− g(∇ξiξj , X).

Since [ξi, ξj ] = 0 we have ∇ξiξj = ∇ξjξi. This ends the proof of the first equality.
As for the second, recall that for any Killing vector field X on M and any

vector fields Y , Z we have

LX(∇Y Z) = ∇LXY Z +∇Y (LXZ).
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Hence, for any vector field X we have

(LξiTj)X = Lξi(TjX)− Tj(LξiX) = ∇(LξiX)ξ
j +∇X([ξi, ξj ])− Tj(LξiX) = 0.

We can state a lemma and a corollary that will be of use in what will follow.

Lemma 2.2
With the notation from above we have

R(X, ξi)Y = ∇Ti(X,Y ), ∇Ti(X, ξj) = −Ti(TjX),

where R is the curvature tensor of (M, g) and X,Y ∈ TM .

Proof. The proof consists in rewriting the analogous proof from [3] for k Killing
fields. Recall, that for any Killing vector field ξ we have

R(X, ξ) = ∇X(∇ξ).

Hence we have nothing to prove as

R(X, ξi)Y = ∇XTi(Y ).

Since Tiξj = 0 for i, j = 1, . . . , k we have ∇XTi(ξj) + Ti(∇Xξj) = 0 and there is
also nothing to prove.

Corollary 2.3
We have

ρ(ξi, X) = −g(X, trg∇Ti),
for ξi from above and any X ∈ TM .

We will now prove a theorem which states certain conditions for a Rieman-
nian manifold to be an A-manifold. In the proof we use an equivalent condition
characterizing A-manifolds ([2], [3]):

g(∇Ric(X,Y ), Z) + g(∇Ric(Y,Z), X) + g(∇Ric(Z,X), Y ) = 0 (1)

for all vector fields X, Y , Z, where the Ricci endomorphism Ric is defined by
g(RicX,Y ) = ρ(X,Y ).

Theorem 2.4
Let (M, g) be as in Lemma 2.1 and Ric the Ricci endomorphism. Assume that
µ ∈ R is an eigenvalue of Ric and define H = ker(Ric−µId). Furthermore,
assume that the orthogonal complement H⊥ of H with respect to g is generated
by t∗ and for every i, j = 1, . . . , k we have ρ(ξi, ξj) = const. Then (M, g) is an
A-manifold.

Proof. Observe first that if X ∈ TM , Y ∈ H and ξi ∈ t∗ then we have

RicY = µY, ∇Ric(X,Y ) = −(Ric−µId)(∇XY ), Ric ξi =

k∑
j=1

cijξ
j

for some constants cij , i, j = 1, . . . , k.
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We will now check the condition (1) for different choices of vector fields. First
assume, that X,Y, Z ∈ H. Then

g(∇Ric(X,Y ), Z) = g(−(Ric−µId)(∇XY ), Z) = 0,

where we use the fact that Z ∈ H.
Now assume, that X,Y ∈ H and Z ∈ H⊥. We can additionally assume that

Z = ξi ∈ t∗, hence it is Killing. We have g(∇Ric(Y, Z), X) = g(∇Ric(Y,X), Z)
and

g(∇Ric(Z,X), Y ) = g(−(Ric−µId)(∇ZX), Y ) = 0,

so remaining components in the cyclic sum (1) are

g(∇Ric(X,Y ), Z) + g(∇Ric(Y,X), Z)

= g(−(Ric−µId)(∇XY ), Z) + g(−(Ric−µId)(∇YX), Z)

= µ(g(∇XY,Z) + g(∇YX,Z))−
(
g

(
∇XY,

k∑
j=1

cijξ
j

)
+ g

(
∇YX,

k∑
j=1

cijξ
j

))

= −µ(g(Y,∇XZ) + g(X,∇Y Z)) +

k∑
j=1

cij(g(Y,∇Xξj) + g(X,∇Y ξj))

