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Abstract. Let T be a nonempty set. Inspired by a problem posed by
Z. Moszner in [10] we investigate for which additional assumptions put on

multifunctions Z(t): T — 2R(m) " which fulfil condition

U 2t =R(m)

teT

and the system of conditions
Z(t)* N Z(2)*2 4+ Z(11)" N Z(t2)'2 € Z(t1)*" 0 Z(t2)*2"2

for all t1,t2 € T and for all ki,kz,l1,l2 € {0,1} such that kil1 + kalo # 0,
where R(m) := [0, +00)™ \ {0}, Z(t)! := Z(t), Z(t)° := R(m) \ Z(t), the
multifunctions are also satisfying system of equations obtained by replacing
the inclusion in the above conditions by the equality. Next we study if this
system of equations are equivalent to some system of conditional equations.

F.S. Roberts, generalizing the mathematical description of choices introduced
by himself in [11, 12] considers functions f:R(m) := [0, +00)™ \ {0} — R(m),
which satisfy, among others, the following conditional functional equation:

Vo yeRmy f@) fy) #0m = flz+y)=f(2) fy), (1)

where 0., := (0,...,0) € R™ and 2 +y := (x1 + y1,-- -, Tm + Ym), T -y =
(T1 Y1y T - Ym) for € = (21,...,2m) ER(M), ¥y = (y1,...,Ym) € R(m).
Mathematical theory of this approach was developed by Z.S. Rosenbaum [13],
Z. Moszner [3, 7, 8, 9, 10], G.L. Forti and L. Paganoni [5, 6] and A. Bahyrycz
[1,2,3,4].
It may be shown (see [7]) that the description of all the solutions f = (f1,...
fm) of equation (1) takes the form:

)

fola) = exp a, () forx € Z,,
=0 for x e R(m) \ Z,,
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where a,: R™ — R are additive functions for v = 1,...,m, whereas the sets 7,
satisfy the conditions

Z1U...UZ, =R(m), (2)
ij# 0, = Z'N...NZm+ 7z 0. NZinczZM N, nZimin o (3)

where i = (ila-'-vim)a .] = (]lvvjm) € O(m) = {Oal}m \ {Om}7 Ey + Ey =
{r+y: € Frandy € Ey} for E1,E; C R™, E' := E, E° := R(m) \ E for

E c R(m).
Let us notice that the parameters determining the solutions of equation (1)
consist of sets Zi, ..., Z,, satisfying conditions (2) and (3), as well as additive

functions a,: R™ — R.

As a generalization, Z. Moszner in [10] considers multifunctions Z(¢): T — 2%,
where T is an arbitrary nonempty set, (G, +) is an arbitrary grupoid. He replaces
(2) and (3) by

Uzw =g, (4)
teT
Grer i) #0) = (20 + () 2" < () 2D, (5)
teT teT teT

where Z(t)! == Z(t), Z(t)° .= G\ Z(t), and i(t),j(t): T — {0,1} are arbitrary
functions not identically equal to zero. Then he proves (see Theorem 9 in [10])
that the multifunction Z(t): T — 2¢ fulfilling condition (4), satisfies condition (5)
if and only if Z(¢) satisfies condition

Z(L‘l)]’h N Z(t2)k2 + Z(tl)h N Z(tg)lz c Z(tl)klll n Z(t2)k212 (6)

for all tl,tQ € T and for all kl, k2, ll, lg S {0, 1} such that klll + kQZQ 7§ 0.

Ispirated by a problem posed by Z. Moszner in [10], we will investigate for
which additional assumptions put on multifunctions Z(t): T — 28" which fulfil
condition

U 2z#) =R(m) (7)
teT

and system of conditions (6), the multifunctions are also satisfying system of equa-
tions obtained by replacing the inclusion in the above conditions by the equality.
We start with the following definition.

DEFINITION 1
For every subset L C {1,...,m} we denote by By, the set

Br :={(z1,...,2m) €ER(m): ¥V, [l € L=, =0},
and we denote by B the family
B:={Bp: LC{l,...,m}}.

Let us notice that if the multifunction Z(t): T — 28("™) satisfies condition (7),
then for every a € R(m) and every ¢ € T there exists a unique non-zero function
i(t): T — {0,1} such that a € (,cp Z(t)*® (further on it will be denoted by i,(t)).
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THEOREM 1
Let T be an arbitrary set with at least 2 elements and let the multifunction

Z(t): T — 2R0™) fulfils condition (7). The multifunction Z(t) satisfies equation
Z(t)" N Z ()" + Z(t)" N Z(t)"? = Z(t1)" N Z(t)"" (8)
for all ty,t2 € T and for all ki, ko,l1,1lo € {0,1} such that kil + kalo # 0 if and

only if Z(t) satisfies the system of conditions (6) for all t1,to € T and for all
k1,ko,l1,lo € {0,1} such that k1ly + kala # 0 and the condition

