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Anna BahyryzOn systems of equations with unknownmultifuntionsrelated to the plurality funtionAbstrat. Let T be a nonempty set. Inspired by a problem posed byZ. Moszner in [10℄ we investigate for whih additional assumptions put onmultifuntions Z(t):T → 2R(m), whih ful�l ondition

⋃

t∈T

Z(t) = R(m)and the system of onditions
Z(t1)

k1 ∩ Z(t2)
k2 + Z(t1)

l1 ∩ Z(t2)
l2 ⊂ Z(t1)

k1l1 ∩ Z(t2)
k2l2for all t1, t2 ∈ T and for all k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0,where R(m) := [0,+∞)m \ {0m}, Z(t)1 := Z(t), Z(t)0 := R(m) \ Z(t), themultifuntions are also satisfying system of equations obtained by replaingthe inlusion in the above onditions by the equality. Next we study if thissystem of equations are equivalent to some system of onditional equations.F.S. Roberts, generalizing the mathematial desription of hoies introduedby himself in [11, 12℄ onsiders funtions f :R(m) := [0,+∞)m \ {0m} → R(m),whih satisfy, among others, the following onditional funtional equation:

∀
x,y∈R(m) f(x) · f(y) 6= 0m =⇒ f(x+ y) = f(x) · f(y), (1)where 0m := (0, . . . , 0) ∈ Rm and x + y := (x1 + y1, . . . , xm + ym), x · y :=

(x1 · y1, . . . , xm · ym) for x = (x1, . . . , xm) ∈ R(m), y = (y1, . . . , ym) ∈ R(m).Mathematial theory of this approah was developed by Z.S. Rosenbaum [13℄,Z. Moszner [3, 7, 8, 9, 10℄, G.L. Forti and L. Paganoni [5, 6℄ and A. Bahyryz[1, 2, 3, 4℄.It may be shown (see [7℄) that the desription of all the solutions f = (f1, . . . ,
fm) of equation (1) takes the form:

fν(x) =

{

exp aν(x) for x ∈ Zν ,

0 for x ∈ R(m) \ Zν ,AMS (2000) Subjet Classi�ation: 39B22.Volumes I-VII appeared as Annales Aademiae Paedagogiae Craoviensis Studia Mathematia.



[134℄ Anna Bahyryzwhere aν :R
m → R are additive funtions for ν = 1, . . . ,m, whereas the sets Zνsatisfy the onditions

Z1 ∪ . . . ∪ Zm = R(m), (2)
ij 6= 0m =⇒ Zi1

1 ∩ . . . ∩ Zim
m + Zj1

1 ∩ . . . ∩ Zjm
m ⊂ Zi1j1

1 ∩ . . . ∩ Zimjm
m , (3)where i = (i1, . . . , im), j = (j1, . . . , jm) ∈ 0(m) := {0, 1}m \ {0m}, E1 + E2 :=

{x + y : x ∈ E1 and y ∈ E2} for E1, E2 ⊂ Rm, E1 := E, E0 := R(m) \ E for
E ⊂ R(m).Let us notie that the parameters determining the solutions of equation (1)onsist of sets Z1, . . . , Zm satisfying onditions (2) and (3), as well as additivefuntions aν :Rm → R.As a generalization, Z. Moszner in [10℄ onsiders multifuntions Z(t):T → 2G,where T is an arbitrary nonempty set, (G,+) is an arbitrary grupoid. He replaes(2) and (3) by

⋃

t∈T

Z(t) = G, (4)
(∃t∈T i(t)j(t) 6= 0) =⇒

⋂

t∈T

Z(t)i(t) +
⋂

t∈T

Z(t)j(t) ⊂
⋂

t∈T

Z(t)i(t)j(t), (5)where Z(t)1 := Z(t), Z(t)0 := G \ Z(t), and i(t), j(t):T → {0, 1} are arbitraryfuntions not identially equal to zero. Then he proves (see Theorem 9 in [10℄)that the multifuntion Z(t):T → 2G ful�lling ondition (4), satis�es ondition (5)if and only if Z(t) satis�es ondition
Z(t1)

k1 ∩ Z(t2)
k2 + Z(t1)

l1 ∩ Z(t2)
l2 ⊂ Z(t1)

k1l1 ∩ Z(t2)
k2l2 (6)for all t1, t2 ∈ T and for all k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0.Ispirated by a problem posed by Z. Moszner in [10℄, we will investigate forwhih additional assumptions put on multifuntions Z(t):T → 2R(m), whih ful�londition