= 0,

because X, Y are perpendicular to every ξj and ξj are Killing, j = 1, . . . , k.
Now let X = ξi, Y = ξj and Z ∈ TM . We have

g(∇Ric(X,Y ), Z) = g(∇X(RicY ), Z)− g(Ric(∇XY ), Z)

=

k∑
l=1

cjl g(TlX,Z)−
k∑
l=1

cjl g(TlX,RicZ)

= 0

by Lemma 2.1. The same argument is valid for g(∇Ric(Y, Z), X) because of the
symmetry of ∇Ric. For the last summand of the cyclic sum we have

g(∇Ric(Z,X), Y ) = g(∇Z(RicX), Y )− g(Ric(∇ZX), Y )

=

k∑
l=1

cilg(∇Zξl, Y )−
k∑
l=1

cjl g(∇ZX, ξl)

= −
k∑
l=1

cilg(Z, TlY ) +

k∑
l=1

cjl g(Z, Tiξ
l)

= 0

again by Lemma 2.1. This proves the vanishing of the cyclic sum for Z ∈ H and
Z ∈ t∗ and finishes the proof.

3. Principal torus bundles

Let (B, h) be a Kähler-Einstein manifold of real dimension n. We will first
recall some facts about principal S1-bundles. If p : S → B is a principal circle
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bundle, then denote by θ ∈ A1(S) its connection form and by ξ its fundamental
vector field, i.e. θ(ξ) = 1. Thanks to the fact that the Lie algebra of S1 is the
real line R this connection form is a real-valued differential form on S. Denote
by Ω = dθ the curvature form of S. Since Ω is projectable, there exists a closed
2-form ω on B, such that Ω = p∗ω.

For some positive function f on B we can define a metric on S by

gf (X,Y ) = f2θ(X)θ(Y ) + p∗h(X,Y ),

where p∗ denotes the pullback map induced by p.
With this metric the map p : (S, gf ) → (B, h) becomes a Riemannian sub-

mersion with totally umbilic fibres. Moreover, assume that f is a constant and
ω = − τ

nη, where τ is the scalar curvature of (B, h) and η is the pullback of the
Kähler form. Then (S, gf ) becomes an A-manifold (see [3] for details).

Let p : P → B be the Whitney sum of principal S1-bundles P1,. . . , Pr. Then P
is a T r-principal bundle, where T r is a r-dimensional torus. The connection form
of P is a differential form with values in the Lie algebra L(T r) of T r, namely Rr.
Components θ1, . . . , θr of this connection form are pullbacks of connection forms
on P1, . . . , Pr. With this comes r fundamental fields ξ1, . . . , ξr which are pullbacks
of the fundamental fields on P1, . . . , Pr.

Similarly we can write the curvature form Ω of P as Ω1e1 + . . .+Ωrer ∈ L(T r),
where Ωi is the curvature form of the S1 bundle Pi and e1, . . . , er are basis vectors
for Rr. Hence, there exists r closed 2-forms ωi on B such that Ωi = p∗iωi. Pulling
(ω1, . . . , ωr) back along the diagonal map, we get a single 2-form ω on B such that
Ω = p∗ω.

We now introduce a metric on P which will make p : P → B a Riemannian
submersion

g(X,Y ) =

r∑
i,j=1

bijθ
i(X)θj(Y ) + p∗h(X,Y ),

where [bij ]
r
i,j=1 is a positive definite symmetric matrix. This matrix induces a left-

invariant metric on T r.

Proposition 3.1
In the above situation ξ1, . . . , ξr are Killing vector fields with respect to the met-
ric g.

Proof. Let ξk be one of vector fields defined above as pullbacks of fundamental
fields on Pk. First observe, that the Lie derivative Lξkg depends only on the Lie
derivatives of θl with respect to ξk

Lξkg =

r∑
i,j=1

bij(Lξk(θj)⊗ θi) + θj ⊗ Lξk(θi)).

