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Dedicated to Professor Dr. Andrzej Zajtz on his seventieth birthday

Abstract. Curvature properties of pseudosymmetry type of some subma-
nifolds of codimension greater then 1 immersed isometrically in semi-
Riemannian spaces of constant curvature are given.

1. Introduction

Theorem 3.1 of [20] states that if at every point z of a hypersurface M
immersed isometrically in a semi-Riemannian space of constant curvature
NP ¥l(c), n > 3, its second fundamental tensor H has the form

H=av®uv+ fww, v,weTryM, a,0 €R, (1)

then on M we have

K

R-R= ——— R 2
which means that M is a pseudosymmetric hypersurface. In particular, if the
ambient space is a non-flat manifold then M is non-semisymmetric. Evidently,
if the ambient space is a semi-Euclidean space E"™! then (1) reduces to

R-R=0, (3)

which means that M is a semisymmetric hypersurface. In this paper we prove,
that under some additional assumptions, the mentioned above results remain
also true when the codimension of a submanifold M in a semi-Riemannian
space of constant curvature is greater than 1.
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2. Conditions of pseudosymmetry type

In this section we give a review on manifolds of pseudosymmetry type. We
refer to [2], [17] and [33] for a survey of results related to this subject.

Let (M,g), n = dim M > 3, be a connected semi-Riemannian manifold of
class C*°. We define on M the endomorphisms R(X,Y) and X A4 Y by

R(X,Y)Z =[Vx,Vy|Z - Vixy|Z,
(X AaY)Z =AY, 2)X — A(X, 2)Y,

respectively, where A is a symmetric (0, 2)-tensor, V is the Levi-Civita con-
nection of (M, g) and X,Y,Z € E(M), Z(M) being the Lie algebra of vector
fields on M. Furthermore, we define the Riemann-Christoffel curvature tensor
R and the (0, 4)-tensor G of (M, g) by

R(XlaX2aX3aX4) = g(R(leXQ)X3aX4)7
G(X1, X2, X3, X4) = g((X1 Ny X2) X3, Xy),

respectively. We denote by S and k the Ricci tensor and the scalar curvature
of (M, g), respectively. For a (0, k)-tensor field T on M, k > 1 and a symmetric
(0,2)-tensor A we define the (0, k + 2)-tensors R - T and Q(A,T) by

= -T(R(X,Y)X1, Xa,..., Xk)
— L =T(X1,. . X1, R(X,Y) X,

Q(gaT)(Xh o Xg X Y) = ((X v Y) : T)(X17 s 7Xk)
= 7T((X ANa Y)XlaXQa s an)
— ... 7T(X1, ey X1, (X ANa Y)Xk)

A semi-Riemannian manifold (M, g), n > 3, is said to be a pseudosymmetric
manifold ([17, Section 3.1], [33]) if at every point of M the tensors R - R and
Q(g, R) are linearly dependent. Thus the manifold (M, g) is pseudosymmetric
if and only if

R-R=LzQ(g,R) (4)

onUp = {x € M| R—- s G # 0 at x}, where Lp is some function
on Ur. Tt is clear that every semisymmetric manifold (R - R = 0, [32]) is
pseudosymmetric. The condition (4) arose during the study on totally umbilical
submanifolds of semisymmetric manifolds as well as when considering geodesic
mappings of semisymmetric manifolds ([17, Sections 10 and 13], [33]). There
exist pseudosymmetric manifolds which are non-semisymmetric. For instance,
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in [18] (see Example 3.1 and Theorem 4.1) it was shown that the warped
product SP xg S™7P, p > 2, n—p > 1, of the standard spheres S? and S™" P,
with some function F', is pseudosymmetric.

