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The Littlewood-Paley g-function associated with the
Riemann-Liouville operator

Abstract. First, we study the Gauss and Poisson semigroups connected with
the Riemann-Liouville operator. Next, we define and study the Littlewood-
Paley g-function associated with the Riemann-Liouville operator for which
we prove the LP-boundedness for p €]1, 2].

1. Introduction

The usual Littlewood-Paley g-function is defined in the Euclidian space [21] by

+oo 3
Vo € R™; g(f)(z) = < / VPtf(x)|2tdt> :
0

where (P%)s~¢ is the usual Poisson semigroup defined by

n+1
Ptf(x)zr rél)/( tf(y) dy,

t2 o 2L‘H
St yp)s

and V is the gradient given by

) o 0
V:(Tm""’ﬂ’&)'

It is well known (see for example [21]) that the mapping

fr—g(f)

is bounded from the Lebesgue space LP(R™,dz), p €]1, +oo] into itself. Moreover,
the Littlewood-Paley theory plays an important role in the study of many function
spaces as the Hardy space HP. Many aspects of the Littlewood-Paley g-function
connected with several hypergroups are studied [1, 2, 19, 23]. The authors have
been especially interested by the boundedness of such operator when acting on the
Lebesgue space LP; p €]1, 400].

AMS (2000) Subject Classification: 43A32, 42B25.
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In [3], the second author with the others define the so-called Riemann-Liouville
operator Z,; o > 0 by setting

11

3//f(rsm,x+rt)(1—t2)a—%
T
- 2ya—1 .
Ko (f)(r,z) = x (1—s%) dtds, if >0,
1

1 dt _
f/f(rm,errt)i, if a =0,
77_1 (1—12)

where f is a continuous function on R2, even with respect to the first variable.
The Fourier transform associated with the operators Z,, is defined by;

+oo
w%MeY:ﬂ&ﬂwxw://}w@wamhﬂ+vwﬂmd%vw»
0 R

where
o T=R2U{(in N (1)) € R |u] < A}
e dv, is the measure defined on [0, +00[xR by

r2etlgy dz

2T(a+1) © (2m)F

® j, is a modified Bessel function that will be defined in the second section.

Many harmonic analysis results related to the Fourier transform .%, have been
established [3, 4, 5, 18]. Also, the uncertainty principles play an important role in
harmonic analysis [6, 7, 8, 12, 13, 15], for this reason, many of such principles are
established for the Fourier transform .%, [16, 17].

The aim of this work is to define and study the g-function associated with the
Riemann-Liouville operator %Z,. For this, we need first to define the Gauss and
Poisson semigroups that will be denoted respectively by (4%);~¢ and (£!);~o. The
Poisson semigroup (£2%);~¢ allows us to define the Littlewood-Paley g-function by

2

“+o0
V(r,x) € [0, +0o[xR; g(f)(?%fﬂ)—(/Ivgatf(nx)l%dt) :
0

where

o 0 09
V= (557 )
or’ dx’ Ot
Then, we have established the main result of this paper. Namely, for every f €
LP(dvy), p €]1,2], the function g(f) belongs to the space LP(dv,) and we have

2—p

272 P \%
ol <25 = (25 ) "1l
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where
+o0 i

Fllpwn = ( /] |f<m>pdua<r,m>>p.
0 R

This paper is arranged as follows.

In the second section, we recall some harmonic analysis results related to the
Fourier transform .%,. In the third section, we define and study the Gauss semi-
group (%4');~o and the Poisson semigroup (2?!);~¢ and we give their mutual con-
nexion. The last section is devoted to establish the boundedness of the Littlewood-
Paley g-function from LP(dv,); p €]1,2], into it self.

We want to add that in a coming paper; we will establish a principle of the
maximum for the operator

P 10 PP
T Or2 r  Or 0Ox2 Ot

We use this principle of the maximum to prove that for every p € [4,4+o0[; there
is A, > 0 such that for every f € LP(dv,); we have

lg(Mpva < Apll fllpva-

Using Marcinkiewisz interpolation theorem’s; we deduce that for every p €]1, +o0[;
there is C}, > 0 satisfying

JAVS

, 1
Vf € LP(dva); CTHpr,Va < ||9(f)||p,va < Cp||f|
P

DyVar

2. The Riemann-Liouville transform

In this section, we recall some harmonic analysis results related to the con-
volution product and the Fourier transform associated with Riemann-Liouville
operator. For more details see (3, 4, 5, 18].

Let D and = be the singular partial differential operators defined by

0
D=5
0? 2a0+1 0 02

- ~ 2. >
or2 + r or 02’ (7', 1’) €}O,+OO[><R, a > 0.