As Lξkθk = 0 only non-vanishing parts of the above derivative are

Lξkθ
l = d(iξkθ

l) + iξkdθ
l, l 6= k.
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Since θl(ξk) = 0 we only have to check values of the 1-form dθl(ξk, X) for any X
in TP . We have

dθl(ξk, X) = ξk(θl(X))−X(θl(ξk))− θl([ξk, X]),

where the second term is immediately zero.
Assume first, that X belongs to the horizontal distribution of the connection on

P . Then θl(X) = 0 and [ξk, X] is a horizontal vector field, as ξk is a fundamental
vector field. Hence the right hand side vanishes.

Next, assume that X is vertical. As dθl is C∞(P )-multilinear we can assume
that X is just a linear combination of ξ1, . . . , ξr. Hence θl(X) is constant and the
differential vanishes. The Poisson bracket [ξk, X] also vanishes as T r is abelian.
This finishes the proof.

As a corollary of Lemma 2.1 we get a property of tensors Ti, i = 1, . . . , r.

Corollary 3.2
The tensor Ti is horizontal, i.e. there exist a tensor T̃i on B such that T̃i ◦ p∗ =
p∗ ◦ Ti.

4. O'Neill fundamental tensors

We would like to compute the O’Neill tensor (see [6]) A of the Riemannian
submersion p : P → B. First observe that fibres are totally geodesic, hence the
O’Neill tensor T is zero.

Proposition 4.1
The vertical distribution of the Riemannian submersion p : P → B is totally
geodesic.

Proof. We have to check that g(∇UV,X) = 0 for all vertical vector fields U ,
V and any horizontal vector field X. Since we are interested only in horizontal
part of ∇UV we can assume that U = ξj , V = ξi, where i, j ∈ {1, . . . , r}, since
∇(U, V ) = ∇UV is tensorial in the first variable and

∇U (fV ) = df(U)V +∇UV

for any smooth function f .
From Tjξ

i = 0 we get for any horizontal field X

2g(∇ξiξj , X) = 0,

since the Poisson bracket of any fundamental and vertical vector field is horizontal.

Now we proceed to the O’Neill tensor A.

Lemma 4.2
For any vector fields E, F on P we have

AEF =

r∑
i,j=1

bij(g(E, TiF )ξj + g(ξi, F )TjE),
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where bij are coefficients of the inverse matrix of [bij ]
r
i,j=1.

Proof. From [6] we have

AEF = V∇HEHF +H∇HEVF,

where V and H denote the vertical and the horizontal part of a vector field respec-
tively.

For any horizontal vector fields X, Y we have

g(∇XY, ξi) = Xg(Y, ξi)− g(Y,∇Xξi) = g(X,TiY )

for i = 1, . . . , r.
The vertical part of any vector field F is given by

VF =

r∑
i,j=1

bijg(ξi, F )ξj .

Hence

g(HE, TkHF ) = g

(
E −

r∑
i,j=1

bijg(ξi, E)ξj , Tk

(
F −

r∑
i,j=1

bijg(ξi, F )ξj
))

= g(E, TkF ).

Combining all of above formulae we get

V∇HEHF =

r∑
i,j=1

bijg(E, TiF )ξj .

To compute the second summand of the O’Neill tensor A we observe, that for
any function f and any E ∈ TP we have H∇Efξi = Hf∇Eξi for i = 1, . . . , r.
Then

H∇HEVF = H∇E−∑r
i,j=1 b

ijg(ξi,F )ξj

r∑
i,j=1

bijg(ξi, F )ξj =

r∑
i,j=1

bijg(ξi, F )TjE.

5. Conditions for P to be anA-manifold

We will check under what conditions a principal T r-bundle P with some Rie-
mannian metric g satisfies assumptions of Theorem 2.4. An example of a Rie-
mannian manifold satisfying those conditions will be given in the next section.
The distribution H from the theorem will be the horizontal distribution of the
submersion.

