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Classes of multivalent analytic functions with Montel’s
normalization

Abstract. In this paper we define classes of functions with Montel’s normal-
ization. We investigate the coefficients estimates, distortion properties, the
radii of starlikeness and convexity, subordination theorems, partial sums and
integral means inequalities for the defined classes of functions. Some remarks
depicting consequences of the main results are also mentioned.

1. Introduction and basic notations
Let A denote the class of functions which are analytic in U = U(1), where
U(r)={z€C: |z| <r}

is an open disc and let A(p, k) (p,k € N={1,2,3,...}, p < k) denote the class of
functions f € A of the form

f(z) =apz? + i anz" (z €U; ap >0). (1)
n=~k

For a multivalent function f € A(p, k) the normalization

() g )

zp—1 zp—1

z=0

=0
z=0

is classical. One can obtain interesting results by applying Montel’s normalization
(¢f. [11]) of the form

=, (2)

where p = |p|e®™ is a fixed point of the unit disk U.

We denote by A,(p, k) the class of functions f € A(p, k) with Montel’s nor-
malization (2) and call it the class of functions with two fixed points.

Also, by T"(p,k) (n € R) we denote the class of functions f € A(p, k) for
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which all of non-vanishing coefficients a,, satisfy the condition
arg(a,) =7+ (p—n)n n=kk+1,...). (3)

For 7 = 0 we obtain the class 7%(p, k) of functions with negative coefficients.
Moreover, we define

Tp, k) == | T"(p. k).

ner

The classes T (p, k) and T"(p, k) are called the classes of functions with varying
argument of coefficients. The class T(1,2) was introduced by Silverman [16] (see
also [22]).

Let a € (0,p), r € (0,1). A function f € A(p, k) is said to be convex of order

o in U(r) if
Z]{/(S)> >« (z € U(r)).

A function f € A(p, k) is said to be starlike of order o in U(r) if

Re(l-i—

Re(ZJJ:(/S)) >a  (z€U(r)). (4)

We denote by S;(a) the class of all functions f € A(p,p + 1), which are convex
of order a in U and by S;(a) we denote the class of all functions f € A(p,p + 1)
which are starlike of order a in U.

It is easy to show that for a function f from the class 7 (p, k) the condition (4)
is equivalent to the following condition

2f'(2)
f(2)

Let B be a subclass of the class A(p, k). We define the radius of starlikeness
of order v and the radius of convexity of order « for the class B by

—4<p—a (= cU(r)). (5)

R} (B) = Jicml; {sup{r € (0,1] : f is starlike of order o in U(r)}},
€
R (B) = }m; {sup{r € (0,1] : f is convex of order « in U(r)}},
€
respectively.
We say that a function f € A is a subordinate to a function F' € A and write

f(z) < F(z) (or simply f < F), if and only if there exists a function w € A
(w(0) =0, |w(2)| <1, z €U), such that

f(2)=F(z) (z€l).
In particular, if I is univalent in U, we have the following equivalence

f(2) < F(2) <= [f(0) = F(O) A f(U) C F(U)].
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For functions f, g € A of the form

= i anz" and g(z) = i bp2",
n=0 n=0

by f % g we denote the Hadamard product (or convolution) of f and g, defined by

(f*g9)(= Zanbz (z €U).

Let A, B, be real parameters, 6 > 0, 0 < B <1, -1 < A < B, and let

¢, ¢ € Ap, k).
By W(p, k; ¢, ¢; A, B; §) we denote the class of functions f € A(p, k) such that
(pxf)z) #0  (z€U\{0}) (6)
e GeNE)  J@rDE | 1+4
* V4 % z z
(e f)(z) _6’(g0*f)(z)_1‘< 1+ Bz’ (M
If 0 < B < 1, then the condition (7) is equivalent to the following inequality
(@*f)lz) s ’((b*f)(Z) ‘_1—AB B-A
e lespe N Tme|time BEH B

and if B = 1, then it is equivalent to the following

(@ f)(z) CRed @ 0) 1-4 .
‘(@*f)() 1‘ R{(go*f)(z) 1}< 2 (z €el). 9)

Now, we define the classes of functions with varying argument of coefficients related
to the class W(p, k; ¢, p; A, B; 6). Let us denote

Wo(p, ks &, 0; A, By ) := A,(p, k) N W(p, k; ¢, 3 A, B; 6),

W (p, k; ¢, 3 A, B3 0) := T"(p, k) "N W(p, k; ¢, 03 A, B3 0),
TW (0, k5 0,03 A, B; 6) := A, (p, k) N TW'(p, k; ¢, 3 A, B; 6),

W, (D, k; ¢, 0; A, B3 8) := T (p, k) "W, (p, k; 6, ; A, B; 6).

