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Justyna SzpondSome properties of analyti sets with properprojetionsAbstrat. We give an e�etive riterion when an analyti set with properprojetion is algebrai. We take an ideal of polynomials vanishing on theset then we onstrut a polydis onvenient for redution. If this polydis is�large enough� we an apply the division theorem in the ring of formal powerseries onvergent in this polydis to prove that the set is algebrai.1. IntrodutionThe main results of this paper are Theorem 3.2 and Theorem 3.4 whih givean a�etive riterion of algebraiity of analyti sets with proper projetion. Foronveniene of the readers we start with a short introdution into the well-knowtheories of Gröbner bases for polynomial ideals. Then we reall some fats aboutdivision in the ring of everywhere onvergent power series and formal power seriesonvergent in �large enough� polydis. These fats will be used to prove the maintheorems.2. Notation and basi fatsWe introdue some notions whih will be used throughout this paper. The basialgebrai strutures involved are the polynomial ringR := K[X ] = K[X1, . . . , Xn],the ring K[[X ]] = K[[X1, . . . , Xn]] of formal power series and the rings

Er := {f ∈ K[[X ]] : f is absolutely onvergent at the point r}orresponding to r = (r1, . . . , rn) ∈ Rn
+. Note that if f ∈ Er then f is absolutelyuniformly onvergent in the losure of the polydis Pr, where

Pr := {(x1, . . . , xn) ∈ Kn : |x1| < r1, . . . , |xn| < rn}.Sine we are interested in onvergene, we restrit ourself to the �elds of omplex
(K = C) or real (K = R) numbers.AMS (2000) Subjet Classi�ation: 13P10, 14P20.Volumes I-VII appeared as Annales Aademiae Paedagogiae Craoviensis Studia Mathematia.



[144℄ Justyna SzpondLet Xα := Xα1

1 · . . . ·Xαn
n . For f =

∑
α∈Nn cαX

α ∈ K[[X ]] the support of f isde�ned as
supp f = {α : cα 6= 0}.For a set F ⊂ K[[X ]] we put suppF =

⋃
f∈F supp f .Let f =

∑
α∈Nn cαX

α ∈ Er, where r = (r1, . . . , rn) ∈ Rn
+. The spae Er withthe norm

‖f‖r :=
∑

α∈Nn

|cα|r
αis a Banah spae (for more details about this spae, see [3℄, p. 23�27). For agiven nonempty subset D ⊆ Nn we de�ne

Er(D) := {f ∈ Er : supp f ⊆ D}.Let ≺ be a �xed admissible term ordering in Nn. Then, by de�nition, Xα ≺ Xβif α ≺ β. If f =
∑

α∈Nn cαX
α ∈ R, f 6= 0 then the exponent, leading term, leadingoe�ient, leading monomial and tail of f are de�ned as

exp
≺
f := max

≺

{α : α ∈ supp f},

LT≺ f := Xexp
≺

f ,

LC≺ f := cexp
≺

f ,

LM≺ f := LC≺ f LT≺ f,

tail≺ f := f − LM≺ f,respetively.For F ⊂ R we de�ne
∆F :=





⋃

f∈F

(exp
≺
f + Nn) if F * {0},

∅ if F ⊆ {0},

DF := Nn \∆F .Let I ⊂ R be a nonzero ideal and let ≺ be an admissible term ordering. A �nitesubset G ⊂ I is alled a Gröbner basis of I with respet to ≺ if ∆G = ∆I . Foronveniene to the readers we reall the division theorem in R.Theorem 2.1 (see [2℄, p. 79, Proposition 1)Let G = {g1, . . . , gs} be a Gröbner basis for an ideal I ∈ R with respet to anadmissible term ordering ≺ and let f ∈ R. Then there is a unique fred ∈ R withthe following properties:(i) no term of fred is divisible by any of LT≺ g1, . . . ,LT≺ gs,(ii) there is g ∈ I suh that f = g + fred.



Some properties of analyti sets with proper projetions [145℄We will all fred a redution of f with respet to I.This theorem an be generalized to ideal generated by polynomials in the ring
Er, for some r ∈ Rn

+ whih depend on a �xed ideal and an admissible term ordering.We an redue f =
∑

α∈Nn cαX
α ∈ K[[X ]] as follow. We redue eah Xα withrespet to polynomial ideal I and admissible term ordering ≺, we reeive Xα

red.Then we reate a formal power series ∑α∈Nn cαX
α
red. And questions are when thisseries is onvergent and if we an ontrol the norm of it.The �rst generalization appeared in [1℄ and it involves redution of everywhereonvergent power series (see [1℄, Theorem 3.7). The ideas from this paper an beused to prove analogous fats for the ring Er .At �rst we de�ne a polydis onvenient for redution with respet to a givenideal I ⊂ R and a given admissible term ordering ≺ as follow (see [6℄, De�ni-tion 4.1)Definition 2.2We say that a polydis Pr, r ∈ Rn