The first condition we will reinterpret is ρ(X,V ) = 0 for X ∈ H and V in its
orthogonal complement. From Corollary 2.3 we get

0 = ρ(ξi, X) = −g(X, trg∇Ti), i = 1, . . . , r.
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Recall, that for i = 1, . . . , r we have Ωi = p∗ωi, where ωi is a 2-form on B and
Ωi = dθi. We obtain an explicit formula for θi. First observe that for any X ∈ TP

g(ξk, X) =

r∑
j=1

bkjθ
j(X), k = 1, . . . , r.

If we solve this for θj we get

θj(X) =

r∑
i=1

bjig(ξi, X), j = 1, . . . , r,

where bji are the coefficients of the inverse matrix of [bji]
r
i,j=1. Taking the differ-

ential we get

Ωi(X,Y ) = dθi(X,Y ) = 2

r∑
j=1

bijg(TjX,Y ),

where X,Y ∈ TP . As Ti are horizontal for i = 1, . . . , r we get

ωi(p∗X, p∗Y ) = 2

r∑
j=1

bijh(T̃j(p∗X), p∗Y ), (2)

where T̃i were defined in Lemma 2.1. The co-differential of ωi is given by

(δωi)(p∗X) = −
m∑
k=1

(∇hEkω
i)(Ek, p∗X),

where {Ek}mk=1 is some orthonormal basis of B. Hence

(δωi)(p∗X) = −2

r∑
j=1

bijh(trh∇hT̃j , p∗X), i = 1, . . . , r.

By a straightforward computation we get for every i = 1, . . . , r

h(p∗X, trh∇hT̃i) =

m∑
k=1

(h(p∗X,∇hEk(T̃iEk))− h(p∗X, T̃i(∇hEkEk)))

=

m∑
k=1

(g(X,∇Xk(TiXk))− g(X,Ti(∇XkXk))

= g(X, trg∇Ti).

We easily see, that if the condition ρ(V,X) = 0 is satisfied, then ωi is harmonic
for i = 1, . . . , r. Moreover, from equations for co-differentials of ωi we see that
if all ωi, i = 1, . . . , r, are harmonic then from non-singularity of the matrix [bij ]

we get that h(trh∇hT̃1, p∗X) = . . . = h(trh∇hT̃r, p∗X) = 0. This means that
g(X, trg∇Ti) = 0, i = 1, . . . , r. Hence the condition ρ(V,X) = 0 is satisfied iff

ωi are harmonic for every i ∈ {1, . . . , r}. (3)
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Remark 5.1
Observe that this is the Yang-Mills condition for the principal connection θ of the
bundle P .

The next condition is ρ(ξi, ξj) = const for ξi as above. We reformulate it as
following. Again using Corollary 2.3 we have ρ(ξi, ξj) = −g(ξj , trg∇Ti), i, j ∈
{1, . . . , r}. This means that

−g(ξj , trg∇Ti) = const.

But for any orthonormal basis {Xk}mk=1 of the horizontal distribution H and i ∈
{1, . . . , r} we have trg∇Ti =

∑m
k=1 (∇Ti)(Xk, Xk), so for j = 1, . . . , r we get

g(ξj , trg∇Ti) = −
m∑
k=1

g(∇Ti(Xk, ξ
j), Xk).

As ∇Ti(Xk, ξ
j) = −TiTjXk we have

m∑
k=1

g(TjXk, TiXk) = const, i, j ∈ {1, . . . , r}

and from the fact that Ti is horizontal for i = 1, . . . , r we get

m∑
k=1

h(T̃j(Xk)∗, T̃i(Xk)∗) = const, i, j ∈ {1, . . . , r}, (4)

where X∗ is the projection of the vector field X from M to B. It follows that we
can find a basis {ζ1, . . . , ζr} of the vertical distribution such that Ric ζi = λiζ

i,
where λi ∈ R and i = 1, . . . , r.

Now we consider the equivalent condition for

ρ(X,Y ) = µg(X,Y ),

where X and Y are in H.
First let us recall that the tensor A for two horizontal vector fields X and Y is

given by

AXY =

r∑
i,j=1

bijg(X,TiY )ξj .

