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Patryja �uszz-�widekaOn Minkowski deomposition of Okounkov bodies ona Del Pezzo surfaeAbstrat. We show that on a blow up of P2 in 3 general points there exists

a finite set of nef divisors P1, . . . , Ps such that the Okounkov body ∆(D) of
an arbitrary effective R–divisor D on X is the Minkowski sum

∆(D) =
s∑

i=1

ai∆(Pi) (1)

with non-negative coefficients ai ∈ R>0.1. Introdution
Okounkov bodies form a new and rapidly developing research area in algebraic

geometry. They are convex bodies associated to algebraic varieties in a very general
setting, and may be viewed as a vast generalization of toric geometry. The idea is
to associate to a big divisor D on a variety X a convex body ∆(D) (the Okounkov
body of D) in such a way that questions about the original variety and D can be
answered from the geometry of this polytope.

A systematic development of the theory has been initiated in [8] and [5] and
we refer to these articles for details and motivations. Here we recall the basic
construction.

Let X be an irreducible projective variety of dimension n and

Y• : X = Y0 ⊃ Y1 ⊃ . . . ⊃ Yn−1 ⊃ Yn = {p}

be a flag of irreducible subvarieties of X such that codimX(Yi) = i and p is
a smooth point of each Yi for i = 0, . . . , n.

Let D be a Cartier divisor on X . The flag Y• defines an order n valuation-type
mapping

νY•
: H0(X, kD) → Zn ∪ {∞}

in the following way. Given a section 0 6= s ∈ H0(X, kD) we set

ν1 = (νY•
)1(s) := ordY1

(s).
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This determines a section

s̃ ∈ H0(X, kD − ν1Y1),

which does not vanish identically along Y1, and thus restricts to a non-zero section

s1 ∈ H0(Y1, (kD − ν1Y1)|Y1
).

We repeat the above construction for s1 and so on. In this way we produce
a valuation vector

νY•
(s) = ((νY•

)1(s), . . . , (νY•
)n(s)) ∈ Zn

and an element

(νY•
(s), k) ∈ ΓY•

(D) ⊂ Zn+1

in the graded semigroup of the linear series |D|. Let S(D) ⊂ Rn be the set of all
normalized valuation vectors obtained as above, i.e.,

S(D) =
{ 1

k
νY•

(s) : s ∈ H0(X, kD), k = 1, 2, 3, . . .
}
.

Definition 1.1 (Okounkov body)
The Okounkov body ∆Y•

(D) associated to the divisor D is the closed convex hull
of the set S(D).

Note that the shape of the Okounkov body depends on the flag Y•. However
some invariants, for example its volume, are independent of Y•. This is in fact the
main result of [8].

Computing the Okounkov body explicitly is in general not an easy task. We
address this question here for Del Pezzo surfaces. First, we need to recall some
properties of Okounkov bodies on arbitrary surfaces.2. Okounkov bodies on surfaes

A remarkable fact about divisors on arbitrary smooth surfaces is the existence
of the Zariski decomposition. This fact goes back to Zariski [11]. We refer to [1]
for a modern proof.

Theorem 2.1 (Zariski decomposition)
Let D be an effective divisor on a smooth projective surface X. Then there are
uniquely determined effective (possibly zero) Q–divisors PD and ND such that

D = PD +ND

and

(i) PD is nef,

(ii) ND is zero or has negative definite intersection matrix,



On Minkowski deomposition of Okounkov bodies on a Del Pezzo surfae [107℄
(iii) PD · C = 0 for all irreducible components C of N .

Assume that p is the smallest positive integer such that pND is a divisor defined by
the section nD of the line bundle OX(pND). Then, multiplication by the section

n
k
p

D induces an isomorphism

H0(X, kPD) ≃ H0(X, kD) (2)

for all k divisible by p.

We take a flag Y• : X = Y0 ⊃ Y1 ⊃ Y2 = {p} with the curve Y1 not contained
in the augmented base locus B+(D) (which in particular implies that Y1 is not
a component of ND). Then because of (2) we have for an arbitrary section s ∈
H0(X, kD) with k divisible enough

s = t · n
k
p

D

for some section t ∈ H0(X, kPD) and

ν1(s) = ν1(t) + ν1
(
n

k
p

D

)
= ν1(t) +

k

p
ν1(nD) = ν1(t). (3)

Similarly, we have

ν2(s) = ν2(t) + ν2
(
n

k
p

D

)
= ν2(t) + k ·

1

p
ν2(nD). (4)

It follows that the Okounkov body of D is up to translation by 1
p
ν2(nD) equal to

that of PD.

Corollary 2.2
Let D be an effective divisor on a smooth algebraic surface X with Zariski decom-
position D = PD +ND and let Y• be a flag as above. Then

∆(D) = ∆(PD) + (0, ordp(ND)).