+, is onvenient for redution with respet to Iand ≺, if
‖LM≺ g‖r > ‖tail≺ g‖r for g ∈ G,where G is the redued Gröbner basis of I with respet to ≺.For any ideal I and ordering ≺ the set MI,≺ of all r ∈ Rn

+, where Pr is apolydis onvenient for redution with respet to I and ≺, is nonempty (see [6℄,Lemma 2.6) and open (see [6℄, Remark 3.3).Theorem 2.3 ([6℄, Theorem 3.4)Let ≺ be an admissible term ordering. Let G ⊂ R be a Gröbner basis of an ideal
I and let Pr be a polydis onvenient for redution with respet to I and ≺. Then(i) if f =

∑
α∈Nn cαX

α ∈ Er then the series ∑
α∈Nn cαX

α
red is onvergent to an

fred ∈ Er(DI),(ii) the mapping red:Er ∋ f 7→ fred ∈ Er(DI) gives a ontinuous projetion of
Er onto Er(DI),(iii) ‖fred‖r ≤ ‖f‖r for f ∈ Er,(iv) fred = 0 if and only if f ∈ IEr for an f ∈ Er,(v) Er = IEr ⊕ Er(DI) (diret sum).3. When an analyti set with proper projetion is algebraiAt �rst we reall some fats. Let Ω ⊂ Cn be a domain. A subset X of Ω is saidto be a Nash subset of Ω if for every x0 ∈ Ω there exist a neighbourhood U ⊂ Ωof x0 and Nash funtions f1, . . . , fr on U suh that

X ∩ U = {x ∈ U : f1(x) = f2(x) = . . . = fr(x) = 0}.A subset X of Cn is said to be algebrai in Ω if X ∩ Ω = X ∩ Ω, where X isthe Zariski losure of X .



[146℄ Justyna SzpondTheorem 3.1 (see [7℄, Theorem 2.12)Every irreduible Nash subset of Cn is an algebrai irreduible subset of Cn.Let onsider a ring of polynomials of two group of variables
K[X1, . . . , Xn, Y1, . . . , Ym].We de�ne elimination term ordering for Y as an admissible term ordering in Nn×

Nm suh that
Xα ≺Y Y β for α ∈ Nn, β ∈ Nm \ {0}.Now we onsider an analyti set of odimension 1. Then the following theoremholds true.Theorem 3.2Let Ω ⊂ Cn be a domain. Let N ⊂ Ω× C be a purely n-dimensional analyti setsuh that the restrition of natural projetion

π |N :N ∋ (x, y) 7→ x ∈ Ωis a proper mapping and the ideal I = I(N) of polynomials vanishing on N isa proper ideal of the ring R. Let Pr = Pρ × Pt, where r = (ρ, t) ∈ Rn
+ × R+,be a polydis onvenient for redution with respet to the ideal I and ≺Y , anelimination ordering for Y . If Pρ ⊂ Ω and the set N is algebrai in Pr then theset N is algebrai in Ω× C.Proof. Sine N is a purely n-dimensional analyti subset of Ω × C and therestrition of natural projetion π|N is proper, there exists the unique system

σ1, . . . , σs of holomorphi funtions on Ω suh that
N = {(x, y) ∈ Ω× C : ys + σ1(x)y

s−1 + . . .+ σs(x) = 0}.Sine the Zariski losure of N is an algebrai set of odimension 1, the reduedGröbner basis G of I with respet to ≺Y onsists of only one polynomial g of theform
g(X,Y ) = ak(X)Y k + ak−1(X)Y k−1 + . . .+ a0(X)with k ≥ s (π|N is an s-sheeted branhed overing) and ak 6= 0, and so LM≺Y

g =
XαY k with an α ∈ Nn.Let f(X,Y ) := Y s+σ1(X)Y s−1+. . .+σs(X). Sine f(X,Y ) vanishes onN and
N in algebrai in Pr, f(X,Y ) ∈ IO(Pr), where O(Pr) is the ring of holomorphifuntions in Pr (see e.g. [5℄, Theorem 4.6). The set MI,≺Y

is open. Thus, wean �nd r̃ ∈ MI,≺Y
suh that the losure of Pr̃ is ontained in Pr and all theassumptions of Theorem 3.2 are satis�ed with respet to Pr̃ . Sine IO(Pr̃) ⊂ Er̃,we have f(X,Y ) ∈ IEr and so

(−Y s)red = (σ1(X)Y s−1 + . . .+ σs(X))red,where �red� is the redution in Er̃. On the other hand, (−Y s)red is a polynomial.Sine s− 1 < k,
supp (σ1(X)Y s−1 + . . .+ σs(X)) ⊂ DI .