Ve Yorrcr Iypn—n\Tisoapezo [ 200 () Z()°NB #0

teT teTs (
= (ZW'n () 2B NB#0.
teTy teTs

Proof. (=) Take arbitrary B € B and §) # 77 € T such that

(N Zw)'n () 2®)°NB#0.

teTy teT>

Fix an © € Nyep, Z(0)' N Nyer, Z()° N B and t; € Ty, ta € To. By (8) we
obtain that there exist y € Z(t1)' N Z(t2)? and 2z € Z(t1)' N Z(t2)! such that
y+z=ux¢€ Z(t1)' N Z(t2)°. Since v € B, we have y € B and z € B. Obviously,
Y€ MNyer ZO) W, 2 € Nyer Z(£)=® and from (8) for every t € T' we get
y+zeZt)' Nzt + Z(t) N Z(t)=® = Z(t) 0 Z(t) B0

50 1y (t)i,(t) = i,(t) for t € T, hence i, (t) =i.(t) = 1 for all t € T7.
We define a function k(t): 7o — {0,1} in the following way

k(t) :==1i.(t) for t € Ts.

We note that the function k(t) is not identically equal to zero (because k(t2) = 1)
and

ze () zw)'n () 20" nB.

teTy teTs

(<:) Take arbitrary t1,to € T and kq, ko, 11,13 € {0, 1} such that k1l1 +kalo 75 0.
We will show that

Z(t)M 0 Z ()R € Z(6)R N Z(t)*2 + Z (8D N Z(ty)". (10)
We consider two cases:
a) kl = ll and kz = lg,

b) kl 7511 or kz;’élg.
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Case a) By Theorem 10 in [10] the set Z := Z(t1)¥* N Z(t2)*2 is a cone over
Q) (ie. z+y € Z and o € Z for all z,y € Z and n,k € N). Then condition
(10) holds, because for every x € Z we have z = fx + 3z € Z + Z.

Case b) Then either kl = ll =1 and kQ }é lQ or kl 7§ ll and kQ = lQ = 1.
Without loss of generality we may assume that k&y =1, =1, ks =1 and lo = 0.

We take arbitrary z = (21,...,2m) € Z(t1)' N Z(t2)?. Obviously, z €
MNier, ZM)' 0V Nyeq, Z(t)° for some Ty C T (ty € Ty) and Ty = T\ T} (t2 € Ta).
We denote

S:={je{l,....,m}: z; =0},
T = {A: TycACTand () Z(1)'n () Z(t)oﬂBs;é@}.

teA teT\A

The set T is not empty (77 € 7) and partially ordered by the inclusion. Every
chain has as the upper bound the union of its elements. By the Kuratowski—Zorn’s
Lemma there exists in 7 a maximal element T. We assume that T # T'. Then, by
applying condition (9), we obtain that there exists a function k(t): T\ T — {0, 1},
not identically equal to zero, such that

N zw'n () Z®)*" NBs #9,

teT teT\T
because (e Z(t)' N (Ner\r Z(t)° N Bs # 0. It means that the set
Tu{teT\T: k(t)=1}eT and TCTU{teT\T: k(t)=1},
which contradicts the fact that T is a maximal element of T, hence

() Z(#)" N Bs # 0.

teT

Let @ = (21,...,%m) € (Ler Z(t)' N Bg. For every l € {1,...,m} \ S there exists
q € Q4 such that z; > ga;.
We denote

g:=min{g : l€{l,...,m}\ S}

Then z — gz € Bg, because z; —qr; = 0 for j € S and 2, —qr; > 0 for [ €
{1,...,m}\ S. By condition (5) (which is equivalent to condition (6) if condition
(7) is assumed) we have

gr+(z—qz) € () 20" + () 2(t)==W c () Z(t)"=—== ).
teT teT teT
On the other hand
qgr+ (z—qx)=z€ m Zt'n m Z(t)°.

teTy teT>
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Therefore i,_q.(t) =i.(t) for all t € T and

z—qx € ﬂ Zt)'n ﬂ Z(t)°,
teT, teTy
thus
Z=qr+ (Z — qx) S Z(fl)l N Z(fz)l + Z(tl)l n Z(tg)o.
Since z € Z(t1)' N Z(t2)° was arbitrary
Z(fl)l N Z(fz)o C Z(fl)l n Z(fz)l + Z(tl)l n Z(tg)o,

which completes the proof.

REMARK 1

As an immediate consequence of Theorem 1, we obtain that if the multifunction
Z(t): T — 2R(™) which fulfils condition (7) and does not fulfil condition (6) or con-
dition (9), does not satisty system of equations obtained by replacing the inclusion
in conditions (6) by the equality.