We use the formula for the Ricci tensor ρ of the total space of Riemannian sub-
mersion from [1]:

ρ(X,Y ) = ρ̌(X,Y )− 2

m∑
k=1

g(AXXk, AYXk),

where ρ̌ is the horizontal symmetric 2-tensor given by

ρ̌(X,Y ) = ρB(p∗X, p∗Y )
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and ρB is the Ricci tensor of B. We can rewrite this as

ρ(X,Y ) = ρ̌(X,Y )− 2

m∑
k=1

g

( r∑
i,j=1

bijg(X,TiXk)ξj ,

r∑
s,t=1

bstg(Y, TsXk)ξt
)

= ρ̌(X,Y )− 2

m∑
k=1

g

( r∑
i,j=1

bijg(TiX,Xk)ξj ,

r∑
s,t=1

bstg(TsY,Xk)ξt
)

= ρ̌(X,Y )− 2

m∑
k=1

r∑
i,j=1

bij
r∑

s,t=1

bstbjtg(TiX,Xk)g(TsY,Xk)

= ρ̌(X,Y )− 2

m∑
k=1

r∑
i,j=1

bijg(TiX, g(TjY,Xk)Xk)

= ρ̌(X,Y )− 2

r∑
i,j=1

bijg(TiX,TjY ).

As ρ is symmetric it is determined by its values on the diagonal

ρ(X,X) = ρ̌(X,X)− 2

r∑
i,j=1

bijg(TiX,TjX). (5)

Fortunately we can express this condition in terms of the metric on the base B as
ρ̌ and Ti are horizontal for i = 1, . . . , r.

6. Construction of an example over Kähler-Einstein base

In this section we will construct anA-manifold on a torus bundle over a product
of Kähler-Einstein manifolds. We will follow [3] and [8].

Let (B, gB) be a compact Kähler manifold with positive definite Ricci tensor.
By a theorem of S. Kobayashi ([4]) it is simply connected. Moreover, by another
theorem from the same work if B has positive first Chern class then H1(B;Z) = 0.
Hence if B is Kähler-Einstein with positive scalar curvature the above holds true.
From the Universal Coefficient Theorem for Cohomology we get that H2(B;Z) has
no torsion. Then we can write the first Chern class c1(B) as an integer multiple
of some indivisible class α ∈ H2(B;Z), say c1(B) = qα, q ∈ Z+ \ {0}. We can
normalize the Kähler metric gB so that the cohomology class of ωB is the same as
that of 2πα which is equivalent to choosing the Einstein constant to be equal to q.

By another theorem of Kobayashi ([5]) every principal S1-bundle S over a Rie-
mannian manifold (B, gB) is classified by a cohomology class in H2(B;Z). In
fact this class is just the Euler class e(S) of S. Hence every principal T r-bundle
p : P → B is classified by r cohomology classes β1, . . . , βr in H2(B;Z). Those
classes can be described as Euler classes of the quotient principal S1-bundle P/Si
over B, where Si is the sub-torus of T r with the i-th S1 factor deleted in the
canonical decomposition T r = S1 × . . . × S1, where we take the r-fold product
of S1.
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Theorem 6.1
Let (Bj , gj) be compact Kähler-Einstein manifolds with c1(Bj) > 0 for j = 1, . . . ,m
and define a Kähler manifold B = B1 × . . . × Bm with metric h =

∑m
j=1 xjgj,

where xj are some positive constants to be chosen in the course of the proof. Let
p : P → B be a principal T r bundle characterised by βi =

∑m
j=1 aijpr

∗
jαj for

i = 1, . . . , r, where for every j ∈ {1, . . . ,m} the map prj : B → Bj is the projection
on the j-th factor, αj is the indivisible class in H2(Bj ;Z) such that c1(Bj) = qjαj
for qj ∈ Z+ \ {0} and [aij ] is a r × m matrix with integer coefficients. Then P
with a metric defined by

g(X,Y ) =

r∑
i,j=1

bijθ
i(X)θj(Y ) + p∗h(X,Y ),

is an A-manifold, where θi are as before and [bij ] is some positive, symmetric and
non-singular matrix of dimension r × r.