For all (11, \) € C2; the system

(1]

Du(r,z) = —idu(r, x),

E’LL(T‘, LC) = _lu‘2u(r7 x)a
u(0,0) =1,

ou

_ — . R

5 (0,z) =0; Vx € R,

admits a unique solution ¢, » given by

V(r,z) € [0, 400[xR; @wu(r,z) = ja (T\/ﬂ2 + )\Q)e_i)‘””, (2.1)
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where j, is the modified Bessel function defined by

; k 2k
ja(z):2aF(0<+1)JZi) =I(a k:'l“(+1)k+1)( )

and J, is the Bessel function of first kind and index « [10, 11, 14, 26]. The modified
Bessel function j, has the integral representation

1

oy la+1) a1 iy
JQ(Z) = \/M_/l(l - tz) eXp( t) dt.

Consequently, for every k € N and z € C; we have
5 (2)] < e, (2:2)
The eigenfunction ¢,, » satisfies the following properties

e The function ¢, » is bounded on R? if, and only if (u,A) € T, where T is
the set defined by

T =R*U{(ip, A); (1, A) € R || < |A[}

and in this case

sup g a(r,z)| = 1. (2.3)
(r,z)ER?

e The function ¢, » has the following Mehler integral representation

11
g//c urs 1—t2) exp(—iX(z + 1t))
7r

15

Yur(r,z) = x (1 —t2)"3(1 — 2)*Ldtds, ifa>0,
1
dt

1
— 1—¢2 —iA 1)) —— if a =0.
71_/cos(r,u ) exp(—i (;v—&-r))m, ifa=0

-1

The precedent integral representation allows us to define the Riemann-Liou-
ville transform Z,, associated with the operators D and = by

1 1
[0
S FlrsVI—2,a 4 rt) (1 - £2)0 3
2
Ro(f)(r,2) = x (1 —s?)*"Ldtds, if >0,

1

%/f(m/1—t27x+rt)7\/ﬁ7t2, if @ =0,

-1

where f is any continuous function on R?, even with respect to the first
variable.



The Littlewood-Paley g-function [35]

e From the precedent integral representation of the eigenfunction ¢, x, we
deduce that

Y(r,x) € [0, +00[XR; @, x(r,x) = Ro(cos(p.)e™ ™) (r, z).

In the following, we will define the convolution product and the Fourier
transform associated with the Riemann-Liouville operator. For this, we need
the coming notation

e LP(dv,); p € [1,+00], is the Lebesgue space formed by the measurable func-
tions f on [0, +00[xR such that | fl|,., < 400, where

+0o0 3
( |/ |f<r,z>|pdua<r,x>> L ifpe L, ool
IIf PV 0 R
esssup  |f(r,x)|, if p = 4o0.

(r,x)€[0,+o00[xXR

DEFINITION 2.1
i) For every (r,z) € [0, +0o[xR, the translation operator 7, ;) associated with
Riemann-Liouville operator is defined on LP(dv,), p € [1,+0o0], by

T(r,z)f(sa Y)
= \/m O/f(\/TQ + 52+ 2rscos 6, x + y) sin®*(0) do.

(2.4)

ii) The convolution product of f,g € L'(dv,) is defined for every (r,z) €
[0, +00[xR, by

+oo
frg(ra) = / / oy ()5, 9)9(5,9) dva(s, ), (2.5)
0 R

where f(s,y) = f(s,—y).
We have the following properties

e The eigenfunction ¢, \ satisfies the product formula
T(r,x) (‘Pu.)\)(sa y) = QDM’)\(T, :IZ)QD#’A(S, y)

e For every f € LP(dv,), 1 < p < +00, and for every (r,z) € [0, +00[xR, the
function 7, ;)(f) belongs to LP(dv,) and we have

172y (P llpves < Nl
e For every f € LP(dv,), p € [1,+00[, we have
Hm |7 (f) = f

L lpva (2.6)
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e For f,g € L'(dv,), the function f * g belongs to L!(dv,); the convolution
product is commutative, associative and we have

||f*9||1,ua < Hf”l,ucx”g”l,va-

Moreover, if 1 < p,q,r < 400 are such that % = %—i—%—l and if f € LP(dv,),
g € Li(dv,), then the function f x g belongs to L"(dv, ), and we have the
Young’s inequality

1 * gllrve < 1 llpvellgllgve- (2.7)

e Let ¢ be a nonnegative measurable function on R x R, even with respect to
the first variable, such that

700/ o(r,x) dvg(ryz) = 1.
0 R

Then by relation (2.6), the family (¢;);~o defined by

V(r,z) € R X R; @i(r,x) =

is an approximation of the identity in LP(dv,); p € [1,+0oo], that is for every
f € LP(dv,), we have

I — fllpwa =0 2.8
M o+ f = fllp, (2.8)

In the sequel, we use the following notations

e T is the subset of T given by
T, =R, x RU{(it,z); (t,z) € R* 0 <t < |z[}.
e Py is the o-algebra defined on T by
By, =4{071(B), B € Bo([0,+00[xR)},
where 6 is the bijective function defined on the set T, by
(11, \) = (V12 + A2, N). (2.9)
e dv, is the measure defined on %y, by
VA € 5 Va(A) = va(0(4)).

o LP(dv,); p € [1,400], is the space of measurable functions f on T, such
that

1fllp e < 400



The Littlewood-Paley g-function [37]