⋃

t∈T

Z(t) = R(m) (7)and system of onditions (6), the multifuntions are also satisfying system of equa-tions obtained by replaing the inlusion in the above onditions by the equality.We start with the following de�nition.Definition 1For every subset L ⊂ {1, . . . ,m} we denote by BL the set
BL := {(x1, . . . , xm) ∈ R(m) : ∀l [l ∈ L ⇒ xl = 0]} ,and we denote by B the family

B := {BL : L ⊂ {1, . . . ,m}}.Let us notie that if the multifuntion Z(t):T → 2R(m) satis�es ondition (7),then for every a ∈ R(m) and every t ∈ T there exists a unique non-zero funtion
i(t):T → {0, 1} suh that a ∈ ⋂

t∈T Z(t)i(t) (further on it will be denoted by ia(t)).



On systems of equations with unknownmultifuntions [135℄Theorem 1Let T be an arbitrary set with at least 2 elements and let the multifuntion
Z(t):T → 2R(m) ful�ls ondition (7). The multifuntion Z(t) satis�es equation

Z(t1)
k1 ∩ Z(t2)

k2 + Z(t1)
l1 ∩ Z(t2)

l2 = Z(t1)
k1l1 ∩ Z(t2)

k2l2 (8)for all t1, t2 ∈ T and for all k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0 if andonly if Z(t) satis�es the system of onditions (6) for all t1, t2 ∈ T and for all
k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0 and the ondition
∀
B∈B ∀∅6=T1(T ∃k(t):T2=T\T1→{0,1}, k�≡0

⋂

t∈T1

Z(t)1 ∩
⋂

t∈T2

Z(t)0 ∩B 6= ∅

=⇒
⋂

t∈T1

Z(t)1 ∩
⋂

t∈T2

Z(t)k(t) ∩B 6= ∅.
(9)Proof. (⇒) Take arbitrary B ∈ B and ∅ 6= T1 ( T suh that

⋂

t∈T1

Z(t)1 ∩
⋂

t∈T2

Z(t)0 ∩B 6= ∅.Fix an x ∈ ⋂

t∈T1
Z(t)1 ∩ ⋂

t∈T2
Z(t)0 ∩ B and t1 ∈ T1, t2 ∈ T2. By (8) weobtain that there exist y ∈ Z(t1)
1 ∩ Z(t2)

0 and z ∈ Z(t1)
1 ∩ Z(t2)

1 suh that
y + z = x ∈ Z(t1)

1 ∩ Z(t2)
0. Sine x ∈ B, we have y ∈ B and z ∈ B. Obviously,

y ∈ ⋂

t∈T Z(t)iy(t), z ∈ ⋂

t∈T Z(t)iz(t) and from (8) for every t ∈ T we get
y + z ∈ Z(t1)

1 ∩ Z(t)iy(t) + Z(t1)
1 ∩ Z(t)iz(t) = Z(t1)

1 ∩ Z(t)iy(t)iz(t),so iy(t)iz(t) = ix(t) for t ∈ T , hene iy(t) = iz(t) = 1 for all t ∈ T1.We de�ne a funtion k(t):T2 → {0, 1} in the following way
k(t) := iz(t) for t ∈ T2.We note that the funtion k(t) is not identially equal to zero (beause k(t2) = 1)and

z ∈
⋂

t∈T1

Z(t)1 ∩
⋂

t∈T2

Z(t)k(t) ∩B.

(⇐) Take arbitrary t1, t2 ∈ T and k1, k2, l1, l2 ∈ {0, 1} suh that k1l1+k2l2 6= 0.We will show that
Z(t1)

k1l1 ∩ Z(t2)
k2l2 ⊂ Z(t1)

k1 ∩ Z(t2)
k2 + Z(t1)

l1 ∩ Z(t2)
l2 . (10)We onsider two ases:a) k1 = l1 and k2 = l2,b) k1 6= l1 or k2 6= l2.



