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Construction of an .A-manifold on a principal torus
bundle

Abstract. We construct a new example of an A-manifold, i.e. a Riemannian
manifold with cyclic-parallel Ricci tensor. This condition can be viewed as
a generalization of the Einstein condition. The underlying manifold for our
construction is a principal torus bundle over a product of Kéahler-Einstein
manifolds with fibre a torus of arbitrary dimension.

1. Introduction

In this paper we would like to present a construction of a special kind of
Riemannian manifold called A-manifold.

DEFINITION 1.1
A Riemannian manifold (M, g) is called an A-manifold iff the Ricci tensor p of
(M, g) satisfies

Vp(X, X) =0

for any X € TM. Moreover if the Ricci tensor p is not parallel then (M,g) is
called a proper A-manifold.

This condition was first considered by A. Gray in [2] and then it appeared in [1]
where the problem of finding non-homogenous examples with non-parallel Ricci
tensor was given.

Recall that Einstein manifold satisfies the condition that the Ricci tensor is
a constant multiple of the Riemannian metric. It is now easy to see that every
Einstein manifold is an A-manifold. The first example of an A-manifold which is
not Einstein was given in [2]. The first non-homogeneous example was given in
[3]. The main result ([3], Theorem 3.3) can be stated as

THEOREM 1.2

On a St-principal bundle S over a Kdihler-Einstein manifold, classified by the Kdih-
ler class of the base, with non-vanishing scalar curvature we can construct many
Riemannian metrics g., parametrized by a positive number ¢, such that (S, g.) is
an A-manifold. Moreover for some choices of ¢ (P, g.) is a proper A-manifold.
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This article gives a generalization of this theorem and the main result (Theo-
rem 6.1) of the present work can be informally stated as

THEOREM 1.3

Given a principal r-torus bundle P over a product of Kdhler-FEinstein manifolds
B, i =1,...,m, classified by Kdahler classes of B;, with positive first Chern classes
we can construct a Riemannian metric g such that (P, g) is an A-manifold.

Our construction is strongly motivated by [8] where authors prove the existence
of Einstein metrics with positive scalar curvature on principal torus bundles. Also
in [7] authors construct a principal torus bundle with total space being an A-
manifold but their construction is different and they obtain only examples with
two eigenvalues of the Ricci tensor where in the present paper we give examples
with any number of eigenvalues.

2. Preliminaries

We introduce some notational conventions used along the work. Let M, P, B
be smooth differential manifolds and k € Z.

o A*(M) - set of differential k-forms on M.
e If p: P — B is a fibre bundle we will refer to it by writing only P for brevity.

e For a (1,1)-tensor field S denote by VS(X,Y) the covariant derivative
VxS(Y).
e [X,Y] denotes the Lie bracket of two vector fields.
In the rest of this section we prove a theorem which will help us to construct
some A-manifolds in the last section of this work.
Let (M, g) be a Riemannian manifold and t* = {¢!,...,¢%} be a set of linearly
independent Killing vector fields on M such that g(¢%,£7) = const, [£%,£7] = 0 and

t* gives a decomposition of T'M into distribution spanned by t* and its orthogonal
complement. Define ;X =Vx&, i=1,... k.

LEMMA 2.1
Tensor T; satisfies, fori,j =1,...k,

T,¢ =0,  LaTj;=0.

Proof. For any £%,&7 € t* we have g(£%,¢7) = const, hence for any X € TM
we have X (g(£%,¢7)) = 0 and

0= g(ngi’gj) +g(§iaVX£j) = _g(X’ V@fl) - g(v§i€j7X)'

Since [£%,&7] = 0 we have Vi&/ = V¢; €', This ends the proof of the first equality.
As for the second, recall that for any Killing vector field X on M and any
vector fields Y, Z we have

Lx(VyZ)=VivZ+Vy(LxZ).
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Hence, for any vector field X we have
(LeTy)X = Lei (T;X) = Tj(Le X) = V1, )8 + Vx ([€',€']) = Tj(Lei X) = 0.
We can state a lemma and a corollary that will be of use in what will follow.