The following examples show that neither condition (6) nor condition (9) in
Theorem 1 may be omitted.

Let T be an arbitrary set with at least 2 elements and take an arbitrary t* € T'.
Now, we define two multifunctions Z;(t), Zs(t): T — 28(™) by

1] for t = t*,
Z() = {R(m) for t € T\ {t"}
and
e =(z1,..., o) €ER(M) : xy <1} for t =t*,
Za(t) = {R(m) fort € T\ {t*}.

It can be easily checked that the multifunction Z;(¢) satisfies conditions (6) and
(7) but does not satisfy condition (9) (for B =R(m) and 71 =T\ {t*}).

It is obvious that the multifunction Z,(t) satisfies conditions (7). Now, we will
show that the multifunction Z5(t) satisfies conditions (9). First we observe that

() Z2®)'n () Z(t)°=0  for Ty # 0 such that T\ {t*} # Ty C T,
teTy teT\T1

(| Za(t) N Zy(t7)° # 0,
teT\{t*}
and Z5(t*)°NBg # 0 if and only if 1 ¢ S. We take an arbitrary S C {1,...,m}\{1}
and consider
(@1, nam) €[] Za(®)' N Za(t)° N Bs.
teT\{t*}
Then
1
(§7$27 R Im) S ﬂ Z2(t)1 N BS;
teT
which means that condition (9) holds.
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Condition (6) is not satisfied because for every t € T'\ {t*}

1 1
(5,0, . .,0) + (5,0, y .,0) € Zo(t*)' N Zo(t)! + Zo(t*)! N Zo(t)?,

whereas
(1,0,...,0) € Zo(t")° N Za(t)".

REMARK 2

The condition (9) has a complicated form, so we give a simply condition, which
if satisfied by the multifunction Z(¢) implicate that Z(¢) does not fulfil condition
(9). Namely, we will show that if the multifunction Z(t):T — 28" satisfies
conditition (7) and condition

Josp-cB Joer-cr () Z®)' N BT =1, (11)
teT*

then Z(t) does not fulfil condition (9).

Let Z(t): T — 2R(™) be an arbitrary multifunction fulfilling conditions (7) and
(11). We take an arbitrary € B*, obviously, € (,cp Z(t)=(®) and there is at
least one t* € T such that i,(t*) = 1. We put

T:_{A: teAcTand () Z()'n () Z(t)omB*;é@}.

teA teT\A

The set T is not empty, because {t*} € T, and it is partially ordered by the
inclusion. Every chain has as an upper bound the union of its elements. By the
Kuratowski-Zorn’s Lemma there exists in 7 a maximal element T and T # T,
because (e Z(t)' N B* C yep- Z(t)' N B* = 0.
We note that
N Z®'n () 2®)°nB* #0.

teT teT\T
Moreover for every function k(¢t): T\ T — {0,1} such that k = 0 we have

Nz®'n () 2O nB* =9,

teT teT\'T

because T is the maximal element of the set 7. This means that condition (9)
does not hold (for B = B* and Ty = T).

In particular condition (11) is satisfied, if either there exists () # T* C T such
that (,cp- Z(t)' = 0 (because R(m) € B) or if there exists t* € T such that
the set Z(t*) is a cone over R, different from R(m) (because then there exists
le{l,...,m} such that B{l,...,m}\{l} N Z(t*)l = @)

We note that according to Theorem 9 in [10] the condition (5) and (6) are
equivalent under the assumption of condition (7). The question arises: if the
system of conditional equations

(Geer i(1)j(t) #0) = [ Z2@0)W + () 2tyD = () 2@y (12)

teT teT teT
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is equivalent to the system of equations (8) under the assumption of condition (7)7
We will prove the following

THEOREM 2

Let T be an arbitrary set with at least 2 elements and let the multifunction
Z(t): T — 2R satisfy condition (7). If the multifunction Z(t) fulfils the sys-
tem of conditional equations (12) for the arbitrary functions i(t),j(t): T — {0,1}
not identically equal to zero, then Z(t) satisfies the system of equations (8) for all
t1,to € T and all k1, ko, 11,12 € {0,1} such that k1ly + kala # 0.