[136℄ Anna BahyryzCase a) By Theorem 10 in [10℄ the set Z := Z(t1)
k1 ∩ Z(t2)

k2 is a one over
Q+ (i.e. x + y ∈ Z and n

k
x ∈ Z for all x, y ∈ Z and n, k ∈ N). Then ondition(10) holds, beause for every x ∈ Z we have x = 1

2x+ 1
2x ∈ Z + Z.Case b) Then either k1 = l1 = 1 and k2 6= l2 or k1 6= l1 and k2 = l2 = 1.Without loss of generality we may assume that k1 = l1 = 1, k2 = 1 and l2 = 0.We take arbitrary z = (z1, . . . , zm) ∈ Z(t1)

1 ∩ Z(t2)
0. Obviously, z ∈

⋂

t∈T1
Z(t)1 ∩⋂

t∈T2
Z(t)0 for some T1 ⊂ T (t1 ∈ T1) and T2 = T \ T1 (t2 ∈ T2).We denote

S := {j ∈ {1, . . . ,m} : zj = 0},

T :=

{

A : T1 ⊂ A ⊂ T and ⋂

t∈A

Z(t)1 ∩
⋂

t∈T\A

Z(t)0 ∩BS 6= ∅
}

.The set T is not empty (T1 ∈ T ) and partially ordered by the inlusion. Everyhain has as the upper bound the union of its elements. By the Kuratowski�Zorn'sLemma there exists in T a maximal element T. We assume that T 6= T . Then, byapplying ondition (9), we obtain that there exists a funtion k(t):T \T → {0, 1},not identially equal to zero, suh that
⋂

t∈T

Z(t)1 ∩
⋂

t∈T\T

Z(t)k(t) ∩BS 6= ∅,beause ⋂

t∈T
Z(t)1 ∩⋂

t∈T\T Z(t)0 ∩BS 6= ∅. It means that the set
T ∪ {t ∈ T \T : k(t) = 1} ∈ T and T ( T ∪ {t ∈ T \T : k(t) = 1},whih ontradits the fat that T is a maximal element of T , hene

⋂

t∈T

Z(t)1 ∩BS 6= ∅.Let x = (x1, . . . , xm) ∈ ⋂

t∈T Z(t)1 ∩BS . For every l ∈ {1, . . . ,m} \ S there exists
ql ∈ Q+ suh that zl > qlxl.We denote

q := min{ql : l ∈ {1, . . . ,m} \ S}.Then z − qx ∈ BS , beause zj − qxj = 0 for j ∈ S and zl − qxl > 0 for l ∈
{1, . . . ,m} \ S. By ondition (5) (whih is equivalent to ondition (6) if ondition(7) is assumed) we have

qx+ (z − qx) ∈
⋂

t∈T

Z(t)1 +
⋂

t∈T

Z(t)iz−qx(t) ⊂
⋂

t∈T

Z(t)iz−qx(t).On the other hand
qx+ (z − qx) = z ∈

⋂

t∈T1

Z(t)1 ∩
⋂

t∈T2

Z(t)0.



On systems of equations with unknownmultifuntions [137℄Therefore iz−qx(t) = iz(t) for all t ∈ T and
z − qx ∈

⋂

t∈T1

Z(t)1 ∩
⋂

t∈T2

Z(t)0,thus
z = qx+ (z − qx) ∈ Z(t1)

1 ∩ Z(t2)
1 + Z(t1)

1 ∩ Z(t2)
0.Sine z ∈ Z(t1)

1 ∩ Z(t2)
0 was arbitrary

Z(t1)
1 ∩ Z(t2)

0 ⊂ Z(t1)
1 ∩ Z(t2)

1 + Z(t1)
1 ∩ Z(t2)

0,whih ompletes the proof.Remark 1As an immediate onsequene of Theorem 1, we obtain that if the multifuntion
Z(t):T → 2R(m) whih ful�ls ondition (7) and does not ful�l ondition (6) or on-dition (9), does not satisfy system of equations obtained by replaing the inlusionin onditions (6) by the equality.The following examples show that neither ondition (6) nor ondition (9) inTheorem 1 may be omitted.Let T be an arbitrary set with at least 2 elements and take an arbitrary t∗ ∈ T .Now, we de�ne two multifuntions Z1(t), Z2(t):T → 2R(m) by