PROPOSITION 2.2
i. For all non negative measurable function g on T, we have

//g(u,k) dva (1, N)
Ty
+oo
QQF(QH <0/R/9(N»>\)(M2+/\2)“,udud)\

+//g(iu, A)(N? —;ﬁ)“udud)\).
R O

ii. For all non negative measurable function f on [0, +oo[xXR (respectively inte-
grable on [0, +00[xR with respect to the measure dv,) f o0 is a nonnegative
measurable function on T (respectively integrable on T with respect to the
measure dvy, ) and we have

// fo0)(u, ) dya(p, A //f ryx) dvg(r, ). (2.10)
DEFINITION 2.3

The Fourier transform associated with the Riemann-Liouville operator is defined
on L'(dv,) by

V(u,\) € T; Folf //frxgolu\rx)dl/a(r x),

where ¢, » is the eigenfunction given by relation (2.1).
We have the following properties

e From relation (2.3), we deduce that for f € L'(dv,) the function .Z,(f)
belongs to the space L>°(dv,) and we have

[ Fa(Flloora <

e For f € L'(dv,), we have

(2.11)

V(1. A) € T3 Falf) (11, ) = Falf) 0 0(1, M), (2.12)

where for every (u,\) € R?,

+oo
Fal D) \) = / / F(r, 2)ja(ris) exp(—ide) dva(r, z),
0 R

and 6 is the function defined by relation (2.9).
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e Let f € L'(dv,) such that the function .Z,(f) belongs to the space L' (dv,),
then we have the following inversion formula for .%,,, for almost every (r,z) €
[0, +00[xR,

f(r,z) //9" Ao (r, ) dya(p, A)

e Let f € L'(dv,). For every (r,x) € [0, +oo[xR, we have

(11, A) € T3 FalTra) (1)) (11 A) = @pun (r2) Fa () (1 A).-
e For f,g € L(dv,), we have

V(i A) € 15 Fal(f * 9) (1 A) = Fa () (1, A) Falg) (1, A).-

e Let p € [1,+00]. From relation (2.10), the function f belongs to LP(dv,) if,
and only if the function f o 6 belongs to the space LP(d~y,) and we have

12 Ollpre = [ Fllpva- (2.13)

Since the mapping %, is an isometric isomorphism from L?(dv, ) onto itself
[24, 25], then the relations (2.12) and (2.13) show that the Fourier transform
Z4 is an isometric isomorphism from L?(dv,) into L?(dv,). Namely, for
every f € L?(dv,,), the function .Z,(f) belongs to the space L?(dv,) and we
have

[ Fa(Dll2ra = [[fll2va- (2.14)

PROPOSITION 2.4
For every f in LP(dvy), p € [1,2]; the function Fo(f) lies in LP (dvy.), p' = 25,
and we have

||ya(f)Hp’,va < Hf”p:l’a'

Proof. The result follows from relations (2.11), (2.14) and the Riesz-Thorin
theorem’s 20, 22].

We denote by

o .7.(R?) the space of infinitely differentiable functions on R?, rapidly decreas-
ing together with all their derivatives, even with respect to the first variable.
The space .7, (R?) is endowed with the topology generated by the family of

norms
pm(p) = sup (1+r2+x ) |Dﬂ( )(r,x)]; meN. (2.15)
T

e 2.(R?) the subspace of .7,(R?) of functions with compact support.
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3. Gauss and Poisson semigroups associated with the Riemann-Liou-
ville operator

In this section, we will define and study the Gauss and Poisson semigroups.
Also, the maximal functions connected with these semigroups are checked.

DEFINITION 3.1
The Gauss kernel g¢, t > 0, associated with the Riemann-Liouville operator is
defined on R? by

(r?+a?)
e at

9r ) = "ot (2t)+ // TN o () da (. V)

= ﬂ_l(e_t(s +y ))(r, x).

(3.16)

LEMMA 3.2

The family (g¢)¢>o0 is an approzimation of the identity in the space .7.(R?); that
is for every f € Z.(R™); and every t > 0; the function g; * f belongs to .7, (R?)
and for every m € N;

li m - =0,
i pi (ge + f = f)
where pm, is the norm defined by relation (2.15).

Proof. Since the Schwartz space .7, (R?) is stable under convolution product,
we deduce that for every f € .7, (R?); and every ¢ > 0; the function g; * f belongs
to the space .7.(R?). On the other hand, the transform .%, is a topological
isomorphism from .7, (R?) onto itself which satisfies

Tl %9) = Zalf)Zalg). (3.17)

By relation (3.16), we get %(gt)(r, x) = et " +2*) S0 we must show that for
every (k,3) € N x N2 and every f € .7.(R?),

lim (1402 + @)D (e f = f)oc, = 0.
t—0+
Applying Leibniz formula, we get

DR (e 0" f(r, )

= <ﬂf}/!(ﬁﬁif}/)!D’Y(e_t(ﬂ-i_wz))Dﬂ_’y(f)(T,{E)
Zvl(ﬁﬂ—v)( PV H, (rVE 2V e 0+ DI (f) ),
y<B

where H., is the Hermite polynomial on R? with index 7.
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Consequently,
Dﬂ(e—t(r2+x2)f(7-’ x) — f(r7 x))
=3 qﬁw(—lw\/ﬂm(r LaVE)e R DI (f) ()

Y<B
Y#0

+ (7" DA (f)(r, 2).
Thus, for every ¢, 0 <t < 1;
11+ 7% 4+ 22 DP (e D f = £,

,8' (2 g2 _
<V S g e a0 1% 4 2D (D,

<8

+ (1472 4+ 2% D (f) oo |-

The last inequality shows that for every (k,3) € N x N2,
lim |1+ +2*)* D (Fa(90) f = Hlloow, = 0.
t—0+

The proof is complete.