LEMMA 2.2
With the notation from above we have

R(X7£1)YZVT1(X,Y)7 vﬂ(Xagj) = _Ti(TjX)7
where R is the curvature tensor of (M, g) and X, Y € TM.

Proof. The proof consists in rewriting the analogous proof from [3] for & Killing
fields. Recall, that for any Killing vector field £ we have

R(X,§) = Vx(VE).
Hence we have nothing to prove as
R(X, €)Y = VxTy(Y).
Since T3¢9 = 0 for 4,5 = 1,...,k we have VxT;(¢7) + T;(Vx&/) = 0 and there is

also nothing to prove.
COROLLARY 2.3
We have
p(§Z7 X) = _g(Xa tr!] VTIZ),
for £ from above and any X € TM.
We will now prove a theorem which states certain conditions for a Rieman-

nian manifold to be an A-manifold. In the proof we use an equivalent condition
characterizing .A-manifolds ([2], [3]):

g(VRic(X,Y), Z) + g(VRic(Y, Z), X) + g(V Ric(Z, X),Y) = 0 (1)

for all vector fields X, Y, Z, where the Ricci endomorphism Ric is defined by
g(Ric X,Y) = p(X,Y).

THEOREM 2.4

Let (M,g) be as in Lemma 2.1 and Ric the Ricci endomorphism. Assume that
p € R is an eigenvalue of Ric and define H = ker(Ric —uld). Furthermore,
assume that the orthogonal complement HY of H with respect to g is generated
by t* and for every i,j = 1,...,k we have p(£,&7) = const. Then (M,g) is an
A-manifold.

Proof. Observe first that if X € TM,Y € H and £ € t* then we have
k
RicY =pY,  VRic(X,Y) = —(Ric—puld)(VxY),  Ricg =) ci¢f
j=1

for some constants ¢ i, =1,... k.
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We will now check the condition (1) for different choices of vector fields. First
assume, that X,Y,Z € H. Then
g(VRic(X,Y), Z) = g(—(Ric —uld)(VxY), Z) =0,

where we use the fact that Z € H.

Now assume, that X,Y € H and Z € H*. We can additionally assume that
Z = £ € t*, hence it is Killing. We have g(V Ric(Y, Z), X) = g(VRic(Y, X), Z)
and

g(VRic(Z, X),Y) = g(—(Ric —uld)(V 2 X),Y) =0,

so remaining components in the cyclic sum (1) are
g(VRic(X,Y), Z) + g(VRic(Y, X), Z)

— g(~(Ric —uld)(VxY), Z) + g(—(Ric —uld)(Vy X), 2)

w(g(VxY, Z)+ g(Vy X, Z)) — (g<VXY,Zk:c§£j) +g(VyX,§;C§§j)>

k
—1(g(Y,VxZ) + g(X,VyZ)) Z 9(Y, Vx&) +g(X,Vy¢))

=0,

because X, Y are perpendicular to every & and &7 are Killing, j = 1,...,k.
Now let X =¢%Y = ¢/ and Z € TM. We have

g(VRic(X,Y),Z) = g(Vx(RicY), Z) — g(Ric(VxY), Z)

9(TiX, Z) Zc’g (T1 X, Ric Z)
=1

HM»

by Lemma 2.1. The same argument is valid for g(V Ric(Y, Z), X) because of the
symmetry of V Ric. For the last summand of the cyclic sum we have

g(VRic(Z,X),Y) =g(Vz(Ric X),Y) — g(Ric(VzX),Y)

k k
Z (V2E,Y) = dg(VzX.¢)
=1 =1
=— Z cig(Z,TiY) + Y dg(2,T:)
=1 =1
=0

again by Lemma 2.1. This proves the vanishing of the cyclic sum for Z € H and
Z € t* and finishes the proof.