In this article we assume that ¢, ¢ are functions of the form
o0 o0
z) =2+ Z anz”, P(z) =P + Z Bnz" (z el),
n=k n=Fk

where the sequences {a, }, {8,} are real, and
0<an<Bn (n=kk+1,...)
Moreover, we define

dy:=(+1)1+B)Bn— B+ A+6+ 1oy,  (n=kk+1,..). (10)
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The family W(p, k; ¢, p; A, B; ¢) unifies various new and also well-known classes
of analytic functions. We list a few of them in the last section.

The objective of the present paper is to study the coefficients estimates, dis-
tortion properties, the radii of starlikeness and convexity, subordination theorems,
partial sums and integral means inequalities for the classes of functions with vary-
ing argument of coefficients. Some remarks depicting consequences of the main
results are also mentioned.

2. Coefficients estimates

First we mention a sufficient condition for the function to belong to the class
W(p, k; ¢, 93 A, B3 5).

THEOREM 2.1

Let0<B<land -1<A<B.IffeA,(p k) and

> dnlan| < (B - Ay, (11)

n=~k

then f € W(p, k; ¢, ; A, B;0).

Proof. If 0 < B < 1, then we have
’(dﬁ*f)(Z) _5‘(¢*f)(2) _1’ _1-4B

(px f)(z) (e *[f)(z) 1- B2
(o*f)(z) B(B-4)
e e R e v
fo:k(ﬁn — ay)lan|[z["7P  B(B - A)
< ((5-1-1) ap—ZfzkanMnHZ\"’p 1— B2

Thus, by (11) we obtain (8) and consequently f € W(p, k; ¢, ¢; A, B;d). Let now
B = 1. Then simply calculations give

6 DE | pf@xHE) 0N
5|(w*f)(Z) 1‘ R{(so*f)(Z) 1}3(“1"(@”)(@ 1‘
fo:k(ﬁn - Ofn)|an‘|z|”_p

<(6+1)

ap — fo:k apla||z[P

and, by (11) we obtain (9). Hence f € W(p,k;,p; A, B;0) and the proof is
complete.

)

Our next theorem shows that the condition (11) is necessary for functions of
the form (1), with property (3) to belong to the class TW"(p, k; ¢, p; A, B;0).

THEOREM 2.2
Let f € T"(p,k). Then f € TW"(p,k; b, 0; A, B;0) if and only if the condition
(11) holds true.
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Proof. In the view of Theorem 2.1 we need only to show that each function f €
TW(p, k; ¢, p; A, B; §) satisfies the coefficient inequality (11). Let f € TW"(p, k;
&, ¢; A, B; ). Putting z = re™ in the conditions (8) and (9) we obtain

Z?:Q(ﬂn — ap)|an|r" P < B-A
ap — Yons o Qplan|rnP 1+B°

(0+1)

Thus, by (6) we have

> dnlan|r" TP < (B = A)ay,
n=2

which, upon letting r — 17, readily yields the assertion (11).

From Theorem 2.2 we can deduce the following result.

THEOREM 2.3
Let f € T"(p,k). Then f € TW)(p,k; ¢, 0; A, B;6) if and only if it satisfies (2)

and
oo

n —
>~ (pdu = (B=A)= ol ) |an| < B— A. (12)
n=~k p
Proof.  For a function f € T"(p, k) with the normalization (2) we have

o0
n _
ap =142 laallel"™". (13)

n=~k
Then the conditions (11) and (12) are equivalent.

From Theorem 2.3 we obtain the following lemma.