PROPOSITION 3.3
For every f € Z.(R?); the function ¥ (f) defined by

V() (r,z,t) = gex f(r,@),  V(r,@,t) € R?X]0, +o0f,
is infinitely differentiable on R?x]0, +-o0[ and satisfies the following equation

Aal# () = SO/,

lim 7 (f)(.,.,t) = f uniformly.
t—0t
Where
P k10 9
T or2 r  Or Ox2

Aq (3.18)

Proof. For every t > 0; the function g; belongs to .7, (R?) and consequently,
for every f € .7, (R?), the function

(T,ZL‘) > gt * f(rv ’1})
belongs to the space .7, (R?) and for every (u, \) € R?;
Falgex D N) = Za(¥ (£ D) X) = e CDZ0(£) (1, ).
This implies that for every (r,z,t) € R?x]0, +oo], we have

V(f)(r @, t) = / / et Z () (s M) (i) €™ du (12, A).
0 R



The Littlewood-Paley g-function [41]

From this equality; it follows that the function
(rz,t) — V(f)(r,2,1)

is infinitely differentiable on R?x]0, +o0o[ and we have

ar ) / / 24 XD O Z () N (rm)e™ dva ()

= Aa("i/(f))(r, I7t)’

because (£ + 2551 (jo (1)) = —p2ja(rp) and 25 (e7) = —\2eir,
On the other hand; for (r,z,t) € R?x]0, +o0],

f(Ta 33) - ‘f/(f)(r, l‘,t)
- / / (1= e N Z () (1 Mo rn) e dva (r, ).
0 R

So

1 =7 () orB)loom, <8 / / (42 + 22| Foa () (1. V)] v (1, V),
0 R
which means that

W {J7(f)(, 5 8) = flloowe =0

t—0+

ProPOSITION 3.4
i. For every p € [1,+00]; the operator 4%, t > 0, defined by

G (f)=gi%f (3.19)

is a bounded positive operator from LP(dvy) into itself and for every f €
L?(dv,,), we have

19" (£)

lpwe < | llpva-

ii. For every p € [1,+oo|, the family (410 is a strongly continuous semigroup
of operators on LP(dv,,), that is

— For s,t > 0; 9% 0@t = g5t
— For every f € LP(dv,), lim; o+ |9 (f) — f|

PsVa

The family (4%);~¢ is called Gauss semigroup associated with the Riemann-
Liouville operator Z,,.

r24 22

Proof. i. Let g(r,z) = e~ % , g is a measurable positive function and we
have

G 7o)
HD) = et
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So

oo

//gtrx dve(r,x) ://grac )dvg(r,x) = 1.
0 R 0

R

From relation (2.7), for every f € LP(dv,); and every t > 0, the function 4*(f) =
gt * [ belongs to LP(dv,) and we have

19" (f)

f”p)l/a = ||f||p7Vu'

Pva S [l g¢

ii. From relation (3.16), we have
(1, ) € R%: Fo(ge) (1, A) = e 1042,
So, from relation (3.17); for s, t > 0; we get

— (t48) (2422 —
ga(gt * gs)(:uv)\) =e€ (t+s) (™27 — ya(gt+8)(uv)‘)u

and consequently; gs * g = gs++ which involves that for every f € LP(dv,);
GG () =9 (f).
Moreover, from relation (2.8),
lim (|9°(f) = fllso,va =0
M F() = Flloove
The proof is complete.

PROPOSITION 3.5
For every f € 2.(R?), the mazimal function . (f) defined on R? by

/% )(r, z) dt|,

belongs to the space LP(dvy), p € |1, +00[, moreover

A (f)(r, ) = sup —

3.20
s>0 S ( )

A v < 2(5 27 ) "1 e

Proof. The result follows immediately from [9, theorem 7, pp 693].