3. Principal torus bundles

Let (B, h) be a Kahler-Einstein manifold of real dimension n. We will first
recall some facts about principal S'-bundles. If p: S — B is a principal circle



Construction of an .A-manifold on a principal torus bundle [9]

bundle, then denote by 6 € A'(S) its connection form and by ¢ its fundamental
vector field, i.e. §(¢) = 1. Thanks to the fact that the Lie algebra of S! is the
real line R this connection form is a real-valued differential form on S. Denote
by © = df the curvature form of S. Since () is projectable, there exists a closed
2-form w on B, such that Q = p*w.

For some positive function f on B we can define a metric on S by

95(X,Y) = f0(X)0(Y) +p"h(X,Y),

where p* denotes the pullback map induced by p.

With this metric the map p: (S,g7) — (B,h) becomes a Riemannian sub-
mersion with totally umbilic fibres. Moreover, assume that f is a constant and
w = —=In, where 7 is the scalar curvature of (B, h) and 7 is the pullback of the
Kéhler form. Then (S, gf) becomes an A-manifold (see [3] for details).

Let p: P — B be the Whitney sum of principal S*-bundles Pi,. .., P.. Then P
is a T"-principal bundle, where T" is a r-dimensional torus. The connection form
of P is a differential form with values in the Lie algebra £(T") of T", namely R".
Components 6%, ...,0" of this connection form are pullbacks of connection forms
on Pi,..., P.. With this comes r fundamental fields £*, ..., " which are pullbacks
of the fundamental fields on P4y,..., P,.

Similarly we can write the curvature form Q of P as Qye1+...+ Qe € L(T7),
where ; is the curvature form of the S* bundle P; and ey, . .., e, are basis vectors
for R". Hence, there exists r closed 2-forms w; on B such that €2; = pjw;. Pulling
(w1, ...,w,) back along the diagonal map, we get a single 2-form w on B such that
Q =pw.

We now introduce a metric on P which will make p: P — B a Riemannian
submersion

g(X,Y) =" b0 (X)67 (V) + p*h(X,Y),
ij=1
where [b;;]7 ;_; is a positive definite symmetric matrix. This matrix induces a left-

invariant metric on 7".

PROPOSITION 3.1
In the above situation &',...,€&" are Killing vector fields with respect to the met-
ric g.

Proof. Let £* be one of vector fields defined above as pullbacks of fundamental
fields on Py. First observe, that the Lie derivative L¢xg depends only on the Lie
derivatives of §' with respect to ¢*

Lerg =Y bij(Lee(07) @ 07) + 67 @ Lei (607)).
i,j=1
As Lek 6% = 0 only non-vanishing parts of the above derivative are

Lent' = d(igr') +igedd',  1#k.
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Since 6'(¢%) = 0 we only have to check values of the 1-form d#'(¢*, X) for any X
in TP. We have

do' (€", X) = €"(0'(X)) — X(0'(¢")) - 0'([", X)),

where the second term is immediately zero.

Assume first, that X belongs to the horizontal distribution of the connection on
P. Then 6'(X) = 0 and [¢¥, X] is a horizontal vector field, as &* is a fundamental
vector field. Hence the right hand side vanishes.

Next, assume that X is vertical. As df' is C°°(P)-multilinear we can assume
that X is just a linear combination of ¢!,...,&". Hence 6'(X) is constant and the
differential vanishes. The Poisson bracket [¢¥, X] also vanishes as 7" is abelian.
This finishes the proof.

As a corollary of Lemma 2.1 we get a property of tensors T;, i = 1,...,r.

COROLLARY 3.2 R }
The tensor T; is horizontal, i.e. there exist a tensor T; on B such that T; o p, =
D« 0 T;.

4, O’Neill fundamental tensors

We would like to compute the O’Neill tensor (see [6]) A of the Riemannian
submersion p: P — B. First observe that fibres are totally geodesic, hence the
O’Neill tensor T is zero.