LEMMA 2.4
If there exists an integer ng € Ny = {k,k+1,...} such that

pdno - (B - A)n0|p|n07p <0,
then the function

fro(2) = (1 + a%p"o_p) 2P — qetP=no)n no (zelU)

belongs to the class TW(p, k; ¢, ¢; A, B; 6) for all positive real numbers a. More-
over, for all n € Ny such that

pdn — (B = A)n|p[*™" >0,
the functions

fu(z) = (1 + a%p"(’_p + bgz"_p) 2P — qelPmmo)nno _ pei(p=ninn (z ell),
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where
_p(B—A)+ (B—=A)nolp|"™™" — pdny)a
pdn — (B — A)n|p[*—P ’
belong to the class TW)(p, k; ¢, p; A, B;0).

b

By Lemma 2.4 and Theorem 2.3, we have the following two corollaries.

COROLLARY 2.5
Let

pdn, — (B —A)nlp|" P >0 (n=kk+1,...).
If pdy, — (B — A)n|p|"~P > 0, then the n-th coefficient of the class TW)(p, k; ¢, ¢;
A, B; ) satisfies the following inequality
B-—A

n| < .
ol < B = Al

The result is sharp, the function f, , of the form

 pdn2? — p(B — A)elP=mnzn

fn,n(z) - pdn _ (B _ A)n|p|n,p (Z € Z/{) (14)

is an extremal function.

COROLLARY 2.6
Let {d,,} be defined as in (10). If

pdyp — (B — A)n|p|" " =0,

then the n-th coefficient of the class TW)(p, k; ¢, ; A, B; ) is unbounded. More-
over, if there exists ng € Ny = {k,k+1,...} such that

pdn, — (B — A)nglp|™ P <0,
then all of the coefficients of the class 'TWZ(p, k; ¢, p; A, B;6) are unbounded.

Putting p = 0 in Theorem 2.3 and Corollary 2.5 we have the corollaries listed
below.

COROLLARY 2.7
Let f € T"(p, k). Then f € TW{(p, k; ¢, p; A, B;6) if and only if

(e9)
Zdn\an\ <B-A.
n=~k

COROLLARY 2.8
If f € TWi(p, k; ¢, 03 A, B; ), then
B-A

lan| < T
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The result is sharp. The functions f, , of the form

B-A
dn

fan(z) =2 elp=nn ;n (zel) (15)

are extremal.

3. Distortion theorems
From Theorem 2.2 we have the following lemma.

LEMMA 3.1
Let f € TW](p,k; ¢, 3 A, B;6). If

k
0<di— (B = A) |pl" P <d — (B —A>g|p|"*p, (16)
then -
3 Jan| < b4
= di — (B — A)E|p—r

Moreover, if

di — (B — A)5|p/*7 _ = B A"

0<
k - n ’

then

o0

k(B — A)
Zn|an| < TP
dp — (B — A)ylpl*=P

n=~k

REMARK 3.2

The second part of Lemma 3.1 may be formulated in terms of o-neighborhood N,
defined by

o0

N, = {f(z) =apz’ + Z anz™ € T(p, k) : Zn|an| < 0}

n=k n=k

as the following corollary.

COROLLARY 3.3
If the sequence {d,} defined by (10) satisfies (17), then
TWi(p, k; ¢, 3 A, B;6) C No,

where
k(B - A)

di— (B A)E|plkr
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THEOREM 3.4
Let f € TW)(p, k; 6,5 A, B; ) and let |z| = r < 1. If the sequence {d,,} satisfies
(16), then

B-A dpr? + (B — A)rk
paprp_ d _ B—A E k_prk S ‘f(z)‘ S d _ B—A E k—p- (18)
k= ( rd k= ( rd
Moreover, if (17) holds, then
P B — A)rk-1
§r) < |7/()] < BT HB AN (19)

d— (B = A)E|pf=r”
where
" (r < p).
o(r) = dpr? — (B — A)rk
s — (B = A)E|pf—r

(r > p).

The result is sharp, with the extremal functions fi., of the form (14) and f(z) = z
(z ell).