DEFINITION 3.6
For every t > 0, the Poisson kernel p; associated with the Riemann-Liouville
operator is defined on R? by

pi(r, ) = // eV x) dya(s, y) = Fi etV S2+292)(r, )
(3.21)

Ty
— 1
= Fo (VI ().
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LEMMA 3.7
For every (r,z,t) € R?x]0, +o00o[, we have
293 (a 4 2) t
pe(r, ) = 2 2 2)a+2”
VT (t2 + r2 + z2)ot

Proof. We know that for every x € R; we have

e T du = e 17

f/\f

From Definition 3.6, and applying Fubini’s theorem, we get

1 Ooe_u 12 (21 9,2y
pt(r, .’1?) = / (// 6_4“(8 2 )@s,y(ram> d')/a(say))
m u
0 \/>

(3.22)

203 (a 4 2) t
\/77- (t2+r2+x2)a+2'

PROPOSITION 3.8
Let f € Z.(R?), the function % (f) defined on R?x]0, +o0[ by

%(f)(’ﬁ .’IJ) =Dt * f(ﬁ .’17)
1s infinitely differentiable and satisfies the equation

Mol(9) + s () =0,

lm Z(f)(.,.,t) = f wuniformly.

t—0+
Proof. From relation (3.21), for every (u, ) € R?, we have

Fol U (£)( 1) = Za(pe) (1, ) Ta () (11, N) = VTN Z(F) (1, N).
So, for every (r,z,t) € R?x]0, +o0l;

U(f)rat) = Fa (VN () (r2)

o0

/ VIR 1) ) v (11 ).

0

From relation (2.2) and the fact that the function %( f) belongs to the space
Z.(R?); we deduce that the function % (f) is infinitely differentiable on
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R?x]0, +oo[. Moreover,
Aa(%(f))(r z,1)

/ / 12+ 22 VI Z ) (1, A) o (rn)e™T dva (1, M)
=@,
On the other hand; for every (r,x,t) € R?x]0, +oo[; we get

|fr2) — % (f)(r,a,t)| <//|1fe*tvﬂ2+”||§;(f)(ﬂ,m|dya(u,x)

// VIR T ()1, M) v, ),
which means that

1% () t) = Flloowe <1 / / VI N F o (£) (1 W) dva (11, V),
0 R

and proves that

lim (1% (f)(, 1) = flloo,va =0

t—0+

ProPOSITION 3.9
i. For every p € [1,400]; the operator 2*, t > 0, defined by

«@t(f)zpt*f

is a bounded positive operator from LP(dv,) into itself and for every f €
L?(dv,,), we have

12 (Ollp.ve < 1]

ii. For everyp € [1,+o00], the family (2!);~0 is a strongly continuous semigroup
of operators on LP(dv,,), that is

— For s,t > 0; &% o Pt = s+t
— For every f € LP(dva), limy_o+ |2(f) = fllpwa =0

DyVar

The family (2*)s~0 is called Poisson semigroup associated with the Riemann-
Liouwille operator Z, .

2073 P (a42) 1
vz (14+7r2422)>t+2>

Proof. i. Let p(r,z) =
function and we have

p is a measurable positive

1 T T
wire) = gmzp(7 ).
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//ptr:rdl/arx //pr:rdl/arx)—l (3.23)
0 R 0 R

From relation (2.7), for every f € LP(dv,); and every t > 0, the function 2t(f) =
pt * f belongs to LP(dv,) and we have

12 (D)llpve < llpe

ii. From relation (3.21), we have

So,

[fllpve = [1fllp,va-

V(i A) € R Fo(pr) (s A) = e VI,
So, from relation (3.17); for s,t > 0; we get
Falpe #ps) (s X) = e VI = F (pey) (1, V),
and consequently; ps * py = ps4¢ which involves that for every f € LP(dv,);
P(P(f) = 2],

Moreover, from relations (2.8) and (3.23),

lim | 2°(f) = fllpy. =0

S (125CF) = fllpa
This finishes the proof.

LemMmA 3.10
We have the following connexion between the Gauss and Poisson semigroups, that
18

P (r, / fT )(r, z) du.
0

Proof. Let f € LP(dv,), p € [1,+00]; for every (r,z,t) € R%x]0,+o0], the
integral

;7?0 %g%(f)(r,x) du

is well defined.
Moreover, from relations (2.5), (3.19) and applying Fubini’s theorem, we get

/ 4% )(r, z) du

= \/1%076\;; (7/% —) (N)(5,9)9.2 (5,9) dvas, y)) du

oo

/T(r —a)(f)(s,y <f07 9z (s,y) du) dve(s,y).

R

o\
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By relation (3.22), we obtain
0/

ProproSITION 3.11
For every f € Z.(R?), the maximal function f* defined on R? by

(r, duf//m (D, y)pels ) dvals,y)

= yt(f)(ﬁx)

f(r,z) = sup [ 2'(f)(r, )] (3.24)

t>0

belongs to the space LP(dvy); p €]1,400|, and we have

1
* P \»r
17 e < 2(527) 1l (3.25)

Proof. Let f € Z.(R?). From Lemma 3.10, for every (r,z,t) € R?x]0, +o0],
we have

,@t(f)(r7x):\/1E76\;£gi(f)(nx " Q\f/
0

Integrating by parts and using the fact that for every s > 0, | fos G (f)(r,x) du] <
8[| flloo,vas We get

P 0) = - M/ sl H /g o] ds

Thus, for every (r,x,t) € R?x]0, +oo[; we have

—¢2
e ds

»b‘ﬁ-

(r,x) ds.