PROPOSITION 4.1
The wvertical distribution of the Riemannian submersion p: P — B is totally
geodesic.

Proof. We have to check that g(VyV, X) = 0 for all vertical vector fields U,
V' and any horizontal vector field X. Since we are interested only in horizontal
part of ViV we can assume that U = &7, V = £ where 4,5 € {1,...,7}, since
V(U,V) = VgV is tensorial in the first variable and

Vu(fV)=df(U)V +VyV

for any smooth function f.
From T;£ = 0 we get for any horizontal field X

29(Veié?, X) =0,
since the Poisson bracket of any fundamental and vertical vector field is horizontal.
Now we proceed to the O’Neill tensor A.

LEMMA 4.2
For any vector fields E, F on P we have

ApF = Zb” (B, T,F)¢ + g(¢', F)T}E),
,j=1
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where b7 are coefficients of the inverse matriz of [bi;]} ;_,.
;

Proof. From [6] we have
AgF =VVypHE +HVy eV,

where V and H denote the vertical and the horizontal part of a vector field respec-
tively.
For any horizontal vector fields X, Y we have

9(VxY,&') = Xg(Y,€') - g(Y. Vx¢') = g(X,T;Y)

fori=1,...,r.
The vertical part of any vector field F' is given by

VF =Y big(¢, F)¢.

,j=1

Hence

G(HE, ToHF) = g(E — 3 g B)E T (F S biﬂ‘g@i,mé))
i,j=1 1,5=1

S g(E,TkF).

Combining all of above formulae we get
VVyeHF = > b7g(E, T,F)¢.

ij=1

To compute the second summand of the O’Neill tensor A we observe, that for
any function f and any E € TP we have HV g f& = HfVgE fori=1,...,r.
Then

HVygVE = HVE_E;':J.:lbiJ'g(fi,F)gj Z bg(¢' F)E = Z bijg(fiaF)TjE-

ij=1 ij=1

5. Conditions for P to be an .4-manifold

We will check under what conditions a principal 7"-bundle P with some Rie-
mannian metric g satisfies assumptions of Theorem 2.4. An example of a Rie-
mannian manifold satisfying those conditions will be given in the next section.
The distribution H from the theorem will be the horizontal distribution of the
submersion.

The first condition we will reinterpret is p(X,V) = 0 for X € H and V in its
orthogonal complement. From Corollary 2.3 we get

0=p(¢,X)=—g(X,tr, VT), i=1,...,7
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Recall, that for s = 1,...,7 we have Q¢ = p*w?, where w’ is a 2-form on B and
QF = d#'. We obtain an explicit formula for #?. First observe that for any X € TP

FX) =) bt (X), k=1,
j=1

If we solve this for 87 we get

j(X) :ijzg(gl’X)7 j: 17"'7T7
i=1
where b7¢ are the coefficients of the inverse matrix of [bji]; j—,- Taking the differ-

ential we get

Q(X,Y) =do*(X,Y) =2) bIg(T;X,Y),
j=1
where X,Y € TP. As T; are horizontal for i = 1,...,r we get

W (e X, peY) = 2Zbijh(fj(p*X)7p*Y)7 (2)

where T; were defined in Lemma 2.1. The co-differential of w’ is given by

k:l

where {Ej}7*, is some orthonormal basis of B. Hence

(0w')(puX) = =2 " bUh(tr, V'T},p.X),  i=1,...,r
j=1

By a straightforward computation we get for every i =1,...,7

h(p X, Vi (T;ER)) — h(p. X, T;,(V% E)))

Ms

h(p. X, try, VIT})
k:l

k
= (X, try VT)).