A semi-Riemannian manifold (M, g), n > 3, is said to be a Ricci-pseudosym-
metric manifold ([17, Section 3.4]) if at every point of M the tensors
R - S and Q(g,S) are linearly dependent. Thus the manifold (M, g) is Ricci-
pseudosymmetric if and only if

R-S=LsQ(g,9) (5)

onUs = {x € M| S—£2g+#0at x}, where Lg is some function on Ug. Tt
is clear that if (4) is satisfied at a point = of a manifold (M, g) then also (5)
holds at x. The converse statement is not true. E.g. every warped product
My xp My, dim My = 1, dim My = n—1 > 3, of a manifold (M, g) and a non-
pseudosymmetric Einstein manifold (Ma, §) is a non-pseudosymmetric, Ricci-
pseudosymmetric manifold. It is also known that the Cartan hypersurfaces
of dimensions 6, 12 or 24 are non-pseudosymmetric Ricci-pseudosymmetric
manifolds ([24]).
For any X,Y € Z(M) we define the endomorphism C(X,Y") by

1
CXY) = RIXY)— — <X/\gSY+SX/\gYﬁX/\gY).

The Ricci operator S and the Weyl conformal curvature tensor C of (M, g) are
defined by

9(SX,)Y)=85(X,Y),
C(X1, X2, X35, X4) = g(C(X1, X2) X3, X4),
respectively. Now we define the (0, 6)-tensor C' - C' by
(C-O)(X1,X0, X3, X4;X,Y) = (C(X,Y) - C)( X1, X2, X3,X4)

= _C(C(X7 Y)X17 X2) X37 X4)
— = O(X1, Xo, X3, C(X,Y) X ).
A semi-Riemannian manifold (M, g), n > 4, is said to be a manifold with
pseudosymmetric Weyl tensor ([17, Section 12.6)) if at every point of M the

tensors C' - C' and Q(g, C) are linearly dependent. Thus the manifold (M, g) is
a manifold with pseudosymmetric Weyl tensor if and only if

C-C=LcQ(g,C) (6)

on Us = {x € M| C # 0 at x}, where L¢ is some function on Ugx. It is
known that (6) is fulfilled at every point of the warped product My xp M,
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dim M; = dim My = 2 ([15], Theorem 2). An example of a 4-dimensional
Riemannian manifold satisfying (6), which is not a warped product, was found
in [25].

A semi-Riemannian manifold (M, g), n > 4, is said to be a Weyl-pseudosym-
metric manifold if then at every point of M the tensors R - C and Q(g,C)
are linearly dependent. Thus the manifold (M, g) is a Weyl-pseudosymmetric
manifold if and only if

R-C=LQ(y,0) (7)

on Uc , where L is some function on Ug . Every pseudosymmetric manifold is
Weyl-pseudosymmetric. The converse statement is not true ([13]). Evidently,
any Weyl-semisymmetric manifold (R - C = 0) is Weyl-pseudosymmetric. We
refer to [1] for a review of results on Weyl-pseudosymmetric manifolds.

It is easy to see that at every point of a pseudosymmetric Einstein manifold
the tensors R-R—Q(S, R) and Q(g, C) are linearly dependent. We also mention
that any 3-dimensional semi-Riemannian manifold fulfils ([14], Theorem 3.1)

R-R=Q(S,R). (8)

Moreover, every hypersurface M immersed isometrically in an (n+1)-dimensio-
nal semi-Euclidean space E*"! with signature (n+1—s,s), n > 3, satisfies (8)
([21], Corollary 3.1). A review of results on manifolds satisfying (8) is given in
Section 5 of [17].

Semi-Riemannian manifolds fulfilling the above presented conditions or
other conditions of this kind are called manifolds of pseudosymmetry type
([17], [33]). Recently, a review of results on pseudosymmetry type manifolds
was given in [2].

Further, for a symmetric (0, 2)-tensor fileds A and B on M we define their
Kulkarni-Nomizu product A A B by

(AN B)(X1, X2, X5, X4) = A(X1, X4)B(X2, X3) + A(X2, X3)B(X1, X4)
—A(X1,X3)B(Xs2, X4) — A(X2, X4)B(X1, X3).

Further, for a symmetric (0, 2)-tensor field A on M we define the endomorphism
A of Z(M) and the (0,2)-tensors A% and A3 by

g(AX,)Y) = A(X,Y),
A2(X,Y) = A(AX,Y), 9)
A3(X,Y) = A2(AX,Y),

respectively. We end this section with the following statement.
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LeEMmMA 2.1 ([20])
Let at a point x of a semi-Riemannian manifold (M,g), n > 3, be given a
(0,2)-tensor A having the form

A=av®v+ fw R w, vyweTiM, a,8€R. (10)
Then the following relations are fulfilled at x
QA% ANA) =0, (11)
AP =tr(A)A +0A, A= aB((g(V,W))? = g(V,V)g(W,W)),  (12)
where the vectors V,W € T,M are related to the covectors v, w by v(X) =

g(V, X) and w(X) = g(W, X), respectively, and X € T,,M.