P <A D05 [ (S ] = 1),
0

So; for every (r,x) € R%; f*(r,z) < #(f)(r,x); where .#(f) is the maximal
function defined by relation (3.20). Using Proposition 3.5, we deduce that

1
* P \»r
17 e < 2(527) 1l

4. The Littlewood-Paley g-function associated with the Riemann-Liou-
ville operator

This section is devoted to study the boundedness of the g-function. We start
this section by some intermediate results.
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LEMMA 4.1
Let f be a function of Z.(R?); and let % (f) be the function defined on R?x]0, +o0|
by

U (f)(r,x,t) = P(f)(r,x) = pe * f(r,@).

Then for every k € N, and (r,x,t) € R?x]0, +oo[, we have

9 \* P20 +k+3) || fllu.
(50) wmeen| < o s

(4.26)

Proof. From the proof of Proposition 3.8 and for every (r,z,t) € R%x]0, +o0],
we have

U(f)(r,w,t) = / e VIR Z (1) (1, N (r) €™ dva(p, ). (4.27)
0 R

So, for every k € N,
o\Fk
(5) @()r.1)

= D [ [ 02BNV ()1 N (i)™ di 1, ).
0 R
Consequently, for every (r,z,t) € R%x]0,+o0[;

(D) @ ad)| < 1Zahloose / [+ 3T )
R

E _ 2 2
<1 / / (12 + X2 e VI 4y (4, 0)
0 R

_T@at k3. 1
o 2a+%1"(a+ %) t20+k+3"

LEMMA 4.2

Let f be a function of 2.(R?) and let a be a positive real number such that
supp(f) C B, = {(r;x) € R?, r2+22 < a?}. Then for every (r,x,t) € R?x]0, +00]
such that 2 4+ 22 > 4a?, we have

a* 3220 (a + 2) [/ lloo e
#(Dire, < (20 + 3)T(a + 3)/7 (12 4 r2 + 22)oF3 (4.28)

0 a* 322 (a + 3) 1/ oo v
5 (% () x,t)( S QeI y N e (4.29)

o a?* 322 (a + 3) [/ lloo,ve
’ax@(f))(“ :v,t)( < ot Vet Dvr @12+ ) (4.30)
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Proof. From relation (2.4) and Lemma 3.7, we have

T(r,—x) (pt)(57y) (431)
_ 20+80(a+2) T(a+1) ] £ 5in® 0df
VT fI‘ (a+1 ) + (12 4+ 52 + 2rscosf) + (v — y)2)o+2
< 2a+%F(a +2) ¢ Lla+1) /sinQa 0 do
h VT (B +(r—s5)?+(x—y)?)"? yrl(a+3)
and
203 (v + 2) t
—x Y) < . 4.32
T(r,—a) (D) (5, Y) ST 2+ (r—s)2+ (z —y)2)ot2 (4.32)

Let f € 2.(R?); supp(f) C B,. We have
V(D) r2t) = ps £0:0) = [ [ o) 00)5:0) 1 529) dva(s,)
0 R

— [[ 7o s 79 (5,0,
B

where
Bf ={(r,2); ™ + 2> <a* r >0}
From relation (4.32), for every (r,z,t) € R?x]0, +o0];
% (f)(r,z,1)]
2a+2r(04+ 2)[1flloo v // tha(S y)
t2

(r =)+ @ =)

2a+2f(a+2 N lloo,va // dVa(S y)
(t2+ (r —s)2 + (x —y)2)o+s

_ 2°FET(a + 2)|f looywa dve(s,y)
) vr // (2 +(r.) ~ (s,p)[2)+E

For every (r,z) € R? such that r? + 2 > 4a? and for every (s,y) € B, ; we have

1
I(r,2) = (s, )| = [(r.2)]| = (s, p)ll = V2 + 22 = /s + 42 > I 2)ll-
This implies that for every (r,z,t) € R?x]0, +o0[; 72 + 22 > 4a?,

22137 (0 +2) [/ lloo v

ﬁ (t2 + r2 + x?)@+§
2a+322a+4r( ) 1

- e Dya e e

% (f)(r,z, )] < va(By)
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From relation (4.31); we have

5 B 20+3i0(a+2) T(a+ 1)
ar T P)(eY)) = T O e T

y / t(r + s cos ) sin®* 0 df
(12 + (r2 4 s2 + 2rscos0) + (x — y)2)o+3’

(—2(a+2))

and consequently,

at+? a s
%(T(r,fz)(pt)(&y))‘ < 2 F( +3) t( + )

Hence,
2@ irsn)|

< / | \%(nr,,x)(pt)(s,y))\ws,yndua<s,y>

2a+zr( +3) T+ 8)dva(s,y)
R ||fHOOU&// (82 + (r — 8)2 + (x — y)2)*T3

But, for every (r,x); r? + 22 > 4a® and every (s,y) € B}; we have

r+s 2Vr2 + 22 o 22a+6

B4 (r—s)24 (z—y)2)ot: S (t2 + 1(r? 4 22))o* S (82 4 r2 4 g2)et2’

This implies that

d 230+ 5 (o + 3) 1
a(@/(f))(ﬂ&t) < Tllflloo,ua (2 + 12 1 22)a+2

Then, the result follows from the fact that

VQ(BJ).

a2a+3

+y .
) (2a +3)20T3T(a + 2)

VO&(Ba

We get the result (4.30) as the same way as the precedent inequality.