Proof. Suppose that f € TW)(p, k; ¢, 0; A, B; ). By Lemma 3.1 we have

> (oo}
‘f’(2)| - paPZP?l + Z nanznl‘ < rP1 (pap + Z ’nanTn:D)
n=k n=k
& oo
<7 (o4 S a7+ 3wl )
n=k n==k
<7 (4 o7 ) 3 o)
n=k
dpr?™t + k(B — A)rk
~ dy— (B - A)%‘p‘k—P ’
and
> 0
7@z <pap—2n|an|r"p> - (p+z(0"p—r"p)nan|)- (20)
n=k n=k

If r < p, then we obtain |f/(z)| > rP~1. If r > p, then the sequence {(p" P —r""P)}
is decreasing and negative. Thus, by (20), we obtain

, , oy dpr? — k(B — A)r*
/ > pp—1 _ (k=D _ k—p L) > pag
72 (b0 Y ) 2 B

n=2

and we have the assertion (19). Making use of Lemma 3.1, in conjunction with
(13), we readily obtain the assertion (18) of Theorem 3.4.
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COROLLARY 3.5
Let f € TW{(p, k; ¢, 0; A, B;d). If di, <dp, (n=k,k+1,...), then

B-A
- < IfE) <+
dy,
Moreover, if nd < kd,, then
prp—l _ k(B - A)
dy,

B—-A

rk (lz| =r < 1).

Tk’—l < |f/(2)| < p?"p_l + k(Bd— A)T'k_l (|Z| —r< 1)
k

The result is sharp, with the extremal function fi., of the form (15).

4. The radii of convexity and starlikeness

THEOREM 4.1
The radius of starlikeness of order « for the class TW"(p, k; ¢, ¢; A, B;d) is given

by

R (TW"(p,k: 6,03 A4, B; 9)) = inf (%) o (21)

The functions

B-A

fan(2) = a, (ZT’ ei(p_”)"z") (zelUin=kk+1,...;a,>0) (22)

n

are extremal.

Proof. A function f € T"(p, k) of the form (1) is starlike of order « in the
disk U(r) if and only if it satisfies the condition (5). Let |z| = < 1. Since

2f'(z) ’ _ | Zatkm —planz | 3 (n = plan|lz" 7"
f(2) apz? + 3500y anz" ap — Doy lan||z["7P
the condition (5) is true if
S AL < ay. (23)
p—«
n==k
By Theorem 2.2, we have
= d
> 5ol <ap. (24)
n=k

Thus, the condition (23) is true if

n—a dy,
r <
p—a ~“B-A

that is, if
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It follows that each function f € TW"(p,k; ¢, ¢; A, B; ) is starlike of order « in
the disk U(r), where

. —a)d, =
r= juf (%) :

The functions fi, , of the form (22) realize equality in (24), and the radius r cannot
be larger. Thus we have (21).

The following result may be proved in much the same way as Theorem 4.1.

THEOREM 4.2
The radius of convexity of order o for the class TW" (p, k; ¢, p; A, B; ) is given
by

) e (p=)dn 77
RQ(TWn(p,k7(b,<p,A,B,(S)) - Tllgf,; (n(n —a)(B - A)) ’

The functions fy, ., of the form (22) are the extremal functions.
It is clear that for

dn

= >0
4o = (B = Al

ap
the extremal functions f, , of the form (22) belong to the class TW}(p, k; ¢, »;
A, B;§). Moreover, we have
TW,(p, k; &, A, B;0) C TW(p, k; ¢, 05 A, B; 6).
Thus, by Theorems 4.1 and 4.2 we have the following results.

COROLLARY 4.3
Let the sequence {d, — (B — A)%|p[" P} be positive. The radius of starlikeness of

order « for the class TW)](p, k; ¢, p; A, B;0) is given by

) N (p—a)dn  \7
RQ(TW,?(p,k,cb,w,A,Bﬁ))—;Lgfk(m) '

The functions f,. of the form (22) are the extremal functions.