3. Quasi-umbilical hypersurfaces

Let M be a connected submanifold immersed isometrically in a semi-Rie-
mannian manifold (N, §),3<n=dimM <n+k=dimN, k> 1. We denote
by g the metric tensor induced on M from the metric tensor g. We denote by
V and V the Levi-Civita connections correspondig to the metric tensors § and
g, respectively. The Gauss formula of M in N is given by

VxY =VxY +h(X,Y), (13)

where h is the second fundamental form of M in N and X, Y are vector fields
tangent to M. Further, for any vector field £ normal to M and for any vector
field X tangent to M we have the Weingarten formula of M in N

Vx€=—AcX + Dx¢, (14)

where D denotes the normal connection induced in the normal bundle N (M)
of M in N and A, defined by A(§,X) = A:X, is the Weingarten map (the
shape operator) of M in N. We have

g(.AgX,Y) = g(h(X,Y)7f) (15)

A submanifold M in a semi-Riemannian manifold (NN, ) is said to be quasi-
umbilical with respect to the normal direction £ at a point x € M (cf. [21],
[22]) if at x its second fundamental tensor H satisfies the equality

He =oagg+ Beve @ue,  ve € T M, ag, B¢ € R. (16)

If ag =0 (resp., B =0 or ag = F¢ = 0) holds at = then it is called cylindrical
(resp., umbilical or geodesic) w.r.t. £ at p. If (16) is fulfilled at every point of
M then M is called a quasi-umbilical hypersurface w.r.t. £. Let now M be a
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submanifold immersed isometrically in a Riemannian manifold (N, §) and let &
be a local unit normal vector field on M in N. In this case we can prove that
the above notion of quasi-umbilicity equivalent to the following definitions ([5],
[8], [9]): The submanifold M immersed isometrically in a Riemannian manifold
(N, g) is said to be quasi-umbilical w.r.t. £ at a point & € M when it has a
principal curvature with multiplicity > n—1, i.e. when the principal curvatures
of M at x w.r.t. £ are given by e, A¢,..., Ae, where A¢ occurs (n — 1)-times.
In particular, when pe = A¢ (resp., pe = A¢ = 0), then M is umbilical (resp.,
geodesic) at x w.r.t. . If we have e, 0,...,0, where 0 occurs (n — 1)-times
then M is cylindrical at x w.r.t. &.

The following statement gives a curvature characterization of quasi-umbili-
cal hypersurfaces in Euclidean spaces.

THEOREM 3.1 ([3])
A hypersurface M immersed isometrically in a Euclidean space E"', n > 4,
is quasi-umbilical if and only if it is conformally flat.

By the invariance of the multiplicity of principal curvatures of submanifolds
under conformal changes of the metric of the ambient space we obtain the
following result.

THEOREM 3.2 ([31])
A hypersurface M, n > 4, immersed isometrically in a Riemannian conformally
flat manifold is quasi-umbilical if and only if it is conformally flat.

The assertion of Theorem 3.2 is not true when n = 3. Namely, there
exist conformally flat hypersurfaces in E*, which are not quasi-umbilical, i.e.
hypersurfaces with three distinct principal curvatures ([26]). A generalization
of Theorem 3.2, for the case when the ambient space is a semi-Riemannian
manifold, was given in [21].

THEOREM 3.3 ([21], Theorem 4.1)
A hypersurface M, n > 4, immersed isometrically in a semi-Riemannian con-
formally flat manifold is quasi-umbilical if and only if it is conformally flat.