Proof. We assume that i = 1, . . . , r and j = 1, . . . ,m along the proof. More-
over, we normalize each metric gj so that the Kähler form ηj of gj is in the coho-
mology class of 2παj , i.e. we rescale the metric so that each Einstein’s constant is
equal to qj .

Let Pi be the principal S1-bundle over B determined by βi. From Theo-
rem 1.4 [8] we know, that there exist a connection form θi on Pi such that

dθi =

m∑
k=1

aikp
∗η∗k,

where η∗j = pr∗j ηj . Since a Kähler form on a Kähler manifold is harmonic we see
that the condition (3) is satisfied.

Let P be the principal T r bundle obtained as the Whitney sum of P1, . . . , Pr.
We know that θ1, . . . , θr are components of the principal connection on P and
Ωi = dθi is the i-th component of the curvature form on P . Recall that we have
Ωi = p∗ωi for some 2-form on B. Comparing the above formula and (2) for each
i we have

m∑
k=1

aikη
∗
k(X,Y ) = 2

r∑
l=1

bilh(T̃l(X), Y ),

where X,Y ∈ TB. Because h is the product metric, the complex structure tensor
Jj is an endomorphism of TBj and since TB = TB1 ⊕ . . . ⊕ TBm the pull-back
J∗j of Jj by prj preserves TBj . Hence we can write η∗j (X,Y ) = 1

xj
h(J∗jX,Y ). We

can now define T̃i with the following formula

T̃i =
1

2

r∑
k=1

bik

( m∑
l=1

1

xl
aklJ

∗
l

)
.

Since
∑r
k=1 bikakl are just coefficients of the product of [bik] and [aij ] which we

denote by cil we can write the above formula as

T̃i =
1

2

m∑
l=1

1

xl
cilJ

∗
l .
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We have to determine what conditions have to be imposed on xj for (P, g) to be
an A-manifold. Let us denote by {Xj} some orthonormal basis of B such that
{Xj

l }
nj
l=1 is an orthogonal basis of Bj , where nj is the real dimension of Bj . For

any i, l ∈ {1, . . . , r} we have

m∑
k=1

h(T̃iXk, T̃lXk) =
1

4

m∑
k=1

h

( m∑
p=1

1

xp
cipJ

∗
pXk,

m∑
s=1

1

xs
clsJ

∗
sXk

)

=
1

4

m∑
k=1

m∑
p=1

cipclp
x2p

h(J∗pXk, J
∗
pXk),

where the last equality follows from the above discussion of tensor Jj . We can
descend further to metrics on Bj :

m∑
k=1

h(T̃iXk, T̃lXk) =
1

4

m∑
j=1

m∑
p=1

nj∑
k=1

cipclp
xp

gj(JpXk, JpXk)

=
1

4

m∑
j=1

m∑
p=1

cipclp
x2p

nj

and we see that the condition (4) is satisfied.
Let us look at the equation (5) defining the other eigenvalue.

ρ(X∗, X∗) = ρ̌(X∗, X∗)− 2

r∑
i,k=1

bikg(TiX
∗, TkX

∗)

= ρB(X,X)− 2

r∑
i,k=1

bikh(T̃iX, T̃kX)

= ρB(X,X)− 1

2

r∑
i,k=1

bik
( m∑
p=1

1

x2p
cipckph(J∗pX, J

∗
pX)

)
.