We easily see, that if the condition p(V, X) = 0 is satisfied, then w? is harmonic

for i = 1,...,r. Moreover, from equations for co-differentials of w’ we see that
if all w', @ = 1,...,r, are harmonic then from non-singularity of the matrix [b;;]
we get that h(tr, V/Ty,p.X) = ... = h(try, V*T,,p.X) = 0. This means that

g(X,trg VI;) =0, ¢ = 1,...,r. Hence the condition p(V,X) = 0 is satisfied iff

w' are harmonic for every i € {1,...,r}. (3)
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REMARK 5.1
Observe that this is the Yang-Mills condition for the principal connection € of the
bundle P.

The next condition is p(£%, &%) = const for £ as above. We reformulate it as
following. Again using Corollary 2.3 we have p(¢%,&7) = —g(&9,try, VT;),i,j €
{1,...,r}. This means that

—g(¢7,tr, VT;) = const.

But for any orthonormal basis { X} of the horizontal distribution H and ¢ €
{1,...,r} we have tr, VI; = Y ;" | (VT;)(Xk, Xy), so for j =1,...,7 we get
9(&,trg VTi) = = > g(VTi(X, &), Xy,).
k=1

As VT;(Xy, &%) = —=T;T; X), we have

Zg(Tij,Tsz) = const, Z7] € {17"'7T}
k=1

and from the fact that T; is horizontal for i = 1,...,r we get
> h(Tj(Xe)s, Ti(Xk)s) = const,  i,5 € {1,...,7}, (4)
k=1

where X, is the projection of the vector field X from M to B. It follows that we
can find a basis {¢!,...,("} of the vertical distribution such that Ric(? = \;(?,
where \; e Randi=1,...,r

Now we consider the equivalent condition for

p(X,Y) = ng(X,Y),

where X and Y are in H.
First let us recall that the tensor A for two horizontal vector fields X and Y is
given by

AxY =) bg(X, TiY)E.

i,j=1
We use the formula for the Ricci tensor p of the total space of Riemannian sub-
mersion from [1]:

p(X,Y) = p(X,Y) =2 g(Ax Xy, Ay Xp),
k=1

where p is the horizontal symmetric 2-tensor given by

PX,Y) = pe(p« X, psY)
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and pp is the Ricci tensor of B. We can rewrite this as

p(X,Y) = p(X,Y) - 229( > bg(X, TiXk)E, Y bg(y, Tsxk)ft)
k=1 i,j=1 s,t=1
— XY 229( S HITX, X0¢, 3 BTy, Xk>ft)
k=1 i,j=1 s,t=1
POY) =2 Y b7 Y b big(TiX, Xi)g(TLY, X
k=11,j=1 s,t=1
PXY) =2 > bIg(TX, g(T;Y, Xi) Xx)

k=11i,j=1

=p(X,Y) =2 > bIg(TiX, T;Y).

ij=1

As p is symmetric it is determined by its values on the diagonal

p(X,X) = p(X,X) =2 > bg(T,X,T;X). (5)

ij=1

Fortunately we can express this condition in terms of the metric on the base B as
p and T; are horizontal for i =1,... 7.

6. Construction of an example over Kihler-Einstein base

In this section we will construct an .A-manifold on a torus bundle over a product
of Kéhler-Einstein manifolds. We will follow [3] and [8].

Let (B, gp) be a compact Kihler manifold with positive definite Ricci tensor.
By a theorem of S. Kobayashi ([4]) it is simply connected. Moreover, by another
theorem from the same work if B has positive first Chern class then Hy(B;Z) = 0.
Hence if B is Kéhler-Einstein with positive scalar curvature the above holds true.
From the Universal Coefficient Theorem for Cohomology we get that H?(B;Z) has
no torsion. Then we can write the first Chern class ¢;(B) as an integer multiple
of some indivisible class o € H?(B;Z), say c¢1(B) = qa, q € Z4 \ {0}. We can
normalize the Kéhler metric gp so that the cohomology class of wp is the same as
that of 2w which is equivalent to choosing the Einstein constant to be equal to q.