COROLLARY 4.4
Let the sequence {d, — (B — A)Z|p|" 7P} be positive. The radius of convezity of
order a for the class TW)(p, k; ¢, ¢; A, B;0) is given by

‘ 605 A B ) = i (p=a)dn _\75
RE(TW) (k56,03 A, B58)) = it (o Esep? s ) 77
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5. Subordination results

Before stating and proving our subordination theorems for the classes 7W" (p,
k; ¢, p; A, B;6) and TW(p, k; ¢, ¢; A, B;6) we need the following definition and
lemma.

DEFINITION 5.1
A sequence {b,,} of complex numbers is said to be a subordinating factor sequence
if for each function f € §¢ we have

i bpanz" < f(2) (a1 =1).
n=1

LEMMA 5.2 ([23])
The sequence {b,} is a subordinating factor sequence if and only if

Re{1+2§:bnz"} >0 (zel). (25)

n=1

THEOREM 5.3
Suppose that the sequence {d,} satisfies the inequality (16). If g € S¢ and [ €
TW'(p, k; &, A, B3 6), then

i N ORTC (26)
and
Re fp(ff > —% (= eU), (27)
where
€ L (28)

- QGP(B—A—I—CZ]C).

If p and (k — p) are odd, and n =0, then the constant factor e cannot be replaced
by a larger number.

Proof. Let f € TW'(p,k; ¢, 0; A, B;§) and suppose that a function g of the

form
o0
g(z) = Z cnz" (ch=1;2z€lU)
n=1

belongs to the class S¢. Then

f(2) S n
S xg(z) = Z brcnz (z elU),
n=1
where
eay ifn=1,
b,=4¢0 if2<n<k-—np,

EQp4p—1 ifn>k—p
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Thus, by Definition 5.1 the subordination result (26) holds true if {b,} is the
subordinating factor sequence. By (16) we have

&S] [eS) d
Re{l + 2 Z bnzn} — Re{l -+ 25apz + Z munznp}

n=1

>1-— B — = .
>1—2r — e A+dk E:dMM (Jz] =7 < 1)

Thus, by Theorem 2.2 we obtain

. d, B—A

1+2 bpz"p >1— — .

Re{ + nzz:l z}_ B—A—i—dkT B—A+dkr>0

This evidently proves the inequality (25) and hence (26). The inequality (27)
follows from (26) by taking

— ? — = n
g(z)—l_z—;z (z €lU).
Next, we observe that the function fi, of the form (22) belongs to the class
TW(p, k; ¢, ; A, B; 6). If p and (k — p) are odd, and n = 0, then

S (2)

zPp—1

1
_, 2

and the constant (28) cannot be replaced by any larger one.

REMARK 5.4
If we use (13) in Theorem 5.3, then we obtain the result related to the class W} (p, k;
¢, p; A, B;6). Moreover, putting p = 0 we have the following corollary.

COROLLARY 5.5
Let the sequence {d,,} satisfy the inequality (16). If g € 8¢ and f € TW{(p, k; ¢, ¢;
A, B;6), then conditions (26) and (27), with
dy,
= 29
“TAB-A+dy) (29)
hold true. If p and (k — p) are odd, and n =0, then the constant factor € in (29)
cannot be replaced by a larger number.

6. Integral means inequalities

Following Littlewood [9] we obtain integral means inequalities for the functions
from the class TW" (p, k; ¢, p; A, B;6).
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LEMMA 6.1 ([9])
Let f,ge A. If f < g, then

2

2T
/|f(rei“’)|’7 o < /|g(7~e“’)|"de O<r<1,n>0).
0 0

THEOREM 6.2
Let the sequence {d,} satisfy the inequality (16). If f € TW"(p, p+1;¢,p; A, B;6),
then

27 27
/|f(7~e“’)|A o < /|fp+1m(7“ei9)|Ad9 O<r<1,XA>0z=rc?), (30)
0 0

where fpi1., is defined by (22).

Proof. For a function f € TW"(p,p + 1;¢,p; A, B; ) the inequality (30) is
equivalent to the following inequality

2m 00 A 2 B_4 A

/ ap + Z anz""P| do < / ap — e "z db (z =re'?)