Proof. As the conditions (5) and (6) are equivalent under the assumption of
condition (7), it is enough to show that condition (10) holds for all 1, € T
and all kq, ko, 11,1l € {0,1} such that ki1l; + kalo # 0. Take arbitrary t1,t2 € T
and ki, ko, l1,lo € {0,1} such that kily + kalo # 0 and consider arbitrary z €
Z(tl)klll N Z(tg)k2l2. Clearly, z € mtET Z(t)Zz(t) and iz(tl) = klll, iz(tQ) = kQZQ.
Putting Z(t) = j(t) = Zz(t) fort €T \ {tl,tg} and Z(tl) = kl,i(tg) = kQ,j(tl) =
l1,7(t2) = l2, and applying condition (12) (because ki1ks =1 or l1l; = 1) we get

ﬂ Z(Lc)iz(t)iz(t) N Z(tl)klll N Z(tg)k2l2
tGT\{tl,tQ}
= () zw=Ynzt)nzi)+ () Z@)=YNZt)" N Z(t)".
teT\{t1,t2} teT\{t1,t=}
Thus there exist
ze () Z®=YnzZt)" nZt)™,
teT\{t1,t2}
ye [\ 2m)=Ynzt)" NZ(t)"
teT\{t1,t2}
such that « + y = z. Therefore
z=x+y € Z(t)" N Z(t)* + Z(t)" N Z(ts)"2,
which finishes the proof.

REMARK 3
It is easily seen that the system of equations (12) and the system of equations (8)
for a 2-element set 7" are identical.

REMARK 4
The converse of Theorem 2 for the set T" with at least 2 elements is not true.

Here is an example for T'= {1,2,3}. Let H be a Hamel base of the space R™,
such that

bo = (v2,0,...,0) € R(m),
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belong to H. Every x € R™ has a representation, unique up to terms with coeffi-
cients zero

k
x = Z qby,
1=0

where ¢; € Q and b, € H for [ € {0,...,k}.
We define the multifunction Z(t): {1,2,3} — 28(™) in the following way

{z € R(m) : q, >0} fort =1,
Z(t) =4 {zeR(m): ¢, =0} for t =2,
{z eR(m): ¢, <0} for t = 3.

We observe that Z(1)U Z(2) U Z(3) = R(m) and the equation (12) does not hold,
because

Z(WN Z2)' nZ(3)Y +Z(1)'n Z(2)° nZ(3)° € Z(1)'n Z(2)° nZ(3)°.
| it ¥
0 0 0
We will show that the multifuncion Z(t¢) satisfies the system of conditions (6) for
all t1,t € {1,2,3} and all ki, ko, l1,lo € {0,1} such that kily + kols 75 0 and
condition (9) holds.
First we observe that the sets:

ZW'nz@2)t=z()'nzZB) =212)'nZ(3)' = Z(2)*,
ZW'nz2)° =2(1)'nZ(3)° ={zeR(m): g, >0},
Z(1)°NnzZB) =22)°nZB3) ={zcR(m): ¢ <0},
Z()°nz@2)'=22)'nZ3)° =0

are cones over Q,, so for all t1,t2 € {1,2,3} and all k1,k2 € {0,1} such that
ki =1or ko =1 we get

Z(tl)kl n Z(tQ)kz + Z(tl)kl n Z(tz)k2 C Z(tl)kl N Z(t2)k2.

Of course,
ZW'nz@2)+z()'nz@2)° c{zreR(m): ¢ >0} =2Z(1)'nZ2)°,
Z)'Nnz@2) +z(1)°nz@2)t =0=2(1)°"nZzZ(2),
ZW'NZB) ' +z()'nzZB)° c{reR(m): ¢ >0} =2(1)'nZ(3)°,
ZWNZB)' +z21)°nZB)! c{reR(m): ¢ <0} =2(1)"nZ(3)",
Z'NZB) +212)'nzB)° =0=2(2)"'nZ3)°,
Z'NZB) +212)°nZB) c{rxeR(m): ¢ <0} =2(2)°nZ(3)",

and the system of conditions (6) for every t1,ts € {1,2,3} and every ki, ko, 1,12 €
{0,1} such that k1ly + koly # 0 is therefore satisfied.
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Now, we take arbitrary Bs € B and () # 71 C {1, 2, 3} such that

() Zt)'n () Z@t)°NBs # 0.

teTy teT>

Then S C {1,...,m}, because Bg # 0.
We define

We note that

therefore condition (9) holds.

REMARK 5
In [10] (Theorem 13) it was shown that the multifunction Z(¢): T — 28(™) identi-
cally equal to R(m) is the unique solution of the system of equations

teT teT teT

and equation (7). From this Theorem we obtain that Z(¢) = R(m) is the unique so-
lution of equation (7) and the system of conditional equations (12) for one-element
set T. It is obvious, that the multifunction Z(¢t) = R(m) satisfies conditions (7)
and (12) for every set T'. For a 2-element set the system of conditions (7) and (12)
have other solutions, for example the multifunction from Remark 4 for 7' = {1, 3}.
It is an open problem if there exist another multifunctions Z(t): T — 28(™) where

T > 2, which fulfil (7) and (12)?

REMARK 6
In our arguments in the paper we use Axiom of Choice. It is natural to ask to
what extend this is really necessary.
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