THEOREM 4.3
Let A, be the partial differential operator defined by

82

Aa = Aa YO R
t o
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where A, is given by relation (3.18). Then, for every non negative function f €
2.(R?) and every p €]1,2], we have

/// (r,z,t) dva(r,z)tdt = ||}, (4.33)

0 0R

Proof. Let f be a non negative function, f € Z.(R?). Then % (f) is a positive
function and from Proposition 3.8,

Aa(%(f)) = 0.
Moreover; we have

Ao((% (£)7) = plp = V)% ()2 ()] =0, (4.34)

where

Then, we have

///A (r, 2, 1) dve (r, 2)t dt

0 0R

A A
= lim //
A—+o0

00—

From relation (4.27); we deduce that for every (r,z,t) € R?x]0, +oo[ and for every
k € N; we have

2

t PR
)(r, x, )+8t2

>\:>

(7 (HNP)(r,x, t)) dve (r, )t dt.

ak 2
g //u ) E[Za (1), V) dva (1, 3) < +oo.
It follows that, the function
82
(@ ()
9 12 (% (f))

= plp~ D@ (P (o2 () + o ()

is bounded on [0, A] x [—A, A] x [0, A].
As the same way; the function

0@ () + LD (1)) + S (@ ()

or? r

is bounded on [0, A] x [—A4, A] x [0, A].

Aa((Z(1))F) =
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Then, by Fubini’s theorem; we get

A A A
/ / / Ao((% (F))P)(r2,1) dva(ry 2)t dt = T (A) + I(A) + I;(A),  (4.35)
0 0-A
where
A A
L(A) = C, / / %[HQH%((%( f))P)} (r,x,t)dr) dzt dt,
0—-A

— (7 (f)P](r,x,t) dx) r2et drt dt,

<a) 2 (% (f))")(r, 2, t)t dt) dva(r,z),

with C,, =
Now,

1
20T (a+1)V2m "

A A
1) =5Ca [ [ 429 L@ () A )@ (1)) (A1) di .
0—-A

Let a > 0 such that supp(f) C B, and let A > 2a. By relations (4.28) and (4.29),
we have
01A2a+4 Cl

[L(A)] < Aa+3)(p—1) A2a+4  A(a+3)(p—1)’

which involves that

Jim 1(4) =0, (4.36)
As the same way;
A A P
B(4) =pCa [ [ [ @O A 0@ P
00
— U= A (PP = A 0] dr v,

and by relations (4.28) and (4.30); we obtain

02 A2a+4 02

| < ACat3)(p—1) A2a+4  A(a+3)(p—1)’

|12(A)
S0,

Jim 1(4) =0, (4.37)
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Let us checking the integral I5(A). We have

A
/(%)K%(f))p}(r,z,t)tdt
0

0
—pAZ
P 5

However,

/A/A%p (r, 2, A) dva(r,7) < 7/%p(f)(r7xﬂ4) dv (. 2)
0-—-A

0 R

(% (F))(roa, AY U ()Y (2, A) — (X ()P (r,2, A) + fP(r, ).

= llpa* Flip.. < lpalpu IFIT ..

By a simple computation and using Lemma 3.7, we deduce that
i pall,,, =0,

and then

A—+oo

A A
lim //%p(f)(r,m,A)dua(r,m)=O.
A

On the other hand, by relation (4.26), we have

A
pA/ ‘
0 —

which implies that

Cs

(D), | (@ (D (2, 4) dvalr,7) < ey

SE\QJ

L—

lim pA// 3 Nz, A (% (f)P (r,z, A) dvg(r,z) = 0.

A—+oo a

hence,

(4.38)

PsVa”

i 1(4) = / / (F(r,2))? dva(r,2) = | I
0 R

Then, the desired result follows from relations (4.35), (4.36), (4.37) and (4.38) .

DEFINITION 4.4
The Littlewood-Paley g-function associated with the Riemann-Liouville operator
is defined for f € 2.(R?) by

- ( / |V(%<f>><r,x,t>|2tdt>
0

2
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Let 6..(R?) be the space of continuous functions on R?, even with respect to
the first variable and with compact support.
In the following, we need the coming result.

LEMMA 4.5
Let g be a non negative function, g € €..(R?); supp(g) C B,. For every ¢;
0 < e < 1, there exists a non negative function f € Z.(R?) such that

V(T‘,I) € ]Rz; 0 < f(’l",l’) 79(7"711) < g,
with supp(f) C Bat2.

Proof. 1t is well known that for every non negative function h; h € %, .(R?),
supp(h) C B, and for every n > 0, there is a non negative function f € Z,(R?),
supp(f) C Bay1 such that

V(r,x) € R* —n < f(r,x) — h(r,z) <. (4.39)

Let g be a non negative function in %, .(R?), supp(g) C B, and let ¢ € R, 0 <
e < 1. We define the function 6 by

g(r,x)—!—%, if 2 + 22 < a?;
2 2 € e 2 2 2 £)?2
o) = VPt +at s, ifa?<ritat < (a+2)
2
0, ifr2+x22(a—|—g).