Z1(t) =

{ ∅ for t = t∗,

R(m) for t ∈ T \ {t∗}and
Z2(t) =

{{x = (x1, . . . , xm) ∈ R(m) : x1 < 1} for t = t∗,

R(m) for t ∈ T \ {t∗}.It an be easily heked that the multifuntion Z1(t) satis�es onditions (6) and(7) but does not satisfy ondition (9) (for B = R(m) and T1 = T \ {t∗}).It is obvious that the multifuntion Z2(t) satis�es onditions (7). Now, we willshow that the multifuntion Z2(t) satis�es onditions (9). First we observe that
⋂

t∈T1

Z2(t)
1 ∩

⋂

t∈T\T1

Z2(t)
0 = ∅ for T1 6= ∅ suh that T \ {t∗} 6= T1 ( T,

⋂

t∈T\{t∗}

Z2(t)
1 ∩ Z2(t

∗)0 6= ∅,and Z2(t
∗)0∩BS 6= ∅ if and only if 1 /∈ S. We take an arbitrary S ⊂ {1, . . . ,m}\{1}and onsider

(x1, . . . , xm) ∈
⋂

t∈T\{t∗}

Z2(t)
1 ∩ Z2(t

∗)0 ∩BS .Then
(1

2
, x2, . . . , xm

)

∈
⋂

t∈T

Z2(t)
1 ∩BS ,whih means that ondition (9) holds.



[138℄ Anna BahyryzCondition (6) is not satis�ed beause for every t ∈ T \ {t∗}
(1

2
, 0, . . . , 0

)

+
(1

2
, 0, . . . , 0

)

∈ Z2(t
∗)1 ∩ Z2(t)

1 + Z2(t
∗)1 ∩ Z2(t)

1,whereas
(1, 0, . . . , 0) ∈ Z2(t

∗)0 ∩ Z2(t)
1.Remark 2The ondition (9) has a ompliated form, so we give a simply ondition, whihif satis�ed by the multifuntion Z(t) impliate that Z(t) does not ful�l ondition(9). Namely, we will show that if the multifuntion Z(t):T → 2R(m) satis�esonditition (7) and ondition

∃∅6=B∗∈B ∃∅6=T∗⊂T

⋂

t∈T∗

Z(t)1 ∩B∗ = ∅, (11)then Z(t) does not ful�l ondition (9).Let Z(t):T → 2R(m) be an arbitrary multifuntion ful�lling onditions (7) and(11). We take an arbitrary x ∈ B∗, obviously, x ∈ ⋂

t∈T Z(t)ix(t) and there is atleast one t∗ ∈ T suh that ix(t∗) = 1. We put
T :=

{

A : t∗ ∈ A ⊂ T and ⋂

t∈A

Z(t)1 ∩
⋂

t∈T\A

Z(t)0 ∩B∗ 6= ∅
}

.The set T is not empty, beause {t∗} ∈ T , and it is partially ordered by theinlusion. Every hain has as an upper bound the union of its elements. By theKuratowski�Zorn's Lemma there exists in T a maximal element T and T 6= T ,beause ⋂

t∈T Z(t)1 ∩B∗ ⊂ ⋂

t∈T∗ Z(t)1 ∩B∗ = ∅.We note that
⋂

t∈T

Z(t)1 ∩
⋂

t∈T\T

Z(t)0 ∩B∗ 6= ∅.Moreover for every funtion k(t):T \T → {0, 1} suh that k ≡/ 0 we have
⋂

t∈T

Z(t)1 ∩
⋂

t∈T\T

Z(t)k(t) ∩B∗ = ∅,beause T is the maximal element of the set T . This means that ondition (9)does not hold (for B = B∗ and T1 = T).In partiular ondition (11) is satis�ed, if either there exists ∅ 6= T ∗ ⊂ T suhthat ⋂

t∈T∗ Z(t)1 = ∅ (beause R(m) ∈ B) or if there exists t∗ ∈ T suh thatthe set Z(t∗) is a one over R, di�erent from R(m) (beause then there exists
l ∈ {1, . . . ,m} suh that B{1,...,m}\{l} ∩ Z(t∗)1 = ∅).We note that aording to Theorem 9 in [10℄ the ondition (5) and (6) areequivalent under the assumption of ondition (7). The question arises: if thesystem of onditional equations