In the view of the above corollary, it is sufficient to know what Okounkov
bodies of nef effective divisors are. It turns out that on Del Pezzo surfaces there
are only finitely many building blocks. This is made precise in the next section.3. Del Pezzo surfaes

Let r be a fixed integer 0 6 r 6 8. We fix r points p1, . . . , pr in the projective
plane P2 in general position. More precisely we assume that

a) no three of these points are collinear,

b) no six of them are on the same conic,

c) a cubic curve passing through 6 of them and singular in the seventh point,
is not passing through the eighth.
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Let fr : Xr → P2 be the blowing up of P1, . . . , Pr with exceptional divisors

E1, . . . , Er. Under the above assumptions, Xr is a smooth Del Pezzo surface,
i.e., the anticanonical divisor −KXr

is ample, see [4]. We denote the class of the
pullback by fr of a line in P2 by H .

From now on, we fix also the following flag. Let Y1 be a line in P2 not passing
through any of the points P1, . . . , Pr and let p ∈ Y1 be a point not lying on the
image under fr in P2 of any of the (−1)–curves on Xr. This assumption, in view
of (4) guarantees that

∆(D) = ∆(PD)

for an arbitrary big divisor D on Xr.
Del Pezzo surfaces are two-dimensional Fano varieties. It is well known from

the Mori theory, see [3] and [10, Theorem 1.1.5], that the nef cone of a Fano variety
is finitely generated.

For Del Pezzo surfaces it is easier to write down generators of the pseudo-
effective cone than those of the nef cone. The effective cone is generated by classes
of irreducible (−1)–curves on Xr for r > 2. For r 6 1 one has to include also H

in the set of generators.
One could naively expect, that in order to get the decomposition claimed in

(1), one could take as the divisors Pi the generators of the nef cone. The following
two simple examples show that this wouldn’t work.

Example 3.1
Let X2 be the blowup of P2 in two points. A slice of the effective cone of X2 looks
like in the following picture

E2 E1

H − E1 − E2

H − E1 Nef H − E2

H

Picture 1. A slice of the effective cone of X2.

We consider the generators H − E1 and H − E2 of the nef cone of X2. The
Okounkov bodies, constructed with respect to the flag, given in Section 2 coincide
for both divisors. They are presented in the Picture 2.



On Minkowski deomposition of Okounkov bodies on a Del Pezzo surfae [109℄
1

0

Picture 2. Okounkov body of H − Ei for i = 1, 2.

The Minkowski sum of two such segments is, again, a segment, presented in the
next picture.

2

0

Picture 3. Minkowski sum of ∆(H − E1) and ∆(H −E2).

On the other hand

H − E1 +H − E2 = 2H − E1 − E2 = H + (H − E1 − E2)

is a big (and nef) divisor, so its Okounkov body has in any case some positive
volume. In fact, it is the triangle presented in the Picture 4.

2

10

Picture 4. Okounkov body of 2H − E1 −E2.

One might suspect that the reason for the bad behavior of the generatorsH−E1

and H − E2 is caused by them not being big. The next example shows that even
for big and nef divisors the Okounkov bodies might not be additive.

Example 3.2
Now we look at X3 with the flag fixed as explained in Section 2. We consider
divisors D1 = 3H − 2E1 −E2 and 4H − 2E1 − 2E2 − 2E3. They are both big and
nef, with Okounkov bodies represented on Pictures 5 and 6, respectively.
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3

10

Picture 5. Okounkov body of D1.

4

10

Picture 6. Okounkov body for D2.

The Minkowski sum of ∆(D1) and ∆(D2) is presented in the Picture 7.
On the other hand the Okounkov body of the sum

3H − 2E1 − E2 + 4H − 2E1 − 2E2 − 2E3 = 7H − 4E1 − 3E2 − 2E3

is presented in the Picture 8. The two figures do not agree.

7

20

Picture 7. Minkowski sum of ∆(D1) + ∆(D2).

7

2 1
2

0

Picture 8. Okounkov body of D1 +D2.

These examples show that our main result stated in the next section is by no
means obvious.
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Theorem 4.1 (Minkowski decomposition on Del Pezzo surfaces)
Let X be a smooth Del Pezzo surface, i.e., X = Xr for some r, or X = P1 × P1.
Then there exists a finite set of nef divisors P1, . . . , Ps such that for any big R–
divisor D we have

D =

s∑

i=0

aiPi +ND and ∆(D) =

s∑

i=1

ai∆(Pi)

with non-negative real numbers ai ∈ R>0.

Note that in the first equality there is the sum of divisors, whereas in the second
equality the sum stands for the Minkowski sum of convex sets. We call the set
{Pi} the Minkowski basis of Xr, even though this is strictly speaking not a basis.

The complete proof of this theorem will appear in the forthcoming paper [9].
In this announcement we restrict our attention to the case r = 3 as this is already
interesting enough.

Before we can proceed with the actual proof, we need to establish some nota-
tion. Following [2] we write

Null(D) = {C ⊂ X : C irreducible curve with C ·D = 0}

for the set of all irreducible curves orthogonal to a given R–divisor D with respect
to the intersection form on X .