0 n=p+1 0 p+1
By Lemma 6.1, it suffices to show that

(o)
B-—A _,
Z anz" P < — e "z, (31)
n=p+1 dp+1
If we put
w(z) = — i Ma 2P (z€l)
B _ A n )
n=p+1

then by (16) and Theorem 2.2 we obtain

lw(z)| = i dp—“anz”*” < Iz] i dn lan] < 2] (z €eU).

B-A - B-A -
n=p+1 n=p+1
Since -
B-A _,
Z anz"P = —d—e*mw(z) (z€lU),
n=p+1 p+1

by definition of subordination we have (31), and this completes the proof.

Using (13) in Theorem 6.2 we have the following corollary.
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COROLLARY 6.3
Assume that the sequence {d,} satisfies the inequality (16). If f € TW)(p,p+ 1;
¢, A, B;d), then

27

2
/|f(rei0)|/\d9 < / | for1n(re®) > do (0<r<1,A>0; z=re),
0 0

where fpi1,n(2) is defined by (5).

7. Partial sums

Following Silverman [15] and Silvia [17] in turn, we investigate partial sums
fm of the function f defined by

fim1(2) = apz? and  fp(2) = apz? + Z anz" (m=kk+1,...).
n=~k

In this section we consider partial sums of functions in the class TW"(p, k; ¢, p;
A, B;§) and obtain sharp lower bounds for the ratios of the real part of f to f,
and of f/ to f! .

THEOREM 7.1
Assume that the sequence {d,,} is increasing and satisfies

dip, > B — A.

If f € TW"(p, k; ¢, 03 A, B; 0), then

Re{fiff,z))}zl_§;+jl4 (zeU,m=k—1,k,...) (32)
and () ]
m\Z m+1 o
Re{f(Z)}ZB—AdeTW (zeU,m=k—1k,...). (33)

The bounds are sharp, with extremal functions fmy1,, defined by (22).

Proof. Since

dn+1 dn
B-A B-A

> 1 (n=kk+1,...),

by Theorem 2.1 we have that

m (o) (o)
dn

dm
Z |an| + B—+;1 Z |an| < Z B—A|a”| < Gp. (34)

n==k n=m-+1 n==k
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0= L A - (- 222}
dmt1 00 Ln—p

Let

tois (35)

B-A n=m+1 n

=1+ o z€eU).
ap+ D 0 2" P ( )
Then by (34), we find that
9(x) 1 F4 Lontme onl
' ( )+1' : NP <1 (zew.
9\z 2ap —2 Zn:2 |a"| ~ B—-A n=m+1 |a"|

Thus, we have
Reg(z) >0 (z€U),

which by (35) readily yields the assertion (32) of Theorem 7.1. Similarly, if we
take y 2) y
h — (1 m—+1 m\Z N m—+1
(2) ( +B—A>{ 7(2) B—A+dm+1} (ze),
then by (34), we can deduce that

dm41 oo a
’h<z>_1’< ) S <1 (zeuw),

— m [0 — [e%e) —
2a;, — 2Zn=k |an| — (BjA -1) Zn=m+1 |an|

which leads us immediately to the assertion (33) of Theorem 7.1. In order to see
that the function fp,4+1,, of the form (15) is extremal, we observe that

fm+1,(2) - B—-A _ i
(fmt1.n)m(2) 1 A1 (z=e"),
(fm+1,9)m(2) _ Ayt (z = e"("+m+p+1)).

This completes the proof.

THEOREM 7.2
Assume that the sequence {d,} is increasing and

dy, > (m + 1)(B — A).

If f € TW(p, k; ¢, 05 A, B; §), then

FO L, menB-4
Re{fm(z)} >1 It (zel, k—1,k,...),
fm (2

dm+1

Re{ f(Z))} = W DB -A) +dns

The bounds are sharp, with extremal functions fu,41., defined by (22).

(zeU,m=k—1,k,...).
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Proof. If we define

o) = = {( £ - (- RN )
and
M) = (m+1+ g@+;1){i;w(<j)> - = g@;} ) Gew

then the proof is analogous to that of Theorem 7.1, and we omit the details.

REMARK 7.3
By using (13) in Theorems 7.1 and 7.2 we obtain the results related to the class
TW(p, k; 6,5 A, B; 6).