(∃t∈T i(t)j(t) 6= 0) =⇒
⋂

t∈T

Z(t)i(t) +
⋂

t∈T

Z(t)j(t) =
⋂

t∈T

Z(t)i(t)j(t) (12)



On systems of equations with unknownmultifuntions [139℄is equivalent to the system of equations (8) under the assumption of ondition (7)?We will prove the followingTheorem 2Let T be an arbitrary set with at least 2 elements and let the multifuntion
Z(t):T → 2R(m) satisfy ondition (7). If the multifuntion Z(t) ful�ls the sys-tem of onditional equations (12) for the arbitrary funtions i(t), j(t):T → {0, 1}not identially equal to zero, then Z(t) satis�es the system of equations (8) for all
t1, t2 ∈ T and all k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0.Proof. As the onditions (5) and (6) are equivalent under the assumption ofondition (7), it is enough to show that ondition (10) holds for all t1, t2 ∈ Tand all k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0. Take arbitrary t1, t2 ∈ Tand k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0 and onsider arbitrary z ∈
Z(t1)

k1l1 ∩ Z(t2)
k2l2 . Clearly, z ∈ ⋂

t∈T Z(t)iz(t) and iz(t1) = k1l1, iz(t2) = k2l2.Putting i(t) = j(t) = iz(t) for t ∈ T \ {t1, t2} and i(t1) = k1, i(t2) = k2, j(t1) =
l1, j(t2) = l2, and applying ondition (12) (beause k1k2 = 1 or l1l2 = 1) we get

⋂

t∈T\{t1,t2}

Z(t)iz(t)iz(t) ∩ Z(t1)
k1l1 ∩ Z(t2)

k2l2

=
⋂

t∈T\{t1,t2}

Z(t)iz(t) ∩ Z(t1)
k1 ∩ Z(t2)

k2 +
⋂

t∈T\{t1,t2}

Z(t)iz(t) ∩ Z(t1)
l1 ∩ Z(t2)

l2 .Thus there exist
x ∈

⋂

t∈T\{t1,t2}

Z(t)iz(t) ∩ Z(t1)
k1 ∩ Z(t2)

k2 ,

y ∈
⋂

t∈T\{t1,t2}

Z(t)iz(t) ∩ Z(t1)
l1 ∩ Z(t2)

l2suh that x+ y = z. Therefore
z = x+ y ∈ Z(t1)

k1 ∩ Z(t2)
k2 + Z(t1)

l1 ∩ Z(t2)
l2 ,whih �nishes the proof.Remark 3It is easily seen that the system of equations (12) and the system of equations (8)for a 2-element set T are idential.Remark 4The onverse of Theorem 2 for the set T with at least 2 elements is not true.Here is an example for T = {1, 2, 3}. Let H be a Hamel base of the spae Rm,suh that

b0 = (
√
2, 0, . . . , 0) ∈ R(m),

bi = (0, . . . , 0,
(i)

1 , 0, . . . , 0) ∈ R(m) for i = 1, . . . ,m



[140℄ Anna Bahyryzbelong to H . Every x ∈ Rm has a representation, unique up to terms with oe�-ients zero
x =

k
∑

l=0

qlbl,where ql ∈ Q and bl ∈ H for l ∈ {0, . . . , k}.We de�ne the multifuntion Z(t): {1, 2, 3} → 2R(m) in the following way
Z(t) =











{x ∈ R(m) : qo ≥ 0} for t = 1,

{x ∈ R(m) : qo = 0} for t = 2,

{x ∈ R(m) : qo ≤ 0} for t = 3.We observe that Z(1)∪Z(2)∪Z(3) = R(m) and the equation (12) does not hold,beause
Z(1)1∩ Z(2)1 ∩Z(3)0 + Z(1)1∩ Z(2)0 ∩Z(3)0 ( Z(1)1∩ Z(2)0 ∩Z(3)0.