We write

Null∗(D) := Null(D) \ {E1, . . . , Er}

for the set Null(D) with E1, . . . , Er excluded.
The Neron-Severi group on Xr is generated by H and E1, . . . , Er. We abbre-

viate

P (a; b1, . . . , br) := aH − b1E1 − . . .− brEr.5. Proof of Theorem 4.1 for r = 3

We claim that as a set {Pi} we can take the following divisors:

a) P (1; 0, 0, 0),

b) P (1; 1, 0, 0), P (1; 0, 1, 0), P (1; 0, 0, 1),

c) P (2; 1, 1, 0), P (2; 1, 0, 1), P (2; 0, 1, 1),

d) P (2; 1, 1, 1),

e) P (3; 2, 1, 1), P (3; 1, 2, 1), P (3; 1, 1, 2).

The divisors above are grouped in the obvious manner. The Okounkov bodies of
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divisors in each group are the same and they are depicted below. For the Okounkov
bodies of the divisors of type b) see Picture 2 above.

1

10

a) The Okounkov body of H

2

10

c) The Okounkov body of 2H − E1 −E2

2

1
2

0

d) The Okounkov body of

2H − E1 −E2 − E3

3

10

e) The Okounkov body of

3H − 2E1 − E2 −E3

A nef divisor P can be written as a combination with non-negative coefficients
of the divisors above (because the set contains the generators of the nef cone) but
not in a unique way. It is in fact crucial for the Theorem to pick up the right
decomposition. To this end we first list the space Null∗(·) for each type of divisors
in the Minkowski basis.

D Null∗(D)

H ∅

H − Ei H − Ei, H − Ei − Ej , H − Ei − Ek

2H − Ei − Ej H − Ei − Ej

2H − E1 − E2 − E3 H − E1 − E2, H − E1 − E3, H − E2 − E3

3H − 2Ei − Ej − Ek H − Ei − Ej , H − Ei − Ek

The convention in this table is that i, j, k stay for mutually distinct indices.

In order to establish the theorem for arbitrary Q–divisors, it is enough to
work with the integral divisors, as the Okounkov bodies scale well. The claim for
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R–divisors follows then from the existence of the global Okounkov body, see [8,
Theorem 4.5]. So we assume that P is an integral nef divisor on X3. Next we
compute the coefficients {ai} according to the following algorithm.

Let M be the divisor in the Minkowski basis given above with the property

Null∗(M) = Null∗(P ).

Such an element exists and is unique. Indeed, it follows from the Index Theorem
that Null∗(P ) has a negative semi-definite intersection matrix. There are only
finitely many such matrices possible on X3 and each one of them appears in our
list exactly once.

Then we set P ′ := P −M and we claim that

∆(P ) = ∆(P ′) + ∆(M). (5)

Taking this for granted for a moment, we are finished with the proof of the Theo-
rem, as we now apply our algorithm to P ′ and so on. This procedure terminates
since we lower the absolute value of the coefficients of P in the basis H,E1, . . . , Er

in every step.
The equality in (5) follows from observing that P and M lie on the same face

(in the sense of convex geometry) of the nef cone of X3. Moreover, subtracting M

from P results in a divisor P ′ which either lies on the same face or on its boundary.
Hence we can assume that

Null∗(P ) = Null∗(M) = {N1, . . . , Ns}

and

Null∗(P ′) = {N1, . . . , Ns, Ns+1, . . . , Ns+t}.

Then

M = µY1
(M) · Y1 +

s∑

i=1

αiNi and P ′ = µY1
(P ′) · Y1 +

s+t∑

j=1

βjNj,

where

µY1
(F ) := sup{t ∈ R : F − tY1 is effective}.

Note that the exceptional divisors E1, . . . , Er do not appear in decompositions of
nef divisors.

We claim that

µY1
(P ′ +M) = µY1

(P ′) + µY1
(M). (6)

It is clear that we have the > inequality in (6). Assume for the contrary that this
inequality is sharp, i.e., P = P ′+M = γ ·Y1+R with some γ > µY1

(P ′)+µY1
(M)

and R, a pseudo-effective divisor. Comparing the two presentations of the sum
P ′ +M we have

(γ − µY1
(P ′)− µY1

(M)) · Y1 +R =

s∑

i=1

(αi + βi)Ni +

s+t∑

i=s+1

βiNi.
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In our case Y1 is a big divisor, whereas the divisor on the right is not big and this
contradiction shows (6).

Then we use the description of Okounkov bodies on surfaces from [8, Theo-
rem 6.4]. For P = P ′ +M we have

∆(P ) = {(x, y) ∈ R2 : 0 6 x 6 µY1
(P ) and α(x) 6 y 6 β(x)}

with

α(x) = ordp(NP−xY1
) and β(x) = ordp(NP−xY1

) + (Y1 · PP−xY1
).

By our choice of the point p in the flag, α(x) is zero for all 0 6 x 6 µY1
(D).

The same is true for the α–functions for P ′ and M , so everything amounts to the
computation of PP−xY1

. We have

PP−xY1
=

{
P ′ + PM−xY1

for 0 6 x 6 µY1
(M),

PP ′−(x−µY1
(M))Y1

for µY1
(M) 6 x 6 µY1

(P ) = µY1
(P ′) + µY1

(M).

This shows the equality

∆(P ′ +M) = ∆(P ′) + ∆(M).Referenes
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