A submanifold M immersed isometrically in a semi-Riemannian manifold
(N, g) is said to be 2-quasi-umbilical w.r.t. £ at a point « € M (cf. [22], [23]) if
at z the second fundamental tensor He of M satisfies the equality

He = aeg + Beve @ Ue + Yewe Qwe,  ve,we € Ty M, ag,Be,ve €R,  (17)
where U, Ve € ToM, g(Ue,Ve) = 0, ue(X) = g(Ue, X), ve(X) = g(Ve, X)

for any vector X € T, M. If (17) is fulfilled at every point of M then it is
called a 2-quasi-umbilical submanifold w.r.t. £. It is clear that if the ambient
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space (N, g) is a Riemannian manifold then the above definition of a 2-quasi-
umbilical submanifold M w.r.t. £ at a point x is equivalent to the following
definition (cf. [6]): The submanifold M, n > 4, immersed isometrically in a
Riemannian manifold (N, §) is said to be 2-quasi-umbilical w.r.t. £ at a point
x € M when it has a principal curvature w.r.t. £ with multiplicity > n — 2, i.e.
when the principal curvatures of M at z w.r.t. { are given by pe, ve, A¢, ...,
A¢, where A¢ occurs (n — 2)-times. Hypersurfaces with pseudosymmetric Weyl
tensor immersed isometrically in Euclidean spaces were considered in [12]. The
main result of [12] is the following

THEOREM 3.4 ([12], Theorem 1)

A hypersurface M immersed isometrically in a Euclidean space E™™, n > 4, is
a manifold with pseudosymmetric Weyl tensor if and only if at every point of
the set Uc C M, M has at most three distinct principal curvatures. Moreover,
if © is a point of Uc, at which M has exactly three distinct principal curvatures,
then their multiplicities are the following: 1,1,n—2, i.e., M is 2-quasi-umbilical
at x.

Examples of hypersurfaces in E"™', n > 4, with pseudosymmetric Weyl
tensor are also given in [12]. A review of results on hypersurfaces satisfying (6)
is given in [23].

4. Quasiumbilical submanifolds of codimension two

Let M be a submanifold immersed isometrically in a semi-Riemannian ma-
nifold N, n =dim M > k = codim M. Let &1,...,&: be mutually orthogonal
units normal local vector fields on M and let §(§,,&y) = ey, ey = 1, x,y,2 =
1,..., k. From (15) we get

hX,Y) =) Hy(X,Y)§,. (18)

The scalar valued form H), is called the second fundamental tensor with respect
to the normal section &, . We denote by R and R the Riemann-Christoffel
curvature tensors of M and N, respectively. The Gauss equation of M in N
has the following form

R(X1,...,X4) = g(h(X1, X4), h(X2, X3))
7§(h(X17X3)ah(X2aX4)) (19)
+ R(X1,...,X4),
where X1,..., Xy are vector fields tangent to M.

The submanifold M in a semi-Riemannian manifold N, n = dim M >
k = codim M, is said to be quasi-umbilical if at every point z € M there
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exist mutually orthogonal units normal vector fields £1,...,&, defined on a
neighbourhood U of x such that on U we have

Hy = ayg+ Byuy @ uy, (20)

where oy, and 3, are some functions and u, is some 1-forms on U, respectively,
x =1,...,k, and the vector fields U, related with @, by u,(X) = g(U,,X),
X € T, U, satisfy

g(U,,U,) =0, y#z, and g(U,,Uy) =¢&,, ¢, ==l (21)

Quasi-umbilical submanifolds were studied among others in: [6]-[9], [27]-
[30] and [34].

From now we will assume that the ambient space (N, §) is a semi-Rieman-
nian space of constant curvature N**%(c) with signature (n +k — s, s), n > 4.
The Gauss equation (22) of M in N™*¥(c) reads

R(Xla cee aX4) = g( (X17X4) (X27X3)) - g(h(X17X3)a h(X27X4))

7 vy (22)
TR G & X,

where £ denotes the scalar curvature of the ambient space. Further, if M is
quasi-umbilical with respect to &1, ..., &k, then (22) turns into

R(X1,...,Xa) = (g Au)(X1,. ... Xa) + 7 G(X1, ..., X4), (23)

where

- k
_ r S 2
= n+k—1)(n+k) Jr;eyay

and (24)

k
Z) = Z ey ory Buy (Y)uy (2).