‖ ∦ ∦
∅ ∅ ∅We will show that the multifunion Z(t) satis�es the system of onditions (6) forall t1, t2 ∈ {1, 2, 3} and all k1, k2, l1, l2 ∈ {0, 1} suh that k1l1 + k2l2 6= 0 andondition (9) holds.First we observe that the sets:

Z(1)1 ∩ Z(2)1 = Z(1)1 ∩ Z(3)1 = Z(2)1 ∩ Z(3)1 = Z(2)1,

Z(1)1 ∩ Z(2)0 = Z(1)1 ∩ Z(3)0 = {x ∈ R(m) : qo > 0},
Z(1)0 ∩ Z(3)1 = Z(2)0 ∩ Z(3)1 = {x ∈ R(m) : qo < 0},
Z(1)0 ∩ Z(2)1 = Z(2)1 ∩ Z(3)0 = ∅are ones over Q+, so for all t1, t2 ∈ {1, 2, 3} and all k1, k2 ∈ {0, 1} suh that

k1 = 1 or k2 = 1 we get
Z(t1)

k1 ∩ Z(t2)
k2 + Z(t1)

k1 ∩ Z(t2)
k2 ⊂ Z(t1)

k1 ∩ Z(t2)
k2 .Of ourse,

Z(1)1 ∩ Z(2)1 + Z(1)1 ∩ Z(2)0 ⊂ {x ∈ R(m) : qo > 0} = Z(1)1 ∩ Z(2)0,

Z(1)1 ∩ Z(2)1 + Z(1)0 ∩ Z(2)1 = ∅ = Z(1)0 ∩ Z(2)1,

Z(1)1 ∩ Z(3)1 + Z(1)1 ∩ Z(3)0 ⊂ {x ∈ R(m) : qo > 0} = Z(1)1 ∩ Z(3)0,

Z(1)1 ∩ Z(3)1 + Z(1)0 ∩ Z(3)1 ⊂ {x ∈ R(m) : qo < 0} = Z(1)0 ∩ Z(3)1,

Z(2)1 ∩ Z(3)1 + Z(2)1 ∩ Z(3)0 = ∅ = Z(2)1 ∩ Z(3)0,

Z(2)1 ∩ Z(3)1 + Z(2)0 ∩ Z(3)1 ⊂ {x ∈ R(m) : qo < 0} = Z(2)0 ∩ Z(3)1,and the system of onditions (6) for every t1, t2 ∈ {1, 2, 3} and every k1, k2, l1, l2 ∈
{0, 1} suh that k1l1 + k2l2 6= 0 is therefore satis�ed.



On systems of equations with unknownmultifuntions [141℄Now, we take arbitrary BS ∈ B and ∅ 6= T1 ( {1, 2, 3} suh that
⋂

t∈T1

Z(t)1 ∩
⋂

t∈T2

Z(t)0 ∩BS 6= ∅.Then S ( {1, . . . ,m}, beause BS 6= ∅.We de�ne
k(t) := 1 for t ∈ T2.We note that

x =
∑

l∈{1,...,m}\S

bl ∈ Z(1)1 ∩ Z(2)1 ∩ Z(3)1 ∩BS ,therefore ondition (9) holds.Remark 5In [10℄ (Theorem 13) it was shown that the multifuntion Z(t):T → 2R(m) identi-ally equal to R(m) is the unique solution of the system of equations
⋂

t∈T

Z(t)i(t) +
⋂

t∈T

Z(t)j(t) =
⋂

t∈T

Z(t)i(t)j(t)and equation (7). From this Theorem we obtain that Z(t) = R(m) is the unique so-lution of equation (7) and the system of onditional equations (12) for one-elementset T . It is obvious, that the multifuntion Z(t) = R(m) satis�es onditions (7)and (12) for every set T . For a 2-element set the system of onditions (7) and (12)have other solutions, for example the multifuntion from Remark 4 for T = {1, 3}.It is an open problem if there exist another multifuntions Z(t):T → 2R(m), where
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