Then 6 is a non negative function, § belongs to the space %, .(R?) and supp(f) C
Bas1.

From relation (4.39), there exists a non negative function f € Z,(R?) such that
supp(f) C Baya2, and

Y(r,x) € R? —= < f(r,x) — 0(r,z) <

PR
N

Thus, the function f satisfies
V(r,z) € R% 0 < f(r,2) — g(r,z) <e,
with supp(f) C Bata.

PROPOSITION 4.6
For every p €]1,2], and for every function f € 9.(R?), the function g(f) belongs
to the space LP(dv,) and we have

2—p

272 v
o). <2 (E5) 17

|p7’/0<'
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Proof. Let f be a non negative function; f € Z.(R?). From relation (4.34),
we have

o
Cplp—1)

For p = 2 and using relation (4.33), we obtain

// (r, 2) dva (r, 2) 0// (07 (r, J;,t)|2tdt> dva (v, 7)

V(% () (r 1)) (% (F)*(r 2, ) Aa(%P () (r,2.1).

// r,x) dl/arx
0 R

19(H) |2, = %Ilfllg,ya.

This means that

For p €]1, 2], we have

// (r, 2) dve(r, )
// </|V (r,z,t |2tdt>gdua(r,x)

P
o0 oo )

//(/02/ P (f)(r, 2, H)A (%p(f))(r»%t)tdt> dva(r, )
0 R

P
2

S (p(pl_l))go/R/(f (r,a)@P% (/A ?/p(f))(r,m7t)tdt> dve(r,z),

where f* is the maximal function defined by relation (3.24).
Using Holder’s inequality and relation (4.33), we get

// Vo(r, 2) dve (. 2)

0 R»
x

< (p(pl %||f s <///Aa wr(f rx,t)tdtdua(r,x)>

0ORO

2

= (o) I U

3
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and by means of relation (3.25),

o0
1 5 p o5\ P2
p < p
[ [ty e < (o=5)" (2(25)") T 198
0 R"
in other words,
25"/ p N+
< _— . .
o) e < == (- 24) " 1 v (4.40)

Let f € Z.(R?); supp(f) C B, and let f+ = f%m, fm = %If\ Then f+

is a non negative function, f* € %, .(R?). From Lemma 4.5, for every ¢ € R,
0 < & < 1, there is a non negative function hy € Z,(R?), supp(h1) C By+2 and

Y(r,z) € R% 0 < hy(r,2) — fH(r,z) <e. (4.41)
Now, the function
ho=hi—f=h1—f"+f~
is non negative, belongs to the space Z,(R?) with supp(hs) C Ba12. Moreover
V(’I", {17) € RQ; 0 < h2(T7 iC) - f_(r,x) = hl(rax) - f+(’l“,517) < g,

and we have f = hy — ha.
Since the mapping f —— g¢(f) is sub-linear in the sense that g(f1 + f2) <
g(f1) + g(f2); we deduce that

g(f) < g(h1) + g(h2),

and applying inequality (4.40), we get

2—p

272 D :
pe < == (7)) Il + 2l )

lg(f) p—1

lpwe < Ng(R1)llpva + [lg(h2)]

On the other hand, from relation (4.41), we obtain

e = ( [ty duaw));
A

a+2

(|1

< ( / / (F*(ry )P dva(r. x>> L ca(Bra)

+
Ba+2

1
< ”f“p,ua + E(Va(B:Jrz))p'
As the same way,

1
1h2llpve < [ fllpwe +e(va(Byia))7
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This means that for every e € R, 0 < e < 1,

2—p

9Dl <27 (25) " (W e+ £l0a (B,

and consequently,

2

o2 ( Py
b <2 = (25 ) Il

The precedent Proposition allows us to prove the followings Theorem, that is the
main result of this paper.

lg(f)l

THEOREM 4.7
For every p €]1,2]; the mapping f — g(f) can be extended to the space LP(dvy)
and for every f € LP(dv,), we have

o <225 (25) 15

lpﬂ/a'

Proof. Let f € LP(dv,), then there exists a sequence (fi)r C Z.(R?) such
that

Jim fy fl, =0,
Since the mapping f — g(f) is sub-linear; then for every (k,[) € N?; we have

9(frt1) = 9(fi)llpwa < N19(fott — Fo)llpva

2%2" :
2 p ;
<22 (7) AT
5 \p-1 | frtt = Frllpva

Consequently, the sequence (g(f))x is a Cauchy one in LP(dv,). We put

= 1.
9(f) = lim g(fx)
in LP(dv,,).
It is clear that g(f) is independent of the choice of the sequence (fi)r and we
have

2-p

272 P \7
Vo — li v, <27(7) Vo
9Dl = Jim_lo(F)lw, < 2= (25 )7 1l
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