By another theorem of Kobayashi ([5]) every principal S*-bundle S over a Rie-
mannian manifold (B, gp) is classified by a cohomology class in H?(B;Z). In
fact this class is just the Euler class e(S) of S. Hence every principal 7"-bundle
p: P — B is classified by r cohomology classes 81,...,43, in H*(B;Z). Those
classes can be described as Euler classes of the quotient principal S'-bundle P/S;
over B, where S; is the sub-torus of 7" with the i-th S' factor deleted in the
canonical decomposition 77 = S! x ... x S', where we take the 7-fold product

of St.
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THEOREM 6.1

Let (Bj, g;) be compact Kihler-Einstein manifolds with ¢y (Bj) > 0 forj=1,...,m
and define a Kdhler manifold B = By x ... x By, with metric h = 377, x;g;,
where x; are some positive constants to be chosen in the course of the proof. Let
p: P — B be a principal T" bundle characterised by §; = ZTZI a;jprio; for
i=1,...,7, where for every j € {1,...,m} the map prj: B — B, is the projection
on the j-th factor, a; is the indivisible class in H*(Bj;Z) such that c1(Bj) = gjo;
for q; € Z4 \ {0} and [a;;] is a r X m matriz with integer coefficients. Then P
with a metric defined by

GX V) = 3 bl ()P (Y) 4 p h(X,Y),

ij=1

is an A-manifold, where ' are as before and [b;;] is some positive, symmetric and
non-singular matriz of dimension r X r.

Proof. We assume that ¢ =1,...,r and j = 1,...,m along the proof. More-
over, we normalize each metric g; so that the Kéhler form n; of g; is in the coho-
mology class of 2o, i.e. we rescale the metric so that each Einstein’s constant is
equal to g;.

Let P; be the principal S'-bundle over B determined by ;. From Theo-
rem 1.4 [8] we know, that there exist a connection form 6; on P; such that

m
do; = Z aikp N,
k=1
where 77 = prin;. Since a Kéhler form on a Kéhler manifold is harmonic we see
that the condition (3) is satisfied.

Let P be the principal 7" bundle obtained as the Whitney sum of Py, ..., P,.
We know that 6q,...,0, are components of the principal connection on P and
Q; = db; is the i-th component of the curvature form on P. Recall that we have
Q; = p*w; for some 2-form on B. Comparing the above formula and (2) for each
¢ we have

D aump(X,Y) =23 bh(T(X),Y),
k=1 =1

where X,Y € T'B. Because h is the product metric, the complex structure tensor
Jj is an endomorphism of T'B; and since TB = TB; @ ... ® T' By, the pull-back
J; of J; by pr; preserves T'B;. Hence we can write 17 (X,Y) = w%_h(JjX,Y). We
can now define T; with the following formula

e = 1 .

T, = 3 Zbik Z ;zalil .

k=1 1=1

Since >, _, bikaw are just coefficients of the product of [b;;] and [a;;] which we
denote by ¢;; we can write the above formula as
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We have to determine what conditions have to be imposed on x; for (P, g) to be
an A-manifold. Let us denote by {X;} some orthonormal basis of B such that
{Xl]}?;l is an orthogonal basis of B;, where n; is the real dimension of B;. For
any i,l € {1,...,r} we have

=
NE

> xicipJ;Xk,Z ;clsJ:Xk>

p=1 p s=1

k=1

E
I
-

CinCl % «
’Zg”h(JpXk, Jr Xy),

I
Fp-
NE
M =

~
Il
-

iS]
Il
—

where the last equality follows from the above discussion of tensor J;. We can
descend further to metrics on B;:

ih(:ﬁixk,flxk) = iiiz G (T X, Ty X
k=1 j=1p=1k=
=120 N Zglp j
j=lp=1 "P

and we see that the condition (4) is satisfied.
Let us look at the equation (5) defining the other eigenvalue.

p(X*, X7) = p(X*, X*) =2 > bFg(TiX*, T X™)
i,k=1

=pp(X,X) =2 > VW1 X, T} X)
i,k=1

= pp(X, X) Z b““(Z — ciperph(J} X, J;X)).
i,k=1 p=1 p

Assuming that X is an element of the local orthonormal frame on B; we get m
equations