Some properties of analyti sets with proper projetions [147℄Hene
(σ1(X)Y s−1 + . . .+ σs(X))red = σ1(X)Y s−1 + . . .+ σs(X).Then f(X,Y ) is a polynomial, whih ompletes the proof.Remark 3.3Under the assumptions of Theorem 3.2 every irreduible analyti omponent of Nhas nonempty intersetion with the polydis Pr. Indeed, let Ñ be a sum of theseomponents of the set N , whih have nonempty intersetion with Pr. Assume that

Ñ 6= N . Sine Ñ is a purely n-dimensional analyti set suh that the restritionof natural projetion is proper, there exists an unique system ui, i = 1, . . . , q ofholomorphi funtions on Ω suh that
Ñ = {(x, y) ∈ Ω× C : yq + u1(x)y

q−1 + . . .+ uq(x) = 0},with q < k. Just like in the proof of Theorem 3.2 one an prove that h(X,Y ) :=
Y q + u1(X)Y q−1 + . . . + uq(X) is a polynomial. Then g(X,Y ) divides h(X,Y ),whih ontradits ondition q < k.Now we onsider an analyti set with higher odimension.Theorem 3.4Let Ω ⊂ Cn be a domain. Let N ⊂ Ω×Cm be a purely n-dimensional analyti setsuh that the restrition of natural projetion

π |N :N ∋ (x, y) 7→ x ∈ Ωis a proper mapping and the ideal I = I(N) of polynomials vanishing on N isa proper ideal of the ring R. Let Pr = Pρ × Pt, where r = (ρ, t) ∈ Rn
+ × Rm

+ ,be a polydis onvenient for redution with respet to the ideals I ∩ C[X,Yj ] for
j = 1, . . . ,m and ≺Y , an elimination ordering for Y . If Pρ ⊂ Ω, the set N isalgebrai in Pr, and eah Nj := πj(N) is algebrai in P(ρ,tj) ⊂ Cn+1, where

πj : Ω× Cm ∋ (x, y) 7→ (x, yj) ∈ Ω× Cfor j = 1, . . . ,m then the set N is algebrai in Ω× Cm.Proof. From Lemma 3.1 [6℄ it follows that there exists r ∈ Rn+m
+ suh thatthe polydis Pr is onvenient for redution with respet to the ideals I ∩C[X,Yj ]for j = 1, . . . ,m and the ordering ≺Y .Let for a �xed j ∈ {1, . . . ,m}

Lj :C
m ∋ (y1, . . . , ym) 7→ yj ∈ C,

Φj :C
n × Cm ∋ (x, y) 7→ (x, yj) ∈ Cn × C.Then Nj = Φj(N) is a purely n-dimensional analyti subset of Ω × C and therestrition of the natural projetion
π̃j |Nj

:Nj ∋ (x, yj) 7→ x ∈ Ω



[148℄ Justyna Szpondis proper. From Theorem 3.2 the set Nj is algebrai in Ω× C.Let W :=
⋂m

j=1 Φ
−1
j (Nj). Then the set N is a subset of W and the sets N ,

W are purely n-dimensional sets, when the losure is in Zarisky topology. Let
W = W1 ∪ . . . ∪ Ws be an algebrai deomposition of W . Then, after hange oforder we laim that

N = W1 ∪ . . . ∪Wl, l ≤ s.Sine N is algebrai in Pr,
N ∩ Pr = (W1 ∪ . . . ∪Wl) ∩ Pr.Sine the sets Nj, j = 1, . . . ,m, are algebrai in Ω × C, N ∩ Pr has nonemptyintersetion with any irreduible analyti omponents ofW1∪. . .∪Wl (Remark 3.3).Sine N is analyti, we have

N ∩ (Ω× Cm) = N,whih ends the proof.Referenes[1℄ J. Apel, J. Stükrad, P. Tworzewski, T. Winiarski, Redution of everywhere on-vergent power series with respet to Gröbner bases, J. Pure Appl. Algebra 110(1996), 113�129.[2℄ D. Cox, J. Little, D. O'Shea, Ideals, Varietes, and Algorithms, Springer�Verlag,1997.[3℄ H. Grauert, R. Remmert, Analytishe Stellenalgebren, Springer�Verlag, 1971,(russian version, Mosow, 1988).[4℄ M. Kreuzer, L. Robiano, Computational Commutative Algebra, Springer�Verlag,2000.[5℄ W. Rudin, A geometri riterion for algebrai varieties, J. Math. Meh. 17, 7,(1968), 671�683.[6℄ J. Szpond, Redution of Power Series in a Polidis with Respet to Gröbner Basis,Bull. Polish Aad. Si. Math. 53 (2005), 137�145.[7℄ P. Tworzewski, Intersetions of Analyti Sets with Linear Subspaes, Ann. S.Norm. Super Pisa Cl. Si. (4) 17, Fas. 2, (1990), 227�271.Institute of MathematisPedagogial UniversityPodhor¡»yh 2, 30-084 KrakówPolandE-mail: obrzud�up.krakow.plReeived: 2 November 2010; �nal version: 14 Deember 2010;available online: 7 January 2011.