Using (23) we can present the Ricci tensor S of (M, g) in the form

S(X1,X4) = pg(X1, Xa) + (n — 2) u(X1, Xy),

)+
p = (n—1n+tryu. (25)

We note that form (23), by an application of (25), it follows that the Weyl
curvature tensor C' of (M, g) vanishes identically on M (cf. [5]). From (25) we
get easily

S(Uy,Z)=(p+ (n—2)eyéyay,B3,)g(U,,Y), y=1,... .k (26)
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We denote by S the Ricci operator of S. Now (26) turns into
SU, =1,U,, Ty=p+n—2)1,, 7y = ey, By, y=1,..., k. (27)

We have the following generalizations of Theorem 3.1 for the case when
codimension of a submanifold is > 1.

REMARK 4.1
(i) Let M be a n-dimensional submanifold in E"** n > 4.

(a) ([7]) The submanifold M, with a flat normal connection and such
that 1 < k < n — 3, is quasi-umbilical if and only if it is conformally
flat.

(b) ([28]) The submanifold M, such that 1 < k < inf(4,n — 3), is quasi-
umbilical if and only if it is conformally flat.

(ii) An example of a non quasi-umbilical conformally flat submanifold of codi-
mension 2 in a Euclidean space E® is given in [34] (Chapter 5, p. 100).

Let M, n = dim M > 3, be quasi-umbilical submanifold, with respect to
the normal sections &1,...,&;, in a Riemannian space of constant curvature
Ntk (e), k > 2. From (27) we have SU, = (p+ (n — 2)a, B,))Uy, y = 1,..., k.
Further, we note that if V' is a vector such that g(Uy, V) = 0, then from (27)
we have SV = pV. Thus we see that p, p+(n—2)a1 81, ..., p+(n—2) oy B ,
are eigenvalues of the Ricci operator S of M. In [11] (Theorem 1.3) it was
shown that a conformally flat Riemannian manifold (M, g) is pseudosymmetric
if and only if at every point of M its Ricci operator S has at most two distinct
eigenvalues. Thus we have

THEOREM 4.1

Let M, n > 3, be quasi-umbilical submanifold, with respect to the normal sec-
tions &1,...,&p , in a Riemannian space of constant curvature N"+k(c), k> 2.
Then M is pseudosymmetric if and only if at every point of M the Ricci
operator S of M has at most two distinct eigenvalues p1, p2, i.e., the set
{p, p+ (n—2)auf1,...,p+ (n—2)arfr} has at most two distinct numbers.

From the last theorem it follows

COROLLARY 4.1

Let M, n > 3, be a quasi-umbilical submanifold, with respect to the normal
sections &1, &2, in a Riemannian space of constant curvature N"*2(c). Then
M is pseudosymmetric if and only if at every point x € M we have: M is
umbilical or cylindrical with respect to &1 or &o at x or M is non-umbilical and
non-cylindrical quasi-umbilical with respect to &1 or & at x and a1P82 = azfs .
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Let M be a hypersurface in a semi-Riemannian space of constant curvature
Nttl(e), n > 3, and let & be the normal sections of M in N?*!(c). Now the
Gauss equation (22) reads

R €
R——G=-HAH, 28
n(n+1) 2 (28)
where H is the second fundamental tensor of M in N**1(c). From (28) we get
immediately

(n—Dr 2

Further, applying Lemma 2.1 of [21] into (28) we obtain

(- ©) ()

N : (30
(n— R
( n(n+1) gR_n(nJrl)G)7
whence by making use of (28) and (29) we obtain
1
- =—-Q(H?* HAH). 1
(R ry€) R = 5 QU H A ) (31)

Using Lemma 2.1 and (31) we can prove

THEOREM 4.2 ([20], Theorem 3.1)
Let M be a hypersurface immersed isometrically in a semi-Riemannian space
of constant curvature N'*1(c), n > 3. If at every point x € M its second
fundamental tensor H has the form

H=aov®uv+ pfwew, v,weTryM, a,0 €R, (32)

then the following relation is satisfied on M

R'RZWQ(%R)- (33)

In particular, from this it follows that if at every point of a hypersurface M in a
Riemannian space of constant curvature N"*1(c), n > 4, M has three distinct
principal curvatures A, p,0,...,0, where 0 occurs (n — 2)-times, then M is a
pseudosymmetric manifold.