Assuming that X is an element of the local orthonormal frame on Bj we get m
equations

µ =
qj
xj
− 1

2

r∑
i,k=1

bikcijckj
x2j

, j = 1, . . . ,m. (6)

It is now easy to see that we can choose coefficients xj so that above equations
are satisfied for any aik, where k ∈ {1, . . . ,m}, and bip, where p ∈ {1, . . . , r}.
One solution can be obtained if we take xs = αsx1 for some αs > 0, where
s ∈ {2, . . . ,m}. In this case we have m− 1 equations

αsq1 − qs
αsx1

=
1

2

r∑
i,k=1

α2
sb
ikck1ci1 − bikckscis

α2
sx

2
1

, (7)

or
qs
αs

= q1 (8)
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if the sum in the right-hand side of (6) is zero. In the second case we just need to
take αs = qs

q1
for s = 2, . . . ,m. Equations (7) are equivalent to

αsx1 =
1

2

r∑
i,k=1

α2
sb
ikck1ci1 − bikckscis
αsq1 − qs

,

where s = 2, . . . ,m. Hence the positive solution exists iff the following equation
has a positive solution(

2q1x1 −
r∑

i,k=1

bikck1ci1

)
α2
s − 2αsqsx1 +

r∑
i,k=1

bikckscis = 0. (9)

This equation has exactly two solutions precisely when the following inequality
holds

q2sx
2
1 −

(
2q1x1 −

r∑
i,k=1

bikck1ci1

)( r∑
i,k=1

bikckscis

)
> 0.

We see that if we choose x1 big enough then this inequality is satisfied. Moreover,
from Viete’s formulae we have that the two solutions α′s and α′′s satisfy

α′s + α′′s =
2qsx1

2q1x1 −
∑r
i,k=1 b

ikck1ci1
.

Again if we choose big x1 we see that this sum is positive, hence at least one
solution of (9) is positive. Concluding, for big enough x1 the system (7) has
a positive solution.

We see that the assumptions of the Theorem 2.4 are satisfied, hence (P, g) is
an A-manifold.

Remark 6.2
Under further constraints we can observe that some of our A-manifolds are proper.
Consider the above construction on T r-principal bundle with matrix [aij ] of rank r.
Now observe that ∇Ric = 0 implies ∇ηi = 0, where ηi is an eigenvector of the
Ricci tensor corresponding to the eigenvalue λi on the vertical distribution. Indeed
let X be in the horizontal distribution. Then

0 = ∇X Ric(ηi) = −(Ric−λi)∇Xηi,

which means that ∇Xηi is in the vertical distribution, specifically in the eigendis-
tribution corresponding to the eigenvalue λi. Since ηi is a linear combination of
ξj ’s with constant coefficients, ∇Xηi is horizontal. Hence it is zero.

From the fact that ηi =
∑r
p=1 e

i
pξ
p and eip being all constants we see that

∇Xηi = 0 iff
∑r
p=1 e

i
p∇Xξp = 0. We show that ∇Xξp’s are linearly independent

for p = 1, . . . , r and any horizontal vector field X which is a contradiction with ηi
being non-zero.

Suppose that for some functions b1, . . . , br and horizontal vector field X we
have

b1∇Xξ1 + . . .+ br∇Xξr = 0. (10)
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Recall that in the setting from the above theorem

∇Xξp =
1

2

m∑
l=1

cpl
xl
J̃∗l X,

where J̃∗l is a tensor field obtained from lifting the complex structure tensor field
Jl of the Kähler manifold Ml to P . Now equation (10) becomes

m∑
l=1

r∑
p=1

(
bp
cpl
xl

)
J̃∗l X = 0.

If we take X to be some element El of the orthonormal basis of Ml then for each
l = 1, . . . ,m we get

r∑
p=1

bp
cpl
xl
J̃∗l El = 0

and this is equivalent to
∑r
p=1 bpcpl = 0 for each l. We can write this in the matrix

form as CT b = 0, where CT is the transposed matrix of C = [cij ] and b is the
column vector [b1, . . . , br]

T . Recall that C = BA, where B is the matrix of the
metric on torus T r and A = [aij ], as defined in the above theorem, is of rank r,
hence C is of rank r. Now we can see that CT b = 0 iff b = 0 and it follows that
∇ξ1, . . . ,∇ξr are linearly independent, which is a contradiction with ∇ηi = 0 for
any i = 1, . . . , r.
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