REMARK 7.4
We observe that the results obtained for the class TWZ(p, k; ¢, p; A, B;6) are true
for the class TW,(p, k; ¢, ¢; A, B; 0).

8. Concluding remarks

We conclude this paper by observing that the family W(p, k; ¢, ¢; A, B; ) uni-
fies several new and also well-known classes of analytic functions. Let

() =
Wy, ks 03 A, Bi6) = Wy oo ks = Y elat2); A, B 6 ),
=0

where n € N, 2" = 1, z # 1. The class W} (p, k; ; A, B; 0) generalizes well-known
classes, which were investigated in earlier works, see for example [1, 3, 7, 10, 12, 18,
20, 21]. In particular, the class W} (p, k; ¢; A, B; 0) contains functions f € A(p, k),
which satisfy the condition

2(p* f)(2) 1+ Az
o (e f)(alz) 1+ Bz

It is related to the class of starlike functions with respect to n symmetric points.
Moreover, putting n = 1, we obtain the class VVP1 (p, k; 3 A, B;0) defined by the

following condition
Ao f)(x) | 144z

o+ f)z) P1+Bz
The class is related to the class of starlike functions. In particular, we have

Analogously, the class

Wy (p, k; ;27 — p, 1;9) 0<vy<1)
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contains functions f € A(p, k), which satisfy the condition

o 1) (2) ()
Re — zeU).
{ 1 ow f)(ah2) } zl ; o ) p’ (et

It is related to the class of J-uniformly convex functions of order v with respect
to m symmetric points. Moreover, putting n = 1, we obtain the class W, (p, k; p;
27 —1,1;9) defined by the following condition:

o (D) 2 1) ()
Re{ e* NG ”}” e* D)

The class is related to the class of d-uniformly convex functions of order . The
classes

—p‘ (z eU).

UST(A, B;5) = W0(1,2, ——i2y-1, 1;5),
UCV (A, B;8) == W, (1 2'#-2 ~1 1-5)
y D2y = 0 77(1_2)277 s Ly )
are the well-known classes of d-starlike functions of order v and d-uniformly convex
functions of order ~, respectively. In particular, the classes UCV := UCV/(L,0),
d —UCV :=UCV(6,0) were introduced by Goodman [6], and Wisniowska et al.
([19] and [8]), respectively.
We note that the class

Hr(p; A, B;6) :=T°(1,2) N Wi (1,2;9;2y — 1,150)

was introduced and studied by Raina and Bansal [13].
If we set

h(alvz) = Zqu(alv .. '7aq;617 cee ,6852),

where ,Fy is the generalized hypergeometric function, then we obtain the class
UH(q,5,\, A, B;6) :=Hr(Ah(ay +1,2) + (1 = Nh(ay, 2); A, B; 9) 0<A<])

defined by Srivastava et al. [14].
Let A be a convex parameter. A function f € A(p, k) belongs to the class

Va(¢; A, B) == W()\@ + (1 =N (2),2; A, B; O)

if it satisfies the following condition:

D) L (1 N gy () < 12

Moreover, a function f € A(p, k) belongs to the class
th(p:4,8) = WHED (1 X (2); 4, Br0)

if it satisfies the following condition:
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2 f)(z)+ A =N2(p*f)"(2) | 1+ Az
A f)(z) + (1= Nz(e=*f)(z) 1+ Bz

The considered classes are defined by using the convolution px f or equivalently
by the linear operator

Jor Alp, k) = Alp k), Jo(f) == f.

By changing the function ¢, we can obtain a lot of important linear operators, and
in consequence new and also well-known classes of functions. We list here some
of these linear operators such as the Salagean operator, the Cho-Kim-Srivastava
operator, the Dziok-Raina operator, the Hohlov operator, the Dziok-Srivastava
operator, the Carlson-Shaffer operator, the Ruscheweyh derivative operator, the
generalized Bernardi-Libera-Livingston operator, the fractional derivative opera-
tor, and so on (for the precise relationships see [4]).

If we apply the results presented in this paper to the classes discussed above,
we can achieve further results. Some of these were obtained in earlier works, see
for example [2, 4, 5, 13, 14].
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