A ik
g 1 b™cijer; .
== — = —_— =1,...,m. 6
h= s > j (6)
i,k=1 J
It is now easy to see that we can choose coefficients x; so that above equations
are satisfied for any a;,, where k € {1,...,m}, and b;,, where p € {1,...,7}.
One solution can be obtained if we take s = agzx; for some as > 0, where
s € {2,...,m}. In this case we have m — 1 equations
Asq1 — (s _ 1 27: (Jé?bikalCﬂ — bikckscis (7)
Qs 2 it aZx? ’
or
q
= =q (8)
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if the sum in the right-hand side of (6) is zero. In the second case we just need to
take oy = g—i for s = 2,...,m. Equations (7) are equivalent to

T

1 > a2b*epren — b epscis

AsT1 = 3 s
2 545 sq1 = s
where s = 2,...,m. Hence the positive solution exists iff the following equation
has a positive solution
T T
<2(J1$1 - Z bl’“cklcn)a? — 205qsw1 + Z b*cpscis = 0. 9)
ik=1 ik=1

This equation has exactly two solutions precisely when the following inequality

holds
gt — <2Q1$1 - Z bikaCﬂ)( Z bikckscis) > 0.

ik=1 ik=1

We see that if we choose x1 big enough then this inequality is satisfied. Moreover,
from Viete’s formulae we have that the two solutions o, and o satisfy
2qsw1

/ 1"
o, +a, = - .
s s T
2(]1%1 — E ik=1 blkcklcﬂ

Again if we choose big x; we see that this sum is positive, hence at least one
solution of (9) is positive. Concluding, for big enough z; the system (7) has
a positive solution.

We see that the assumptions of the Theorem 2.4 are satisfied, hence (P, g) is
an A-manifold.

REMARK 6.2

Under further constraints we can observe that some of our A-manifolds are proper.
Consider the above construction on T"-principal bundle with matrix [a;;] of rank 7.
Now observe that V Ric = 0 implies Vr; = 0, where 7; is an eigenvector of the
Ricci tensor corresponding to the eigenvalue \; on the vertical distribution. Indeed
let X be in the horizontal distribution. Then

0= VX RlC(’Ih) = 7(RiC 7/\1')VX772',

which means that Vxn; is in the vertical distribution, specifically in the eigendis-
tribution corresponding to the eigenvalue ;. Since 7; is a linear combination of
&)’s with constant coefficients, V x7; is horizontal. Hence it is zero.

From the fact that n; = Z;:1 eé{p and e; being all constants we see that
Vxni = 0iff 337, e, V&P = 0. We show that Vx&P’s are linearly independent
for p=1,...,r and any horizontal vector field X which is a contradiction with »;
being non-zero.

Suppose that for some functions bq,...,b,. and horizontal vector field X we

have
biVx& +... +b.Vx& =0. (10)
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Recall that in the setting from the above theorem

m

1 c
ngp: 52 lel

=1

where jl* is a tensor field obtained from lifting the complex structure tensor field
J; of the Kahler manifold M; to P. Now equation (10) becomes

m

S5 (1) =0

=1 p=1

If we take X to be some element E; of the orthonormal basis of M then for each
l=1,...,m we get

Z by pl Jl E =0
p=1
and this is equivalent to Z;zl bpcpr = 0 for each . We can write this in the matrix

form as CTb = 0, where CT is the transposed matrix of C' = [¢;;] and b is the
column vector [by,...,b,]T. Recall that C = BA, where B is the matrix of the
metric on torus 7" and A = [a;;], as defined in the above theorem, is of rank r,
hence C is of rank r. Now we can see that CTb = 0 iff b = 0 and it follows that
VEL, ..., VE are linearly independent, which is a contradiction with Vn; = 0 for
any ¢t =1,...,7.
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