We give now an extension of the last theorem on the case of the codimension
greater then 1. Let M, n > 3, be a submanifold in a Riemannian space of
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constant curvature N”Jrk(c)7 k > 1, and let &, ...,& be the normal sections
of M in N""k(¢). The Gauss equation (22) of M reads

R

n+k—-1)(n+k)

Rsijk = ZE:E(H:E skHa:ij - Ha: stxik) + Ghijk . (34)
T

Transvecting this with k%, , and using (34) we get

Ryiji Ry = Z (= Hyix(HoneHZ j; — HonpHZ )

+ Ha:ZJ(Ha: heszf - Hﬂ: tha: ke))

+ Z —€afy Hy ik (HyneHayjf — HynfHoyje)
zFyY
+ Exy Ha: ij (Hy hesz kf — Hy tha:y ke))

(35)
+ Z — EzE&y yzk(Ha; heHymjf - Hm thy:CJe)
z#y
+ Exly Hy % (Hy heHy:c kf — Hy thya; ke))
+ ; (9i; R wR;
(n+k— 1)(TL+IC) Gijikhef GikLljhef
+ gneRyijk — gy Reijk),
where
H:cyij = Ha;isg Hy]r- (36)
Applying now (35) to the idendity
R - R)nijkim
(B - R)nijk (37)

= Rsiijshef - Rshijsief + Rskhistef - sthiRskef )

and using the definition of the tensor Q(A,T), where A is a symmetric (0, 2)-
tensor and T a generalized curvature tensor, we find

K
‘R = (H2,H, AN H,
— > 2ty Q(Hay + Hyz, Hy A Hy).
TFy

(38)

THEOREM 4.3

Let M, n =dimM > 3, be a submanifold in a Riemannian space of constant
curvature N"*k(c), k > 2, and let &,, z = 1,...,k, be the normal sections of
M in N"t*(c). If at every point x € M the second fundamental tensors H, of
M satisfy the following relations:

H,=o0u,Qu;+ f.w, w,, uz,w, € Ty M, o, (., € R, (39)
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and the subspaces in{Uy, W} and lin{U,, W, }, for z # y, are mutually or-
thogonal then

P

R-R= ,R), 40

(n+k—1)(n+k)Q(g ) (40)

where the vectors Uy, W, € T, M are related to the covectors u,, w, by u,(X) =
9(U;, X), w,(X) =g(W,,X) and X € T, M.

Proof. From Lemma 2.1 it follows immediately that Q(H2, H, A H,) = 0.
Further, we have

(Hay + Hya)ij = aoayg(Us, Uy) (Ug ity j + ta ity ;)
+ Buoyg(Wa, Uy) (Wa itty j + Wy jtty ;)
+ azﬂyg(Uﬂiv Wy) (wwiuyj + wijuyi)
+ ﬁxﬁyg(va Wy) (wx iWy j + wl‘iwyj)v

(41)

where u, ;, w,; are the local components of the covectors u, and w, . By our
assumptions, (41) reduces to Hyy+ Hy, = 0, whence Q(Hyy+ Hyz, Ho ANHy) =
0. Now (38) turns into (40), completing the proof.

From the above theorem it follows immediately the following

THEOREM 4.4
Let M, n=dim M > 3, be a submanifold in a semi-Euclidean space IEZH"“ and

let £&,, z =1,...,k, be the normal sections of M in E?Jrk. If at every point
x € M the second fundamental tensors H, of M satisfy (39) and for any x #y
the subspaces lin{Uy, W} and lin {U,, W, } are mutually orthogonal then M is
a semisymmetric manifold.

EXAMPLE 4.1 (cf. [34], Chapter VII, Theorem 1)

First of all we note that the product manifold of k, kK > 2, semisymmetric
manifolds is also a semisymmetric manifold. Let now M,, dim M, = n,, be
a hypersurface of rank 2 immersed isometrically in a Euclidean space E™¢,
a=1,..., k. Such hypersurface is a semisymmetric manifold (cf. Theorem 4.2).
By an standard construction, the Cartesian product manifold My x ... x My
of the manifolds My, ..., M} is a semisymmetric submanifold in a Euclidean
space E™ 2% guch that (39) is satisfied and for any x # y lin {U,, W, } and
lin {U,, W, } are orthogonal.
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